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Cyclic Groups

Order of a group element

Exercise 1. Compute the order of the elements below.
a. 5 in the group (Zi2,+).
b. V/3 in the group (R, +).
c. /3 in the group (R*,))
d. —i in the group (C*,-)
e. 72 in the group (Zaso, +)
f. 312 in the group (Z4r1,+)

Solution. a. Since |Z12| = 12, then the group (Z;2,+) is finite.
Every element of a finite group has finite order, so 5 € Zi5 has finite order.
Let n be the order of 5.
Then n is the least positive integer such that 5n = 0 (mod 12), so n is the
least positive integer such that 12 divides 5n.
Therefore, n = 12, s0 5 € Z12 has order 12 and |5| = 12.

b. There is no positive integer n such that nv3 = 0, so V3 € R has infinite

order.

We prove there is no n € Z1 such that nv/3 = 0.

Let n € ZT.

Then n € Z and n > 0.

Since n € Z and Z C R, then n € R.

Since n > 0, then n # 0.

Since n € R and n # 0, then n is a nonzero real number.

Since v/3 € R and V3 # 0, then V/3 is a nonzero real number.

The product of two nonzero real numbers is nonzero, so nv/3 is a nonzero
real number.

Hence, nv3 # 0.

Thus, nv/3 # 0 for all n € Z*, so there is no € Z* such that nv/3 = 0.

Therefore, v/3 € R has infinite order and |v/3| = co.



¢. There is no n € Z* such that nv/3 = 1 so v/3 € R* has infinite order.
We prove there is no n € Z1 such that nv/3 = 1.
Let n € ZT.
The n > 1.
Since 3 > 1, then v/3 > /1, so v/3 > 1.
Since n > 1 and v/3 > 1, then nv3 > 1, so n\/gsé 1.
Hence, nyv/3 # 1 for all n € Z7, so there is no n € Z* such that nyv/3 = 1.
Therefore, v/3 € R* has infinite order and |v/3] = co.

d. Since (—i)! = —i and (—i)? = —1 and (—i)® = i and (—i)* = 1, then —i
has order 4, so | —i| = 4.

e. Since |Zaap| = 240, then the group (Za4p, +) is finite.
Every element of a finite group has finite order, so 72 € Zs4o has finite order.
Let n be the order of 72.
Then n is the least positive integer such that 72n = 0 (mod 240), so n is the
least positive integer such that 240 divides 72n.
Therefore, n = 10, so 72 € Zayp has order 10 and |72| = 10.

f. Since |Z471| = 471, then the group (Zasz1,+) is finite.
Every element of a finite group has finite order, so 312 € Z47; has finite
order.
Let n be the order of 312.
Then n is the least positive integer such that 312n = 0 (mod 471), so n is
the least positive integer such that 471 divides 312n.
Therefore, n = 157, so 312 € Z741 has order 157 and |312| = 157.

Exercise 2. Compute the order of the groups below.
a. Zlg
b. Dy
C. S4
d. Ss
e. Zig

Solution. a. The group (Zis,+) is the group of integers modulo 18 under
addition.
The order is |Z;g| = 18 and Z15 = {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17}.

b. The group D4 is TODO.

c¢. The group (S4,0) is the symmetric group of degree 4 under function com-
position.

The order of Sy is |S4| = 4! = 24, so there are 24 permutations on a set of 4
symbols.



d. The group (Ss,0) is the symmetric group of degree 5 under function
composition.
The order of S5 is |S5| = 5! = 120, so there are 120 permutations on a set of
5 symbols.

e. The group (Zig,-) is the group of units of the integers modulo 18 under
multiplication.
The order of Zjg is |Z5g| = ¢(18) = 6 and Zjs = {1,5,7,11,13,17}.

Exercise 3. The number 2 has infinite order in the group (R*,-).

Proof. We first prove 2* > 1 for all n € ZT by induction on n.
Define the predicate p(n) : 2" > 1 over Z.
We prove p(n) is true for all n > 1 by induction on n.
Basis:
Since 2! =2 > 1, then p(1) is true.
Induction:
Suppose p(k) is true for any k € Z*.
Then 2% > 1.
Since 28*1 =2F.2>1.2=2> 1, then 2**! > 1, s0 p(k + 1) is true.
Therefore, p(k) implies p(k + 1) for all k € Z*.

Since p(1) is true and p(k) implies p(k+ 1) for all k € Z™*, then by PMI, p(n)
is true for all n € Z+.

Since 2" > 1 for all n € ZT, then 2" # 1 for all n € Z™, so there isnon € Z*
such that 2™ = 1.
Therefore, the order of 2 is infinite.

The cyclic subgroup generated by 2is (2) = {2":n € Z} ={..., é, L 117199 4816,32,..}.

1678747 27
O

Exercise 4. Calculate the orders of each element in the 4" roots of unity group
(U, ).

Solution. Since Uy = {1,4, —1, —i}, then |Uy| = 4, so Uy is a finite group.

Since every element of a finite group has finite order, then every element of
U, has finite order.

Since 1' = 1, then the order of 1 is [1] = 1 and (1) = {1}.

Since i* = i and i> = —1 and i®> = —i and i* = 1, then the order of i is
|i| =4 and (i) = Uy.

Since (—1)! = —1 and (—1)? = 1, then the order of —1 is | — 1| = 2 and
(—1) = {1, -1},

Since (—i)* = —i and (—i)? = —1 and (—4)® = 4 and (—i)* = i, then the
order of —i is | —¢| =4 and (—i) = U,. O



Exercise 5. Calculate the order of the element o € Ss.

(12 3
773 1 2

Solution. The symmetric group (Ss, o) has order |Ss| = 3! = 6, so Ss is a finite
group.

Since every element of a finite group has finite order, then every element of
S3 has finite order.

Let & be the order of o.

Then k is the least positive integer such that o* = id, where id is the identity

permutation in (Ss,0).
1 2 3
2 _
" (237)

s (1 2 3
77 \1 2 3
Therefore, k = 3, so the order of o is |o]| = 3.

Hence, 3 is the order of the cyclic subgroup generated by o.
The cyclic subgroup generated by o is (o) = {id, o, 0%}. O

w

Exercise 6. Calculate the order of the element 8 in the group (Z2,+).

Solution. Since (Z12,+) has order |Z;2| = 12, then Z15 is a finite group.
Since every element of a finite group has finite order, then every element of
Z12 has finite order.
The order of 8 is the least positive integer k such that 8k =0 (mod 12).
We compute 8 x 1 =8 and 8 x2 =16 =4 and 8 x 3 =24 = 0.
Therefore, k = 3, so the order of 8 is [8] = 3.
Hence, 3 is the order of the cyclic subgroup generated by 8.
The cyclic subgroup generated by 8 is (8) = {8k : k € Z} = {0, 4, 8}. O

Exercise 7. Calculate the order of the element 5 in the group (Z§,-).

Solution. Since the group of units (Z§,-) has order |Z§| = ¢(8) = 4, then Z}
is a finite group.

Since every element of a finite group has finite order, then every element of
7% has finite order.

The order of 5 is the least positive integer k such that 5¥ =1 (mod 8).

We compute 5! = 5 and 52 = 25 = 1 (mod 8).

Therefore, k = 2, so the order of 5 is 2.



Alternatively, we analyze the Cayley multiplication table for the group of
units Z3.

Since the order of Zj} is ¢(8) = 4, then there are 4 elements in the group
of units Z§ and each element is relatively prime to the modulus 8. Hence, if
a € Z§, then ged(a,8) =1,soa=1lora=3ora=50ra="7.

The Cayley table is below.

*

11357
1111357
313175
5|5 |7|1]3
TI7TI5 131

We observe that |5| = 2. Therefore, 2 is the order of the cyclic subgroup
generated by 5.
The cyclic subgroup generated by 5 is {1, 5}. O

Exercise 8. Calculate the order of the element o € S7.

> ( 1 23 4567 )
2 3 75 1 46

Solution. Since the symmetric group (S7,0) has order |S7| = 7! = 5040, then
Sy is a finite group.

Since every element of a finite group has finite order, then every element of
S7 has finite order.

Let k be the order of o.

Then k is the least positive integer such that o* = id, where id is the identity
permutation in (S7,0).
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Therefore, k = 7, so the order of o is 7.

Hence, 7 is the order of the cyclic subgroup generated by o, so |o] = 7.
The cyclic subgroup generated by o is {id, 0,02, 02, 0%, 0% 05}. O
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Exercise 9. Calculate the order of the element A € GL2(R).

0 -1
1 1

A:

Solution. We first show that the matrix A is an element of GLy(R).
Since det A = 0(1) —(—1)1 = 1 #£ 0, then A has an inverse, so A is invertible.
Therefore, A is an element of GL2(R).
The inverse matrix is
o)
Al =
-1 0

Observe that AA=! = A=1A = I, where I is the identity matrix.

Let k be the order of A.
Then k is the least positive integer such that A* = I.
Observe that

S
A% =
L 1 O_
P
_0 71_
a0t
__1 _1_
11
A =
-1 01
o[ 10
0 1

Thus, k = 6, so the multiplicative order of A is 6 and |A| = 6.

Since the order of A is 6, then 6 is the order of the cyclic subgroup generated
by A.

The cyclic subgroup generated by A is {I, A, A%, A3, A%, A°}. O



Exercise 10. Calculate the order of the element A € GLy(R).

1
2
_1

2

Solution. We first show that the matrix A is an element of GL2(R).

Since det A = (51)(F2) — (3)(52) =1 # 0, then A has an inverse, so A is
invertible.

Therefore, A is an element of GL2(R).

The inverse matrix is

A=

[SISCENIE

g
—_
I
| —
[SI[98) I
N|—=
| |
N—= N
_

Observe that AA™! = A=1A = I, where I is the identity matrix.

