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Hungerford exercises 1.2

Exercise 1. Let a,b,c € Z.
Then (a, (b,¢)) = ((a,d),c).

Proof. Let d = ged(a, b).
Let e = ged(b, ¢).
To prove ged(a, e) = ged(d, ¢), let f = ged(a,e).
We must prove f = ged(d, ¢).

We prove f is a common divisor of d and c.

Since f = ged(a,e), then fla and fle, and any common divisor of a and e
divides f.

Since e = ged(b, ¢), then e|b and e|c, and any common divisor of b and ¢
divides e.

Since d = ged(a,b), then d|a and d|b, and any common divisor of ¢ and b
divides d.

Since fle and e|b, then f|b.

Since fla and f|b, then f is a common divisor of @ and b, so f|d.

Since fle and elc, then f|e.

Since f|d and f|c, then f is a common divisor of d and c.

Let g be any common divisor of d and c.
Then g|d and glc.
Since g|d and d|a, then gla.
Since g|d and d|b, then g|b.
Since ¢|b and g|c, then g is a common divisor of b and ¢, so gle.
Since gla and gle, then g is a common divisor of a and e, so g|f.
Thus, any common divisor of d and ¢ divides f.



Since f is a common divisor of d and ¢, and any common divisor of d and ¢
divides f, then f = ged(d, ¢), as desired. O

Exercise 2. Let a,b,c € Z.
Then ged(a, ¢) = ged(b, ¢) = 1 iff ged(ab, ¢) = 1.

Proof. Suppose ged(a, ¢) = ged(b, ¢) = 1.
Since ged(a, ¢) = 1, then mia + nic = 1 for some integers m; and n;.
Since ged(b, ¢) = 1, then mob + noc = 1 for some integers mo and no.
Thus, b = 1b = (mya + nic)b = myab+nibe, so ma(miab+ nibe) +noc = 1.
Hence, 1 = mymaab + manibe + nac = (myma)(ab) + (manib + na)c.
Since there exist integers mims and manib 4+ ng such that (myme)(ab) +
(man1b 4 ng)c =1, then ged(ab, ¢) = 1. O

Proof. Conversely, suppose ged(ab, ¢) = 1.
Then zab + yc = 1 for some integers x and y.
Hence, 1 = zab + yc = (xb)a + yc = (az)b + ye.
Since there exist integers xb and y such that (zb)a+yc = 1, then ged(a, c) =

1.
Since there exist integers az and y such that (ax)b+yc = 1, then ged(b, ¢) =
1.
Therefore, ged(a, ¢) = ged(b, ¢) = 1. O
oldstuff3

Exercise 3. Let a,b,u,v € Z.
If au + bv = 1, then ged(a,b) = 1.

Proof. Suppose au + bv = 1.

Let d = ged(a, b).

Then d € Z*, so d > 0.

Since u,v € Z and 1 = ua + bv = ua + vb, then 1 is a linear combination of
a and b.

Thus, 1 is a multiple of d, so d|1.

Since d € Z and d > 0 and 1 > 0 and d|1, then d < 1.

Since 0 <dand d <1, then 0 <d < 1.

Since d € Z and 0 < d <1, then d = 1.

Therefore, 1 = d = ged(a, b). O

Exercise 4. Let a,b,c,d € Z.
If a|c and b|c and ged(a, b) = d, then ab|cd.

Proof. Suppose a|c and blc and ged(a, b) = d.

Since alc and b|c, then ¢ = ar and ¢ = bs for some integers r and s.

Since d = ged(a, b), then d is the least positive linear combination of a and
b, so there exist integers m and n such that d = ma + nb.



Observe that

cd = c¢(ma—+nb)
= cma+cnb
(bs)ma + (ar)nb

bsma + arnb

smab + rnab

= ab(sm+rn).
Since sm + rn € Z and cd = ab(sm + rn), then ab|cd. O

Exercise 5. Let a,b,c,d € Z.
If c|ab and ged(c,a) = d, then c|db.

Proof. Suppose clab and ged(c,a) = d.

Since c|ab, then ab = ck for some integer k.

Since d = ged(c, a), then d is the least positive linear combination of ¢ and
a, so there exist integers m and n such that d = mc + na.

Observe that

db = (mc+na)b
= mcb+ nab
= mcb+ n(ck)
= mcb+ nck
= ¢(mb+ nk).

Since mb + nk € Z and db = c¢(mb + nk), then c|db. O

Proof. Suppose clab and ged(c,a) = d.

Since ged(c, a) = d, then d = xzc + ya for some integers x and y.

Hence, db = (xc+ ya)b = xcb + yab = (xb)c + yab is a linear combination of
c and ab.

Since c|c and c|ab, then ¢ divides any linear combination of ¢ and ab, so
c|db. O

Exercise 6. A positive integer is divisible by 3 iff the sum of its digits is divisible
by 3.

Proof. TODO O

Exercise 7. A positive integer is divisible by 9 iff the sum of its digits is divisible
by 9.

Proof. TODO O



Exercise 8. gcd of a finite number of integers

Let aq, a9, ...,a, € Z, not all zero.

The greatest common divisor of aq,as,...,a, is the largest integer d such
that d|a; for every i € {1,2,...,n}.

There exist integers u; such that d = aju; + asus + ...apuy,.

Proof. TODO O