Let k be the order of A.
Then k is the least positive integer such that A* = I.
Observe that

1 1
2 2 2
AT = 3 11
2 2
A8 1 0
0 1

Thus, k = 3, so the multiplicative order of A is 3 and |A| = 3.

Since the order of A is 3, then 3 is the order of the cyclic subgroup generated
by A.

The cyclic subgroup generated by A is {I, A, A?}.

Note that A=1 = A2, O

Cyclic subgroups
Exercise 11. The group (3Z,+) is a cyclic group.

Proof. For any n € Z, (nZ,+) is a subgroup of (Z,+), so (3Z,+) is a subgroup
of (Z,+).
Hence, (3Z,+) is a group.
The cyclic subgroup generated by 3 is the set of all multiples of 3.
Therefore, (3) = {3k : k € Z} = 3Z.
Since 3 € Z and 3Z = (3), then 3Z is a cyclic group with generator 3. O



Exercise 12. Let H = {2" : k € Z}.
The group (H,-) is a cyclic group.

Proof. We previously proved that (H,-) is a subgroup of (Q*,-), so (H,-) is a
group.
The cyclic subgroup generated by 2 is the set of all integer powers of 2.
Therefore, (2) = {2" :n € Z} = H.
Since 2 =2' and 1 € Z, then 2 € H.
Since 2 € H and H = (2), then H is a cyclic group generated by 2. O

Exercise 13. Analyze the order of the group (Z,+).

Solution. Observe that Z is the abelian group of integers under addition.
Since 1 -0 = 0, then the order of 0 € Z is |0] = 1 and the cyclic subgroup
generated by 0 is (0) = {0}.

We prove if k € Z*, then nk # 0 for all n € Z™.

Let n € ZT.

Suppose k € Z*.

Then k € Z and k # 0, so either k > 0 or k < 0.

We consider these cases separately.

Case 1: Suppose k > 0.

Since k € Z and k > 0, then k is a positive integer.

Since the product of positive integers is positive and n is a positive integer
and k is a positive integer, then the product nk is a positive integer, so nk > 0.

Therefore, nk # 0.

Case 1: Suppose k < 0.

Since k € Z and k < 0, then k is a negative integer.

Since the product of a positive integer and a negative integer is negative
and n is a positive integer and k is a negative integer, then the product nk is
negative, so nk < 0.

Therefore, nk # 0.

Hence, in all cases, nk # 0.

Thus, if k € Z*, then nk # 0 for all n € Z™, so if k € Z*, then there is no
n € Z* such that nk = 0.
Therefore, if k& € Z*, then k has infinite order.

Examples of cyclic subgroups generated by each non-zero integer are shown

below.
(1) = Z and 1 has infinite order

(2) = 27 and 2 has infinite order
(3) = 3Z and 3 has infinite order
(—=1) = Z and —1 has infinite order
(—2) = 2Z and —2 has infinite order
(—3) = 3Z and —3 has infinite order
Observe that Z is a cyclic group with generators 1 and —1.



The order of the inverse of an element is the same as the order of the element.

0] =[-0[=1
[ =]-1] =00
2| = | -2 =00
Bl=1-3l=00 N

Exercise 14. Analyze the order of the cyclic group (Z4,+).

Solution. Observe that Z, is the group of integers modulo 4 under addition
modulo 4.
The integers modulo 4 is {0,1,2,...,3} and |Z4] = 4.

The Cayley table is below.

+10]112]3
001|123
1 117230
2 1213|1011
31310112

Every element of a group G generates a cyclic subgroup of G, so every element
of Z4 generates a cyclic subgroup of Z,4.

The cyclic subgroup generated by a € Z, is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
4/2 = 2 elements and the identity 0.

The elements and additive inverses are:

(0,0, (1,3), (2.2), (3.1)

So, we consider the first 2 elements and the identity 0.

Since Z,4 is a cyclic group of order 4, then Z4 is a finite cyclic group, so the
number of generators is ¢(4) = 2 and the generators of (Z4,+) are positive
integers that are relatively prime to the modulus 4.

Therefore, the generators are positive integers a such that ged(a,4) = 1.

The set of all generators of Zy4 is {1, 3}.

Let S ={0,1,2} and T = {1}.

Then S — T = {0,2} is the set of elements whose cyclic subgroups we need
to consider and |S — T'| = 2.

The cyclic subgroup generated by 0 is
0y = {0k : k € Z} = {0}.
The order of 0 is [0| =1 since 1-0=0 (mod 4).

The cyclic subgroup generated by 2 is
(2) ={2k: ke Z}=1{0,2}.
The order of 2 is |2| = 2 since 2-2 =0 (mod 4).



The order of the inverse of an element is the same as the order of the element.

0] =[-0]=[0] =1
[ =[-1 =3 =4
2| =|—-2|=[2| =2
Bl=1-3l=[1] =4

The subgroups of (Z4,+) are:
Zs=10,1,2,3}
{02}
{0}

Exercise 15. The group (Zg, +) is a cyclic group.

Solution. The Cayley table is shown below.

+ 1011|2345
0|01 |23]4]|5
1 1112|3450
2 1213|1415 (0|1
3345012
4 1415101123
5 |5|10]1|12|3]|4

Every element of a group G generates a cyclic subgroup of G, so every element
of Zg generates a cyclic subgroup of Zg.

The cyclic subgroup generated by a € Zg is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
6/2 = 3 elements and the identity 0.

The elements and additive inverses are:

(0,0), (1,5), (2,4),(3,3), (4,2), (5, 1)

So, we consider the first 6 elements and the identity 0.

Since Zg is a cyclic group of order 6, then Zg is a finite cyclic group, so the
number of generators is ¢(6) = 2 and the generators of (Zg,+) are positive
integers that are relatively prime to the modulus 6.

Therefore, the generators are positive integers a such that ged(a,6) = 1.

The set of all generators of Zg is {1,5}.

Let S ={0,1,2,3} and T = {1}.

Then S—T = {0, 2,3} is the set of elements whose cyclic subgroups we need
to consider and |S — T'| = 3.

The cyclic subgroup generated by 0 is

(0) ={0k : k€ Z} = {0}.
The order of 0 is [0| =1 since 1-0=0 (mod 6).

10



The cyclic subgroup generated by 2 is
(2) ={2k: ke Z}=1{0,2,4}.
The order of 2 is [2| =3 since 3-2-0=0 (mod 6).

The cyclic subgroup generated by 3 is
3)={3k:keZ}=1{0,3}.
The order of 3 is [3| =2 since 2-3-0=0 (mod 6).

The subgroups of (Zg, +) are:
Lg
{0,2,4}

{0,3}
{0}

Exercise 16. The group (Zi9,+) is a cyclic group.

Solution. The Cayley table is shown below.

+1011]1213|4|5|6|7|8|9
0O |01 |2(3]4[5]6|7]8]9
1 11]2(3|4|5|6|7|8/9]|0
2 1213|456 |7[819|0/|1
33456789012
4 |4(5|6|7]8[9]0|1]2]|3
5 |56 |7(8]9|0]12|3]4
6 |6(7|8[9]0|1 2345
7T|171819]0]1|2|3[4|5]6
8 819101234567
9191012345678

Every element of a group G generates a cyclic subgroup of G, so every element
of Z1¢ generates a cyclic subgroup of Z.

The cyclic subgroup generated by a € Z1g is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
10/2 =5 elements and the identity 0.

The elements and additive inverses are:

(O’ 0)’ (17 9)’ (2’ 8)7 (3’ 7)5 (47 6)’ (5a 5>7 (6’ 4)7 (77 3)7 (87 2)? (97 1)

So, we consider the first 5 elements and the identity 0.

Since Z1g is a cyclic group of order 10, then Zg is a finite cyclic group, so the
number of generators is ¢(10) = 4 and the generators of (Zjg,+) are positive
integers that are relatively prime to the modulus 10.

Therefore, the generators are positive integers a such that ged(a, 10) = 1.
The set of all generators of Zjq is {1,3,7,9}.
Let S ={0,1,2,3,...,5} and T = {1, 3}.

11



Then S — T = {0,2,4,5} is the set of elements whose cyclic subgroups we
need to consider and |S — T| = 4.

The cyclic subgroup generated by 0 is
(0) = {0k : k € Z} = {0}.
The order of 0 is [0| =1 since 1-0 =0 (mod 10).

The cyclic subgroup generated by 2 is
(2) ={2k:keZ}=1{0,2,4,6,8}.
The order of 2 is |2| = 5 since 5-2 =0 (mod 10).

The cyclic subgroup generated by 4 is
4y ={4k : k € Z} = {0,4,8,2,6}.
The order of 4 is [4| = 5 since 5-4 =0 (mod 10).

The cyclic subgroup generated by 5 is
(5) = {5k : ke Z} = {0,5}.
The order of 5 is |5| = 2 since 2-5 =0 (mod 10).

The subgroups of (Z1g,+) are:
Z10
{0,2,4,6,8}
{0,5}
{0}

Exercise 17. The group (Z12,+) is a cyclic group.

Solution. The Cayley table is shown below.

+ 101234567 |8]|9]|10]11
0 o)1 (213|456 |7 |8]9]10|11
1 1723|4567 ]8]9]|]1011] 0
2 2131415 |6 |7 8]9|1011]0 1
3 31456 | 7|81 9]|1011]0]1 2
4 4 516|789 |1011|0 ] 1|2 3
5) 5|16 |7 18] 9110(11]0|1|2]3 4
6 6 | 7819|1011} 0 |12 ]|3]4 5
7 T8 |9 |10(12 )0 |1 |2]|3|4]|5 6
8 8|19 (1071101 2]|3|4|5]|6 7
9 9110120 |1 |23 |45 ]|6]|7 8
10110110 |1}2|3]|4]5]|6]|7]8 9
11|10 |12 34|56/ 7|8]|9]10

12



Every element of a group G generates a cyclic subgroup of G, so every element
of Z15 generates a cyclic subgroup of Zis.

The cyclic subgroup generated by a € Z15 is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
12/2 = 6 elements and the identity 0.

The elements and additive inverses are:

(0,0),(1,11),(2,10),(3,9), (4,8),(5,7),(6,6),(7,5), (8,4), (9, 3), (10, 2), (11, 1)

So, we consider the first 6 elements and the identity 0.

Since Z15 is a cyclic group of order 12, then Z15 is a finite cyclic group, so the
number of generators is ¢(12) = 4 and the generators of (Z13,+) are positive
integers that are relatively prime to the modulus 12.

Therefore, the generators are positive integers a such that ged(a, 12) = 1.

The set of all generators of Zjo is {1,5,7,11}.

Let S ={0,1,2,3,...,6} and T = {1,5}.

Then S —T = {0,2,3,4,6} is the set of elements whose cyclic subgroups we
need to consider and |S —T'| = 5.

The cyclic subgroup generated by 0 is
0y = {0k : k € Z} = {0}.
The order of 0 is |[0] =1 since 1-0=0 (mod 12).

The cyclic subgroup generated by 2 is
@) = {2k : k € Z} = {0,2,4,6,8, 10}.
The order of 2 is |2| = 6 since 6 -2 =0 (mod 12).

The cyclic subgroup generated by 3 is
3y ={3k:keZ}=1{0,3,6,9}.
The order of 3 is [3| =4 since 4-3 =0 (mod 12).

The cyclic subgroup generated by 4 is
4y ={4k : k € Z} = {0,4,8}.
The order of 4 is [4| = 3 since 3-4 =0 (mod 12).

The cyclic subgroup generated by 6 is
(6) = {6k : k€ Z} ={0,6}.
The order of 6 is |6| = 2 since 2-6 =0 (mod 12).

The subgroups of (Z12,+) are:
Z12 ={0,1,2,3,4,5,6,7,8,9,10,11}
(0,2, 4,6,8,10}
{0,3,6,9}
{0,4,8}
{0,6}

13



{0}

Exercise 18. The group (Zi3,+) is a cyclic group.

Solution. The Cayley table is shown below.

+ /0|1 |2 3|4 |5 |6 |7 |89 |10]11]|12
0 o142 ]34 |56 |7 |89 ]|1011| 0
1 1123|456 |7 [8]9]1011]0 1
2 213456789 |1011]0]1 2
3 31456 |78 9]10/11|0]1]|2 3
4 4 5|6 |7 (8]9|10(11]0 |1 |2]3 4
5) 5|16 |7 8|9110711]0 |1 }2]|3]|4 5
6 6 | 7819|1011} 0|1 |2 |3]|4]|35 6
7 T8 1910|1201 ]|2]|3|4]5]|6 7
8 |9 (1011|012 |3 |4]5]|6]|7 8
9 9110120 |1 2|3 |4|5]|6]|7]|38 9
1010 11| 0 | 1 213|456 | 7]8]9]10
11|11} 0 1|2 3|45 |6 ]|7|8]|9]10]11
121170 1|2 |34 |5 |6 | 7|89 ]10|12

Every element of a group G generates a cyclic subgroup of G, so every element

of Z13 generates a cyclic subgroup of Z3.

The cyclic subgroup generated by a € Z13 is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
13/2 = 6 elements and the identity 0.

The elements and additive inverses are:

(0,0),(1,12),(2,11),(3,10), (4,9), (5,8),(6,7),(7,6), (8,5),(9,4), (10, 3), (11, 2), (12,1)

So, we consider the first 6 elements and the identity 0.

Since Z13 is a cyclic group of order 13, then Z13 is a finite cyclic group, so the
number of generators is ¢(13) = 12 and the generators of (Z;3,+) are positive
integers that are relatively prime to the modulus 13.

Therefore, the generators are positive integers a such that ged(a, 13) = 1.

The set of all generators of Zq3 is {1,2,3,4,5,6,7,8,9,10,11,12}.

Let S ={0,1,2,3,....6} and T = {1,2,3,4,5,6}.

Then S — T = {0} is the set of elements whose cyclic subgroups we need to
consider and |[S —T| = 1.

The cyclic subgroup generated by 0 is

(0) = {0k : k € Z} = {0}.
The order of 0 is |0] =1 since 1-0 =0 (mod 13).

14



The subgroups of (Zi3,+) are:

Za3

{0}

Observe that Z;3 has no nontrivial proper subgroups. The only subgroups
are Z3 itself and the trivial group. O

Exercise 19. The group (Zi6,+) is a cyclic group.

Solution. The Cayley table is shown below.

+ (0|1 |2 3|4 |5 |6 |7 |8 |9 |10]|11 12|13 |14 |15
0 o)l 123|456 |7 8|9 |1011|12]13| 14|15
1 112345 |6 | 7|89 1011|1213 |14]15| O
2 2 (3|4 |56 | 7|89 |10]11]|12]13|14|15| 0 1
3 31456 |7 8|9 |1011 12|13 |14 |15| 0 | 1 2
4 4 15 |6 | 7|89 ]10]11 (1213 |14|15] 0 | 1 | 2 3
5 5|6 | 7|89 1011|1213 |14 |15 | 0 | 1 2|13 4
6 6 (7|89 |1011 1213|1415 0| 1|2 |3 |4 5
7 71819101112 |13 |14 |15} 0 | 1 | 2|3 ]| 4]|5 6
8 8|9 |10|11 |12 13|14 |15 0| 1|23 |45 /|6 7
9 91101112 |13 |14 |15 0 |1 | 2|3 |4 ]| 5|6 |7 8
101011 (12|13 |14 |15 0 |1 | 2|3 |4 ]5]|6|7]8 9
1111 (12 13|14 |15 0 | 1 213 |4 |5 |6|7]|8]9| 10
12112 (1314|150 |1 (2 (3|4 |56 7|89 |10]11
131131415012 |3 |4|5]|6] 7|89 ]10]11]12
141141150 |1 |23 4|5 |6|7]|8]9 10|11 12] 13
511570123456 ]|7|8]9]|10]|11]12]13]| 14

Every element of a group G generates a cyclic subgroup of G, so every element
of Z1¢ generates a cyclic subgroup of Zi¢.

The cyclic subgroup generated by a € Zig is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
16/2 = 8 elements and the identity 0.

The elements and additive inverses are:

(0,0),(1,15),(2,14), (3,13), (4,12), (5,11), (6, 10),(7,9), (8,8)

(9,7),(10,6), (11,5), (12,4), (13,3), (14,2), (15, 1)

So, we consider the first 8 elements and the identity 0.

Since Z1¢ is a cyclic group of order 16, then Zi4 is a finite cyclic group, so the
number of generators is ¢(16) = 8 and the generators of (Z;¢,+) are positive
integers that are relatively prime to the modulus 16.

Therefore, the generators are positive integers a such that ged(a, 16) = 1.

The set of all generators of Zy¢ is {1,3,5,7,9,11,13,15}.

Let S =1{0,1,2,3,...,8} and T = {1,3,5,7}.

Then S —T = {0,2,4,6,8} is the set of elements whose cyclic subgroups we
need to consider and |S — T| = 5.
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The cyclic subgroup generated by 0 is
0y = {0k : k € Z} = {0}.
The order of 0 is [0| =1 since 1-0 =0 (mod 16).

The cyclic subgroup generated by 2 is
(2) ={2k:keZ}=1{0,2,4,6,8,10,12,14}.
The order of 2 is |2| = 8 since 8 -2 =0 (mod 16).

The cyclic subgroup generated by 4 is
4y ={4k : k € Z} = {0,4,8,12}.
The order of 4 is |4| =4 since 4-4 =0 (mod 16).

The cyclic subgroup generated by 6 is
(6) = {6k:keZ}=1{0,6,12,2,8,14,4,10}.
The order of 6 is |6| = 8 since 8- 6 =0 (mod 16).

The cyclic subgroup generated by 8 is
(8) = {8k : ke Z} ={0,8}.
The order of 8 is 8| = 2 since 2-8 =0 (mod 16).

The subgroups of (Z1¢,+) are:
VAT
{0,2,4,6,8,10,12,14}
{0,4,8,12}
{0,8}
{0}

Exercise 20. Analyze the group (Zig,+).

Solution. Every element of a group G generates a cyclic subgroup of G, so
every element of Zig generates a cyclic subgroup of Zig.
The cyclic subgroup generated by a € Z;g is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
18/2 = 9 elements and the identity 0.
The elements and additive inverses are:
(0,0),(1,17),(2,16),(3,15), (4, 14),(5,13), (6,12), (7,11), (8, 10),(9,9), (10, 8), (11, 7), (12,6), (13, 5)
(14,4), (15,3), (16,2), (17, 1)
So, we consider the first 9 elements and the identity 0.

Since Z1g is a cyclic group of order 18, then Z;g is a finite cyclic group, so the
number of generators is ¢(18) = 6 and the generators of (Z;g,+) are positive
integers that are relatively prime to the modulus 18.

Therefore, the generators are positive integers a such that ged(a, 18) = 1.
The set of all generators of Zg is {1,5,7,11,13,17}.
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Let S ={0,1,2,3,...,9} and T = {1,5,7}.
Then S—T = {0,2,3,4,6,8,9} is the set of elements whose cyclic subgroups
we need to consider and |S —T| =7.

The cyclic subgroup generated by 0 is
(0) = {0k : k €2} = {0}.
The order of 0 is [0| =1 since 1-0 =0 (mod 18).

The cyclic subgroup generated by 2 is
(2) = {2k : k € Z} = {0,2,4,6,8,10,12,14,16}
The order of 2 is |2| =9 since 9-2 =0 (mod 18).

The cyclic subgroup generated by 3 is
3)={3k:kez}=1{0,3,6,9,12,15}.
The order of 3 is |3| = 16 since 16 -3 =0 (mod 18).

The cyclic subgroup generated by 4 is
4y ={4k: ke Z} ={0,2,4,6,8,10,12,14,16}.
The order of 4 is [4| = 9 since 9-4 =0 (mod 18).

The cyclic subgroup generated by 6 is
(6) = {6k: keZ} ={0,6,12}.
The order of 6 is |6| = 3 since 3-6 =0 (mod 18).

The cyclic subgroup generated by 8 is
8y ={8k: ke Z}=1{0,2,4,6,8,10,12,14,16}.
The order of 8 is |8| =9 since 9-8 =0 (mod 18).

The cyclic subgroup generated by 9 is
(9) ={9% : k € Z} = {0,9}.
The order of 9 is |9 = 2 since 2-9 =0 (mod 18).

The subgroups of (Z;g, +) are:
Zas
{0,2,4,6,8,10,12, 14,16}
{0,3,6,9,12,15}
{0,6,12}
{0,9}
{0}

Exercise 21. Analyze the group (Zsz, +).
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Solution. Every element of a group G generates a cyclic subgroup of G, so
every element of Zgs generates a cyclic subgroup of Zgss.
The cyclic subgroup generated by a € Zs» is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
32/2 = 16 elements and the identity 0.
The elements and additive inverses are:
(0,0), (1,31), (2,30), (3,29), (4, 28), (5,27), (6,26), (7, 25), (8,24), (9, 23), (10, 22), (11,21), (12, 20), (13, 19)
(14,18), (15,17), (16, 16), (17, 15), (18, 14), (19, 13), (20, 12)
(21,11), (22,10),(23,9), (24, 8), (25, 7), (26,6), (27,5), (28,4), (29, 3), (30,2), (31,1)
So, we consider the first 16 elements and the identity 0.

Since Zss is a cyclic group of order 32, then Zss is a finite cyclic group, so the
number of generators is ¢(32) = 16 and the generators of (Zs2, +) are positive
integers that are relatively prime to the modulus 32.

Therefore, the generators are positive integers a such that ged(a, 32) = 1.

The set of all generators of Zso is {1,3,5,7,9,11,13,15,17,19, 21, 23, 25, 27,29, 31}.

Let S ={0,1,2,3,...,16} and T = {1,3,5,7,9, 11,13, 15}.

Then S — T = {0,2,4,6,8,10,12, 14,16} is the set of elements whose cyclic
subgroups we need to consider and |S —T'| = 9.

The cyclic subgroup generated by 0 is
0y = {0k : k € Z} = {0}.
The order of 0 is [0| =1 since 1-0=0 (mod 32).

The cyclic subgroup generated by 2 is
2y ={2k:keZ}=1{0,2,4,6,8,10,12,14, 16, 18, 20, 22, 24, 26, 28, 30}.
The order of 2 is |2| = 16 since 16 -2 =0 (mod 32).

The cyclic subgroup generated by 4 is
(4) = {4k : k € Z} = {0,4,8,12,16,20, 24, 28}.
The order of 4 is |4| = 8 since 8 -4 =0 (mod 32).

The cyclic subgroup generated by 6 is
(6) = {6k : k € Z} = {0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30}.
The order of 6 is |6 = 16 since 16 -6 =0 (mod 32).

The cyclic subgroup generated by 8 is
(8) = {8k : ke Z} ={0,8,16,24}.
The order of 8 is |8] =4 since 4-8 = 0 (mod 32).

The cyclic subgroup generated by 10 is
(10) = {10k : k € Z} = {0,2,4,6,8,10, 12,14, 16, 18, 20, 22, 24, 26, 28, 30}.
The order of 10 is |10| = 16 since 16 - 10 = 0 (mod 32).
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The cyclic subgroup generated by 12 is
(12) = {12k : k € Z} = {0,4, 8,12,16, 20, 24, 28}.
The order of 12 is |12| = 8 since 8 - 12 =0 (mod 32).

The cyclic subgroup generated by 14 is
(14) = {14k : k € Z} = {0,2,4,6,8,10, 12,14, 16, 18, 20, 22, 24, 26, 28, 30}.
The order of 14 is |14| = 16 since 16 - 14 =0 (mod 32).

The cyclic subgroup generated by 16 is
(16) = {16k : k € Z} = {0,16}.
The order of 16 is |16] = 2 since 216 =0 (mod 32).

The subgroups of (Zsz, +) are:
Lz
{0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30}
{0,4,8,12, 16,20, 24, 28}
{0,8,16,24}
{0, 16}
{0}

Exercise 22. The group (Z4s,+) is a cyclic group.

Solution. Every element of a group G generates a cyclic subgroup of G, so
every element of Z,g generates a cyclic subgroup of Zyg.
The cyclic subgroup generated by a € Z,g is the same as the cyclic subgroup
generated by a~!, so we only need to consider the subgroups generated by
48/2 = 24 elements and the identity 0.
The elements and additive inverses are:
(0,0), (1,47), (2,46), (3,45), (4,44), (5,43), (6,42), (7,41), (8, 40), (9, 39), (10,38), (11,37), (12, 36), (13, 35)
(14, 34), (15, 33), (16, 32), (17, 31), (18, 30), (19, 29), (20, 28), (21, 27), (22, 26), (23, 25), (24, 24)
So, we consider the first 24 elements and the identity 0.

Since Zyg is a cyclic group of order 48, then Z,g is a finite cyclic group, so the
number of generators is ¢(48) = 16 and the generators of (Zg,+) are positive
integers that are relatively prime to the modulus 48.

Therefore, the generators are positive integers a such that ged(a,48) = 1.
The set of all generators of Zyg is {1,5,7,11,13,17,19, 23, 25,29, 31, 35, 37,41, 43,47}.
Let § ={0,1,2,3,...,24} and T = {1,5,7,11,13,17,19, 23}.
Then S — T = {0,2,3,4,6,8,9,10,12, 14,15, 16, 18, 20, 21,22, 24} is the set
of elements whose cyclic subgroups we need to consider and |S — T'| = 17.

The cyclic subgroup generated by 0 is

(0) = {0k : k € Z} = {0}.
The order of 0 is |0] = 1 since 1-0 =0 (mod 48).
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The cyclic subgroup generated by 2 is
(2) ={2k:keZ}=1{0,2,4,6,8,10,12,14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40,42, 44, 46} .
The order of 2 is |2| = 24 since 24 -2 =0 (mod 48).

The cyclic subgroup generated by 3 is
3)={3k:keZ}=1{0,3,6,9,12,15, 18,21, 24,27, 30, 33, 36, 39,42, 45}.
The order of 3 is |3| = 16 since 16 -3 =0 (mod 48).

The cyclic subgroup generated by 4 is
4y ={4k: ke Z} ={0,4,8,12,16, 20, 24, 28, 32, 36, 40, 44}.
The order of 4 is 4| = 12 since 12-4 =0 (mod 48).

The cyclic subgroup generated by 6 is
(6) = {6k: keZ}=1{0,6,12,18,24,30,36,42}.
The order of 6 is |6 = 8 since 8 -6 =0 (mod 48).

The cyclic subgroup generated by 8 is
8y = {8k : ke Z} ={0,8,16,24,32,40}.
The order of 8 is |8 = 6 since 6 -8 = 0 (mod 48).

The cyclic subgroup generated by 9 is
(9) ={9%:keZ}=1{0,3,6,9,12,15, 18,21, 24, 27,30, 33, 36, 39,42, 45}.
The order of 9 is 9] = 16 since 16 - 9 =0 (mod 48).

The cyclic subgroup generated by 10 is
(10y = {10k : k € Z} = {0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40,42, 44, 46 }.
The order of 10 is |10| = 24 since 24 - 10 = 0 (mod 48).

The cyclic subgroup generated by 12 is
(12) = {12k : k € Z} = {0, 12, 24, 36}.
The order of 12 is |[12| = 4 since 4- 12 =0 (mod 48).

The cyclic subgroup generated by 14 is
(14)y = {14k : k € Z} = {0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40,42, 44, 46}.
The order of 14 is |14| = 24 since 24 - 14 = 0 (mod 48).

The cyclic subgroup generated by 15 is
(15) = {15k : k € Z} = {0, 3,6,9,12,15, 18,21, 24, 27, 30, 33, 36, 39, 42, 45}.
The order of 15 is 15| = 16 since 16 - 15 = 0 (mod 48).

The cyclic subgroup generated by 16 is

(16) = {16k : k € Z} = {0, 16,32}.
The order of 16 is |16] = 3 since 3-16 =0 (mod 48).
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The cyclic subgroup generated by 18 is
(18) = {18k : k € Z} = {0, 6, 12,18, 24, 30, 36, 42}.
The order of 18 is 18| = 8 since 8 - 18 = 0 (mod 48).

The cyclic subgroup generated by 20 is
(20) = {20k : k € Z} = {0,4,8,12,16, 20, 24, 28, 32, 36,40, 44}.
The order of 20 is |20| = 12 since 12-20 =0 (mod 48).

The cyclic subgroup generated by 21 is
21y = {21k : ke Z} = {0,3,6,9,12,15,18, 21, 24,27, 30, 33, 36, 39,42, 45}.
The order of 21 is |21| = 16 since 16 - 21 =0 (mod 48).

The cyclic subgroup generated by 22 is
(22) = {22k : k € Z} = {0,2,4,6,8,10, 12,14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38,40, 42, 44, 46}.
The order of 22 is |22| = 24 since 24 - 22 = 0 (mod 48).

The cyclic subgroup generated by 24 is
(24) = {24k : k € Z} = {0,24}.
The order of 24 is |24| = 2 since 224 =0 (mod 48).

The subgroups of (Z4s, +) are:

248

{0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46}
{0,3,6,9,12, 15,18, 21, 24, 27, 30, 33, 36, 30, 42, 45}
{0,4,8,12, 16,20, 24, 28, 32, 36, 40, 44}

{0,6,12, 18,24, 30, 36, 42}

(0,8, 16, 24,32, 40}

{0,12,24, 36}

{0,16,32}

{0,24}

{0}

Exercise 23. The group (Zgo, +) is a cyclic group.

Solution. Every element of a group G generates a cyclic subgroup of G, so

every element of Zgg generates a cyclic subgroup of Zg.
The cyclic subgroup generated by a € Zg is the same as the cyclic subgroup

generated by a~!, so we only need to consider the subgroups generated by

60/2 = 30 elements and the identity 0.
The elements and additive inverses are:
(0,0), (1,59), (2,58), (3,57), (4,56), (5,55), (6,54), (7,53), (8,52), (9,51), (10, 50), (11,49), (12, 48), (13, 47)
(14, 46), (15,45), (16,44),(17,43), (18,42), (19,41), (20, 40), (21, 39), (22, 38), (23, 37), (24, 36), (25, 35)
(24, 34), (25, 33), (26, 32), (27, 31), (28, 30), (29, 31), (30, 30)
So, we consider the first 30 elements and the identity O.

21



Since Zg is a cyclic group of order 60, then Zg is a finite cyclic group, so the
number of generators is ¢(60) = 16 and the generators of (Zgo,+) are positive
integers that are relatively prime to the modulus 60.
Therefore, the generators are positive integers a such that ged(a, 60) = 1.
The set of all generators of Zg is {1,7,11,13,17,19,23,29, 31, 37,41, 43,47,49,53,59}.
Let S ={0,1,2,3,..,30} and T = {1,7,11,13,17, 19, 23,29}
Then S—T = {0,2,3,4,5,6,8,9, 10,12, 14,15, 16, 18, 20, 21, 22, 24, 25, 26, 27, 28, 30}
is the set of elements whose cyclic subgroups we need to consider and |S —T| =
23.

The cyclic subgroup generated by 0 is
(0) = {0k : k € 2} = {0}.
The order of 0 is |0] = 1 since 1-0 =0 (mod 60).

The cyclic subgroup generated by 2 is
(2y={2k:keZ} =
{0,2,4,6,8,10,12,14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46, 48, 50, 52, 54, 56, 58}.
The order of 2 is |2| = 30 since 30 -2 =0 (mod 60).

The cyclic subgroup generated by 3 is
3y={3k:keZ}=1{0,3,6,9,12,15,18,21, 24,27, 30,33, 36, 39,42, 45,48, 51,54, 57}.
The order of 3 is |3| = 20 since 20 -3 =0 (mod 60).

The cyclic subgroup generated by 4 is
(4) = {4k : k € Z} = {0,4,8,12,16,20, 24, 28, 32, 36, 40, 44, 48, 52, 56 }.
The order of 4 is 4| = 15 since 15-4 =0 (mod 60).

The cyclic subgroup generated by 5 is
(5) = {5k : k € Z} = {0,5,10, 15, 20, 25, 30, 35, 40, 45, 50, 55}
The order of 5 is |5 = 12 since 12-5 =0 (mod 60).

The cyclic subgroup generated by 6 is
(6) = {6k : ke Z} =1{0,6,12,18,24, 30, 36,42, 48, 54}.
The order of 6 is 6] = 10 since 10 -6 =0 (mod 60).

The cyclic subgroup generated by 8 is
(8) = {8k : k € Z} = {0,4,8,12,16, 20, 24, 28, 32, 36, 40, 44, 48, 52, 56 ..
The order of 8 is |8] = 15 since 15-8 =0 (mod 60).

The cyclic subgroup generated by 9 is
9y ={9% : ke Z}=1{0,3,6,9,12,15,18, 21,24, 27,30, 33, 36, 39,42, 45,48, 51, 54, 57}.
The order of 9 is 9] = 20 since 20 -9 =0 (mod 60).
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The cyclic subgroup generated by 10 is
(10) = {10k : k € Z} = {0, 10, 20, 30,40, 50}.
The order of 10 is |10] = 6 since 6 - 10 = 0 (mod 60).

The cyclic subgroup generated by 12 is
(12) = {12k : k € Z} = {0, 12, 24, 36, 48}.
The order of 12 is |12| = 5 since 5- 12 =0 (mod 60).

The cyclic subgroup generated by 14 is
(14) ={14k : k€ Z} =
{0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46, 48, 50, 52, 54, 56, 58}.
The order of 14 is |14| = 30 since 30 - 14 = 0 (mod 60).

The cyclic subgroup generated by 15 is
(15) = {15k : k € Z} = {0,15, 30, 45).
The order of 15 is |15| =4 since 4 - 15 =0 (mod 60).

The cyclic subgroup generated by 16 is
(16) = {16k : k € Z} = {0,4,8,12,16, 20, 24, 28, 32, 36, 40, 44, 48,52, 56 .
The order of 16 is |16| = 15 since 1516 = 0 (mod 60).

The cyclic subgroup generated by 18 is
(18) = {18k : k € Z} = {0,6,12,18,24,30, 36, 42,48, 54}.
The order of 18 is |18| = 10 since 10 - 18 =0 (mod 60).

The cyclic subgroup generated by 20 is
(20) = {20k : k € Z} = {0,20,40}.
The order of 20 is |20| = 3 since 3-20 =0 (mod 60).

The cyclic subgroup generated by 21 is
21y ={21k: k€ Z} ={0,3,6,9,12,15,18, 21, 24, 27, 30, 33, 36, 39, 42, 45, 48, 51, 54, 57}.
The order of 21 is |21| = 20 since 20 - 21 =0 (mod 60).

The cyclic subgroup generated by 22 is
(22) = {22k : k€ Z} =
{0,2,4,6,8,10,12,14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46, 48, 50, 52, 54, 56, 58}.
The order of 22 is |22| = 30 since 30 - 22 =0 (mod 60).

The cyclic subgroup generated by 24 is
(24) = {24k : k € Z} = {0, 12, 24, 36, 48}.
The order of 24 is |24| = 5 since 5 -24 =0 (mod 60).
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The cyclic subgroup generated by 25 is
(25) = {25k : k € Z} = {0, 5,10, 15, 20, 25, 30, 35, 40,45, 50, 55}.
The order of 25 is |25 = 12 since 1225 =0 (mod 60).

The cyclic subgroup generated by 26 is
(26) = {26k : k € Z} =
{0,2,4,6,8,10,12,14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46, 48, 50, 52, 54, 56, 58}.
The order of 26 is |26| = 30 since 30 - 26 = 0 (mod 60).

The cyclic subgroup generated by 27 is
27 ={27k : ke Z} =
{0,3,6,9,12,15, 18,21, 24,27, 30, 33, 36, 39,42, 45,48, 51, 54, 57}.
The order of 27 is |27| = 20 since 20 - 27 =0 (mod 60).

The cyclic subgroup generated by 28 is
(28) = {28k : ke Z} =
{0,4,8,12,16, 20,24, 28, 32, 36, 40, 44, 48,52, 56 }.
The order of 28 is 28| = 15 since 15-28 =0 (mod 60).

The cyclic subgroup generated by 30 is
(30y = {30k : k € Z} = {0,30}.
The order of 30 is |30] = 2 since 2- 30 = 0 (mod 60).

The subgroups of (Zgo, +) are:
Zeo
{0,2,4,6,8,10,12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46, 48, 50, 52, 54, 56, 58}
{0,3,6,9,12,15,18,21, 24,27, 30, 33, 36, 39,42, 45,48, 51, 54,57}
{0,4,8,12, 16,20, 24, 28, 32, 36, 40, 44, 48, 52, 56}
{0, 5,10, 15, 20, 25, 30, 35, 40, 45, 50, 55}
{0,6,12, 18,24, 30, 36, 42, 48,54}
{0, 10,20, 30, 40, 50}
{0,12,24, 36, 48}
{0,15,30,45}
{0,20,40}
{0,30}
{0}

Exercise 24. Analyze the generators of (Zgo, +).

Solution. The generators of (Zgo, +) are congruence classes [k] such that k €
Z* and ged(k,60) = 1.
Hence, there are ¢(60) = 16 elements of Zgo that are relatively prime to the
modulus 60.
Therefore, the set of generators of Zgo is {1, 7,11, 13,17,19, 23,29, 31, 37,41, 43,47, 49, 53,59}
O
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Exercise 25. Which elements of (Z,,, +) are generators of the cyclic group Z,,?

Solution. For n € Z* and n > 1, the additive group Z,, = {[0],[1], ..., [n—1]} =
([1]) is cyclic and the congruence class [1] is a generator of Z,.

For Z, the generator is 0, so Z; = (0) = {0} is a cyclic group.

For Zy the generator is 1, so Zy = (1) = {0,1} is a cyclic group.

For Zs the generators are 1,2 so Zs = (1) = (2) = {0, 1,2} is a cyclic group.

For Z, the generators are 1,3 so Zy = (1) = (3) = {0,1,2,3} is a cyclic
group.

For Zs the generators are 1,2,3,4, so Zs = (1) = (2) = (3) = (4) =
{0,1,2,3,4} is a cyclic group.

For Zg the generators are 1,5 so Zg = (1) = (5) = {0,1,2,3,4,5} is a cyclic
group.

For Z; the generators are 1,2,3,4,5,6, so Zr; = (1) = (2) = (3) = (4) =
(5) = (6) ={0,1,2,3,4,5} is a cyclic group.

The pattern emerges that the generators of (Z,,+) are any congruence
classes [a] such that gcd(a,n) = 1. In other words, [a] is a generator of Z,
whenever a is relatively prime to the modulus n. O

Exercise 26. Analyze the group of units of Zg under multiplication.
The group (Z3§,-) is not cyclic.

Solution. Observe that |Zg| = 8.

The binary structure (Z3, -) is the group of units of integers modulo 8 under
multiplication.

Thus, || = 6(8) = 4 and Z§ = {[a] : ged(a, 8) = 1} = {[1], 3], [5],[7]}.

We draw the Cayley table for Z§.

11357
1111357
313175
5|5 |T7|11]3
TI7|15 3|1

By noting the symmetry along the main diagonal of the table, we see that
the multiplication is commutative, so Z§ is an abelian group.

The identity is 1 and each element is its own inverse, so #2 = 1 for all x € Z§.

Every element of a group G generates a cyclic subgroup of G, so every
element of Zg generates a cyclic subgroup of Zg.

By looking at the table we can easily see the cyclic subgroups generated by
each element.

(1) = {1} and |1| = 1 and {1} is a subgroup of Zj.

(3) = {1,3} and |3| = 2 and {1, 3} is a subgroup of Z§.

(5) = {1,5} and |5| = 2 and {1, 5} is a subgroup of Z§.

(7) ={1,7} and |7| = 2 and {1,7} is a subgroup of Z§.

The order of any element of Z is either 1 or 2, but not 4.

Hence, no element of Z§ is a generator of Z§, so Zg cannot be cyclic.

Since none of the orders of the elements are 4, then Zg is not cyclic.

However, Z§ is abelian and is finite.
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The subgroups of (Z§,-) are:
z;=11,3,5,7}
{1,3}
{1,5}
{1, 7}
{1}

Exercise 27. (Z,-) is not cyclic.

Proof. Observe that |Z§| = 4.

We first prove [a]? = [1] for every [a] € Zj.

Let [a] € Z.
Then ged(a, 8) = 1.

Hence, a is either 1 or 3 or 5 or 7, so a is odd.

Therefore, there exists an integer k such that a = 2k + 1.
Thus, a—1 =2k and a+1=2k+2,s0a’—1 = (a—1)(a+1) = 2k(2k+2) =

Ak(k +1).

The product of two consecutive integers is even.
Hence, k(k+ 1) is even, so there exists an integer m such that k(k+1) = 2m.
Thus, a? — 1 = 4k(k +1) = 4(2m) = 8m, so 8|(a® — 1).

Therefore, a? (mod 8), so [a?] = [1].

Thus, [1] = [a ]:[ a] = [a][a ]Z[G]Q’SO[G]Q

Consequently, [a]? = [1] for every [a] € Z§.
Let [z] € Z§.

Then either [z] = [1] or [z] # [1].
We consider these cases separately.
Case 1: Suppose [z] = [1].

Since [1]! = [1], then the order of [1] is 1 # 4.

Hence, [1] is not a generator of Zj.
Case 2: Suppose [z] # [1].
Since [z]! = [z], then [z]! # [1].

Since [x]? = [1], then the order of [z] is 2 # 4.

Hence, [z] is not a generator of Zj.

[1].

Therefore, in all cases [z] is not a generator of Zj.
Since [z] is arbitrary, then this implies every element of Zj is not a generator

of Z3.

Thus, there is no element of Z§ that is a generator of Z§, so Z§ is not

cyclic.

O

Exercise 28. Analyze the group of units of Zg under multiplication.

The group (Z3, ) is cyclic.

Solution. Observe that |Zg| = 9.

The binary structure (Z§, *) is the group of units of integers modulo 9 under

multiplication.
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Thus, |Z5| = ¢(9) = 6 and Z§ = {[a] : ged(a,9) = 1} = {[1], 2], [4], [5], [7], [8]}-
We draw the Cayley table for Z§.
1124|578

| O | N =
| Y [ DN
U = OO | D
=N 3| COf ¥~
Ol | Do —| Ot

| 00| = ol
N[ Ot | co

8|8 |7]15]4]|2
By noting the symmetry along the main diagonal of the table, we see that
the multiplication is commutative, so Z§ is an abelian group.
The identity is 1.
The inverses are:

Every element of a group G generates a cyclic subgroup of G, so every
element of Zg generates a cyclic subgroup of Zg.

By looking at the table we can easily see the cyclic subgroups generated by
each element.

(1) = {1} and |1] = 1 and {1} is a subgroup of Zj.
={2,4,8,7,5,1} and |2| = 6 and {2,4,8,7,5,1} is a subgroup of Z3.
{4,7,1} and |4] = 3 and {4,7,1} is a subgroup of Zj.
{5,7,8,4,2,1} and |5| = 6 and {5,7,8,4,2,1} is a subgroup of Z;.
={7,4,1} and |7| = 3 and {7,4,1} is a subgroup of Z§.
(8) = {8,1} and |8| = 2 and {8,1} is a subgroup of Z§.
Since |2] = 6 = |5| = |Z§], then 2 and 5 are generators of Z§, so Z§ is cyclic.
Also, Z3 is finite.

(2)
{4)
(5)
(7)

The subgroups of (Zs,-) are:
Z5=11,2,4,5,7,8}
{1,4,7}

{1,8}
{1}

Exercise 29. Analyze the order of the group (Zj, ).

Solution. Observe that Z3, is the group of units of Z;o under multiplication
modulo 10.

The integers modulo 10 is {0, 1,2, ...,9} and |Z1,| = 10.

The group of units Zj, is {a € Z : ged(a, 10) = 1} = {1,3,7,9} and |Z,| =
¢(10) = 4, where ¢ is Euler’s totient function.
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The Cayley table is below.

ST 31 79
111(3]71]9
31319117
7711193
91917131

Every element of a group G generates a cyclic subgroup of G, so every element

of Z7, generates a cyclic subgroup of Zj,.

The cyclic subgroups generated by each element are shown below.

(I) ={1} and |1| =1

(3) ={1,3,7,9} and |3| =4

(1) ={1,3,7,9} and |7] = 4

(9) = {1,9} and 9] = 2

Since |3| = |7| = 4, then 3 and 7 are generators of Z3,, so Z3, is cyclic.

The order of the inverse of an element is the same as the order of the element.
=11 =]=1
3 =[3" =7 =4
7l =7 =13 =4
9] =197 =19 =2

The subgroups of (Z3,, ) are:
ZTO = {17 37 7a 9}
{1,9}
{1}

Exercise 30. Analyze the order of the group (Z7,, ).

Solution. Observe that Z3, is the group of units of Z;2 under multiplication
modulo 12.

The integers modulo 12 is {0,1,2,...,11} and |Z;2| = 12.

The group of units Z7, is {a € Z : gcd(a,12) = 1} = {1,5,7,11} and
|Z55] = ¢(12) = 4, where ¢ is Euler’s totient function.

The Cayley table is below.
. 115 | 7|11
1 1 ) 7 |11
5 5|1 (11| 7
7 7|11 ] 1 )
11|11 715 1
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Every element of a group G generates a cyclic subgroup of G, so every element

of Z7, generates a cyclic subgroup of Z7,.

The cyclic subgroups generated by each element are shown below.

(I) ={1} and |1| =1

(5) ={1,5} and |5| =2

(7y={1,7} and |7| = 2

(11) = {1,11} and |11| = 2

There is no element that generates the entire group, so Zj, is not cyclic.

The order of the inverse of an element is the same as the order of the element.
1 =1t =]y = 1
5/ =[5! = 5] =2
7| =177 =[7=2
11| = |11*1| =11]=2

The subgroups of (Z3,, ) are:
ZT2 = {17 57 73 11}
{1,5}
{1,7}
{1,11}
{1}

Exercise 31. Analyze the order of the group (Zj, ).

Solution. Observe that Zj5 is the group of units of Z;5 under multiplication
modulo 15.

The integers modulo 15 is {0, 1,2, ...,14} and |Z;5| = 15.

The group of units Z3; is {a € Z : ged(a,15) =1} = {1,2,4,7,8,11, 13,14}
and |Zi5| = ¢(15) = 8, where ¢ is Euler’s totient function.

The Cayley table is below.

1 214|718 111314
1 1 2 14| 7|8 11|13 |14
2 2148 114]1 7 |11 | 13
4 4 18 1 1132 (14| 7 |11
7 7T | 14113 4 11| 2 1 8
8 8 1 2 |11 4 |13]14] 7
11117 |14 2 |13]1 8 4
1313 (11 7|1 /|14] 8|4 2
14114113 |11 | 8 | 7 | 4] 2 1

Every element of a group G generates a cyclic subgroup of G, so every element
of Z7; generates a cyclic subgroup of Z75.
The cyclic subgroups generated by each element are shown below.
(Iy={1} and |1] =1
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{1,2,4,8} and |2| = 4
{1,4} and |4] =2
{
{

1,7,4,13} and |7| = 4

1,8,4,2} and |8| =4

) ={1,11} and |11| =2

) =1{1,13,4,7} and |13] =4

) ={1,14} and |14| = 2

There is no element that generates the entire group, so Zj5 is not cyclic.

(2)
(4)
(7)
(8)
(11
(13
(14

The order of the inverse of an element is the same as the order of the element.

1] = \1’1\ =[1=1

2= 21| = |8 =4

4] =47} =4[ =2

7| =771 = [13| = 4

18] =871 = [2| = 4

11 =117 = |11] =2

13| =137 =[7| =4

|14 = 147 = 14| = 2

The subgroups of (Zj, ) are:
7t = {1,2,4,7,8,11,13, 14}
{1,2,4,8}

{1,4,7,13}
{1,4}
{1,11}
{1,14}

{1}

Exercise 32. Analyze the order of the group (Zig, ).

Solution. Observe that Zjg is the group of units of Z;5 under multiplication
modulo 18.

The integers modulo 18 is {0,1,2,...,17} and |Z;s| = 18.

The group of units Zjg is {a € Z : ged(a, 18) = 1} = {1,5,7,11,13,17} and
|Zis| = ¢(18) = 6, where ¢ is Euler’s totient function.

The Cayley table is below.

. 1 5 7 | 11| 13 | 17
1 15| 7 |11]13]|17
) 5 7T (17| 1 |11 |13
7 7171135 | 1|11
11111 1 5 [ 13| 17 7
1313|111 17| 7 5
17|17 (13|11 | 7 5 1

30



Every element of a group G generates a cyclic subgroup of G, so every element
of Zig generates a cyclic subgroup of Zjs.
The cyclic subgroups generated by each element are shown below.
(I) ={1} and |1| =1

(5 = {1,5,7,11,13,17} and |5 = 6
(7y={1,7,13} and |7| =3

(11) = {1,5,7,11,13,17} and |11| = 6
(13) = {1,7,13} and |13] =3

(17) ={1,17} and |17| =2

The set of generators is {5, 11} so Zjg is cyclic.

The order of the inverse of an element is the same as the order of the element.
=17 =1 =1
5/ =571 = 11| =6
7| =71 =13 =3
11| =[117 =15|=6
13| =137 = |7| =3
17| =177 = 17| =2

The subgroups of (Zig, ) are:
Zrs = {1,5,7,11,13,17}
{1,7,13}

{1,17}
{1}

Exercise 33. Analyze the order of the group (Z3, ).

Solution. Observe that Z%, is the group of units of Zyy under multiplication
modulo 20.

The integers modulo 20 is {0, 1,2, ...,19} and |Zgg| = 20.

The group of units Z3, is {a € Z : ged(a,20) =1} = {1,3,7,9,11,13,17,19}
and |Z3,| = ¢(20) = 8, where ¢ is Euler’s totient function.

The Cayley table is below.

. 13| 7|9 |11]13|17 |19
1 1 3 7 9 |11 | 13| 17 | 19
3 319 1|7 |13]19]11 17
7 7 1 9 3 | 17|11 ] 19| 13
9 9 | 713 |1 |19]|17|13]|11
1111 (1317|119 ] 1 3 7 9
1313119 11| 17
17 | 17 | 11 | 19 | 13
19 |19 | 17| 13 | 11

O | W

9 |1 7
119 3
7|3 1
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Every element of a group G generates a cyclic subgroup of G, so every element
of Z5, generates a cyclic subgroup of Z3,.
The cyclic subgroups generated by each element are shown below.
(I) ={1} and |1| =1
3)={1,3,9,7} and |3| =4
7 ={1,7,9,3} and |7| =4
={1,9} and |9] =2
={1,11} and 11| = 2
{1,13,9,17} and |13| =4
={1,17,9,13} and |17| =4
{1,19} and 9| =2

There is no element that generates Z3,, so Z5, is not cyclic.

The order of the inverse of an element is the same as the order of the element.
=17 =1 =1
3| =371 =[7| =4
7| =171 =[3| =4
9] =197 =19 =2
11 =117 = 11| =2
13| = 137 = 17| = 4
17| =177 = 13| =4
19| = [197| = [19] = 2

The subgroups are shown below.
Zy, ={1,3,7,9,11,13,17,19}
{1,9,13,17}

{1,3,7,9}
{1,9}
{1,11)
{1,19}
{1}

Exercise 34. Analyze the order of the group (Z3,, -).

Solution. Observe that Z3, is the group of units of Zy4 under multiplication
modulo 24.

The integers modulo 24 is {0, 1,2, ...,23} and |Za4| = 24.

The group of units Z3, is {a € Z : ged(a,24) =1} = {1,5,7,11,13,17,19, 23}
and |Z3,| = ¢(24) = 8, where ¢ is Euler’s totient function.
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The Cayley table is below.

. 115 | 7|11 13]17| 19| 23
1 115 | 7 |11 [13]17]19 | 23
5 5|1 (11| 7 |17 |13]23]|19
7 7|11 1|5 |19]23|13 |17
11|75 |1 23]|19] 1713
131317119231 |5 | 7 |11
17|17 (1312319 |5 | 1 |11| 7
19119 (23|13 |17 7 |11 | 1 5
23 12319 |17 |13 |11 | 7 5 1

Every element of a group G generates a cyclic subgroup of G, so every element
of Z5, generates a cyclic subgroup of Z3,.
The cyclic subgroups generated by each element are shown below.
(I) ={1} and |1| =1

(5) ={1,5} and |3| =2

(7y={1,7} and |7| = 2

(11) = {1,11} and |9 =2
(13) = {1,13} and |9] = 2
(17) ={1,17} and |9] = 2
(19) = {1,19} and |9] =2
<23> = {1723} and |9| =2

Observe that 22 = 1 for all x € Z3,, so each element is its own inverse and
the order of each non identity element is 2.
There is no element that generates Z3,, so Z3, is not cyclic.

The order of the inverse of an element is the same as the order of the element.
=171 =]=1
5/ = (57" =[5 =2
7l =17 =[7|=2
11 =117 = 11| =2
13| = [137| = [13] =2
17| =177 = 17| = 2
19| = 197 = [19| = 2
23| = 2371 = |23| = 2

The subgroups are shown below.
Zsy ={1,5,7,11,13,17,19,23}
{1,5}

{17}

{1,11}
{1,13}
{1,17}
{1,19}

33



{1,23}
{1}

Exercise 35. Analyze the order of the group (Z3, -).

Solution. Observe that Z3, is the group of units of Zs3p under multiplication
modulo 30.

The integers modulo 30 is {0, 1,2, ...,29} and |Z3| = 30.

The group of units Z3; is {a € Z : ged(a, 30) = 1} = {1,7,11,13,17, 19, 23,29}
and |Z%,| = ¢(30) = 8, where ¢ is Euler’s totient function.

The Cayley table is below.

. 17 111317119 23|29
1 1 7|11 (1317 19|23 |29
7 7119|171 29|13 |11 23
11|11 (17| 1 | 23] 7 (29|13 19
13131 (23|19 11| 7 |29]|17
1717129 7 |11 119|233 | 1 |13
19119 13129 7 (23| 1 |17 |11
23 (23|11 | 13|29 | 1 |17 |19 ]| 7
2929|2319 |17 |13 |11 | 7 1

Every element of a group G generates a cyclic subgroup of G, so every element
of Z3, generates a cyclic subgroup of Z3,.

The cyclic subgroups generated by each element are shown below.
(Iy={1} and |1] =1

(7) = {1,7,13,19} and |7] = 4
(11) = {1,11} and |11]| =2

(13) = {1,7,13,19} and [13| = 4
(17) = {1,17,19,23} and [17| = 4
(19) = {1,19} and |19 = 2

(23) = {1,17,19,23} and |23| = 4
(29) = {1,29} and |29 = 2

There is no element that generates Z3,, so Z3, is not cyclic.

The order of the inverse of an element is the same as the order of the element.
=17 =1 =1
7 =771 = 13| = 4
11 =117 = |11] =2
13| =137 = |7| =4
17| = 1771 = |23| = 4
19| = 197 = [19| = 2
23| = 237 = 17| = 4
|29 = [2971| = |29] = 2
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The subgroups are shown below.
Zi, =41,7,11,13,17,19,23,29}
{1,7,13,19}

{1,17,19, 23}
{1,11}
{1,17}
{1,19}
{1,29}

{1}

Exercise 36. Analyze the subgroup of (Z,+) generated by 7 € Z.

Solution. The cyclic subgroup generated by 7is (7) = {7k : k € Z} = 7Z =
{-.,—21,—-14,-7,0,7,14,21,28, 35, ...} the set of all multiples of 7 and the order
of 7is |7| = oo. O

Exercise 37. Analyze the subgroup of (Zag, +) generated by 15 € Zoy.

Solution. The cyclic subgroup generated by 15 is (15) = {15k : k € Z} =
{0,15,6,21,12,3,18,9} and the order of 15 is |15 = 8. O

Exercise 38. Analyze the subgroup generated by 7 in the group (R*,-).

Solution. The cyclic subgroup generated by 7 € R* is (7) = {7* : k € Z}.
There is no positive integer n such that 7" = 1, so 7 has infinite order.

To prove there is no n € Z% such that 7% = 1, we prove 7% > 1 for alln € ZT.

Define predicate p(n) : 7" > 1 over Z.

We prove p(n) is true for all n > 1 by induction on n.

Basis:

Since 7' = 7 > 1, then p(1) is true.

Induction:

Suppose p(k) is true for any k € ZT.

Then 7% > 1.

Since 7> 1, then 7*t1 =7F.7>1.1=1, so 7Ft1 > 1.

Hence, p(k + 1) is true, so p(k) implies p(k + 1) for all k € Z+.

Since p(1) is true and p(k) implies p(k + 1) for all kK € ZT, then by PMI,
p(n) is true for all n € Z+.

Thus, 7* > 1foralln € ZT,s0 7" # 1 for all n € Z™.

Therefore, there is no n € Z* such that 7* = 1, so 7 has infinite order.

Thus, (7) = {...,773,772,771,1,7,72,73, ...} is infinite and each power of 7
is distinct. O

Exercise 39. Analyze the subgroup generated by 2¢ in (C*,-).
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Solution. Every element of a group generates a cyclic subgroup, so 2i € C*
generates a cyclic subgroup of C*.

The cyclic subgroup of C* generated by 21 is

{20 keZy=1{..,1,2i,—4,—8i,16,32i, —64, ...

of infinite order. The order of 2i is |2i| = oo. O

Exercise 40. Analyze the subgroup generated by i in (C*,-).

Solution. Every element of a group generates a cyclic subgroup, so i € C*
generates a cyclic subgroup of C*.

The cyclic subgroup of C* generated by i is {1,i, —1, —i} of order 4.

This finite group is a subgroup of the unit circle T.

This is the 4*" roots of unity group Uy. O

Exercise 41. Analyze the 5! roots of unity group and its generators.

Solution. The 5 roots of unity is the set Us = {z € C: 2° = 1}.
The group (Us, -) is a cyclic group of order |Us| = 5 with generator g = e
Therefore, U5 1s the set
{1, e, e, T} = {g°, 9", 4% %, 9"}
This is a ﬁnlte group of order 5 and is a subgroup of the circle group T.

i27/5

Since Us is a finite cyclic group of order 5 and g = % is a generator of Us,
then the generators are elements ¢g* such that ged(k,5) = 1.
Hence, k € {1,2,3,4}, so the other generators are:

g — (£27/5)2 = eidn/5
g _ (6127r/5)3 _ ei67r/5
gt = (e27/5) = ¢i87/5,

The elements of Us written as powers of g2 are:

(9°) }

(g ) ‘ ) i87/5 4
(92)3 ( z47r/5)3 1127 /5 _ 1271'/5
(9°)

9]

('b('b

— i16m/5 _ ,i67/5
Thus, Us = {(9*)°, (¢*)', (¢*)?, (¢*)*, (¢*)*}.

The elements of Us written as powers of ¢° are:

(6°)° =1

(93)1 _ ez67r/5

(g%)? (ez:ﬁﬂ/5)2 _ 6121277/5 _ 611277/5

(g3)3 _ (ezﬁw/5)3 — il87/5 _ i87/5

(g3) = (ei07/5)4 = ¢i24n/5 — ¢idn/5

Thus, Us = {(¢°)°, (¢*)", (9°)% (4°)%, (¢°)*}.
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The elements of Us written as powers of ¢* are:

(¢")°=1

(94)1 _ 61877/5

(94)2 (eisw/5)2 _ i167r/5 _ eiGTK‘/5

(94)3 —_ (ei87r/5)3 et i24m/5 _ €i47r/5

(g1t = (ei87r/5)4 — ei32m/5 _ gi2n/5

Thus, Us = {( )07 (g ) (94)27 (g4>37 (94)4}' O

Exercise 42. Analyze the subgroup generated by H'“f n (C*,-).

Solution. Every element of a group generates a cyclic subgroup, so “’%7‘/5 eCr
generates a cyclic subgroup of C*.
i3 s
{1,e'3,615 ™ 15 5} = {0, 9", 0%, 6%, g%, g }.
This is a finite group of order 6 and is a subgroup of the circle group T.
This is the 6" roots of unity which is a cyclic group.

The cychc subgroup generated by H"‘[ =e

. j 2T
The generator for U, is g = e .
Since €'™/3 = g = ¢!, then 5= 2

Hence, mn = 67, so n = 6.

Since Us is a finite cyclic group of order 6 and g = ¢*™/? is a generator of Ug,
then the generators are elements g* such that ged(k,6) = 1.
Hence, k € {1,5}, so the other generator is g° = ('™/3)> = ¢¥57/3,
The elements of Us written as powers of ¢° are:
(9°) =1

(95)1 — i57/3

(95)2 _ (€i57r/3)2 _ 611071'/3 i47r/3

(95)3 (6157r/3)3 — 5T — pim — 1

(95)4 (6157r/3)4 612071'/3 _ ei2ﬂ'/3

(95)5 _ ( 257r/3)5 _ e12%/3 iTr/3

Thus, Us = {(9°)°, (¢°)", (9°), (¢°)%, (9°)", (9°)°}- O
Exercise 43. Analyze the subgroup generated by 1\}1 n (C*,.).

Solution. Every element of a group generates a cyclic subgroup, so 1—\}%’ eC*
generates a cyclic subgroup of C*.

The cyclic subgroup of C* generated by L = ¢if

T = YT s
{1,e%,e'5 ¢ o L L T} a finite group of order 8.
This group is a subgroup of the unit circle T.
This is the 8th roots of unity (Us, -).
The generator for U, is g = ' .
. im/4 _ 42n 2
Since e/ = g = ¢’ | then T=
Hence, mn = 87, so n = 8.
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™

Since Ug is a finite cyclic group of order 8 and ¢ = €' is a generator of Us,
then the generators are elements ¢g* such that ged(k,8) = 1.
Hence, k € {1,3,5,7}, so the other generators are:
g3 — (e’iﬂ‘/4)3 — ei37r/4
g° = (ei™/4)5 = ¢idm/4
g7 = (&™) = i/, O

Exercise 44. Analyze the subgroup generated by the below matrix in GLy(R).

0 1
-1 0
Solution. Since det A=0-0—1(—1) = 1, then det A # 0, so A~ exists.
Hence, A is invertible, so A € GLy(R).
Every element of a group G generates a cyclic subgroup of G.
Thus, A generates a cyclic subgroup of the general linear group GLs(R).
The cyclic subgroup generated by A is (A) = {I, A, A%, A3}, where [ is the
identity matrix and

A:

2 -1 0
0 -1
0 -1
A3 =
1 0 ]
The order of A is |A| = |(A)] = 4, so A has finite order and (A) is a finite
group.
The inverses are:
I'=1
A—l — A3
(AZ)—l — A2

Since (A) is a cyclic group of order 4, then (A) is a finite cyclic group.
Since A is a generator, the generators are elements A* such that ged(k,4) =
1.
Therefore, there are ¢(4) = 2 generators and k € {1,3}, so the set of gener-
ators is {4, A3}. O

Exercise 45. Analyze the subgroup generated by the below matrix in GLs(R).

|

w o
O Wi
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Solution. Since det A =0-0— 1(3) = —1, then det A # 0, so A™! exists.
Hence, A is invertible, so A € GLy(R).
Every element of a group G generates a cyclic subgroup of G.
Thus, A generates a cyclic subgroup of the general linear group GLo(R).
The cyclic subgroup generated by A is (A) = {I, A}, where I is the identity
matrix and

S 10 ]
0 1
The order of A is |A| = |(A)| = 2, so A has finite order and (A) is a finite
group.
The inverses are:
It=1
A7l=4

Since (A) is a cyclic group of order 2, then (A) is a finite cyclic group.
Since A is a generator, the generators are elements A* such that ged(k,2) =

1.

Therefore, there is ¢(2) = 1 generator and k € {1}, so the set of generators
is {A}. O
Exercise 46. Analyze the subgroup generated by the below matrix in GL2(R).

A:

1 -1
1 0
Solution. Since det A =1-0— (—=1)(1) = 1, then det A # 0, so A™! exists.
Hence, A is invertible, so A € GL2(R).
Every element of a group G generates a cyclic subgroup of G.
Thus, A generates a cyclic subgroup of the general linear group GLs(R).
The cyclic subgroup generated by A is (A) = {I, A, A%, A3, A% A®}, where
I is the identity matrix and

P
1 -1
P
0 -1
-1 1
At =
-1 0]




A=

0 1
-1 1

The order of A is |A| = |(A)] = 6, so A has finite order and (A) is a finite

group.
The inverses are:
I'=1
Afl _ AS
(AQ)—l — A4
(A3)—1 — A3
(A4)—1 — AZ
(A%) 1 =4

Since (A) is a cyclic group of order 6, then (A) is a finite cyclic group.
Since A is a generator, the generators are elements A* such that ged(k,6) =
1.
Therefore, there are ¢(6) = 2 generators and k € {1,5}, so the set of gener-
ators is {4, A%}. O

Exercise 47. Analyze the subgroup generated by the below matrix in GLy(R).

1 -1
0 1
Solution. Since det A =1-1— (—1)(0) = 1, then det A # 0, so A™! exists.
Hence, A is invertible, so A € GL2(R).
Every element of a group G generates a cyclic subgroup of G.
Thus, A generates a cyclic subgroup of the general linear group GLy(R).
The cyclic subgroup generated by A is (A) = {A" :n € Z} = {B,, : n € Z},
where [ is the identity matrix and

A=

The order of A is |A| = |(A)] = oo, so A has infinite order and (A) is an
infinite group and each power of A is distinct.
The inverses are:

I'=1

Al = B_,
(A*)"'=DB_
(A°)"'=DB_3
(AN~ = B_4
(A%)~! = B_j etc.
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Since (A) is a cyclic group of order co, then (A) is an infinite cyclic group. O

Exercise 48. Analyze the subgroup generated by the below matrix in GLs(R).

1 -1
-1 0
Solution. Since det A =1-0— (—1)(—1) = —1, then det A # 0, so A™! exists.
Hence, A is invertible, so A € GL2(R).
Every element of a group G generates a cyclic subgroup of G.
Thus, A generates a cyclic subgroup of the general linear group GLs(R).
The cyclic subgroup generated by A is (A) = {A™ : n € Z}, where I is the
identity matrix and I = A and F; =1 and F, = 1 and F,, = F,,_; + F,,_ for
n > 1.

A:

If n > 0, then
AT — Fn+1 _Fn
_Fn FnJrl - Fn
If n < 0 and n is even, then let kK = —n and
Fri1—F, Fy
an=|

Fy Fi 1

If n < 0 and n is odd, then let K = —n and

Fyp— Fyp1 —Fg
—F —Frta1

A =

The order of A is |A| = |(4)] = oo, so A has infinite order and (A) is an
infinite group and each power of A is distinct.
The inverses are:
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Since (A) is a cyclic group of order co, then (A) is an infinite cyclic group. O

Exercise 49. Analyze the subgroup generated by the below matrix in GLy(R).

V3 1
e 2 2
_1 V3

1
2

3]

Solution. Since det A = @ : @ —(3)(—3) =1, then det A # 0, so A~! exists.
Hence, A is invertible, so A € GL2(R).
Every element of a group G generates a cyclic subgroup of G.
Thus, A generates a cyclic subgroup of the general linear group GLs(R).
The cyclic subgroup generated by A is
(A) = {I,A, A% A3 A% A5 AS AT A8 A A0 A1},
where I is the identity matrix and

1 V3

A2: 2 2

_V3 1

2 2

43 0 1

-1 o0
1 V3

A4: 2 2
V3 1

2 2

_¥3 1

A5: 2 2
1 V3

2 2

46 1 0

Lo 1
_v3 1

A7— 2 2
1 V3

2 2

S S VE]

ASZ 2 2
V3 1

2 2

W
[N}



0 -1
AY =

10 1
3
AlO — % _73

V3 1

2 2
V3 _1

AH _ 2 2
1 V3

2 2

The order of A is |A| = |(A)| = 12, so A has finite order and (A) is a finite

group.
The inverses are:
It=1
A1 = A1
(A2)71 _ AlO
(A3)—1 =AY
<A4)—1 — AS
(A5)—1 — A7
(AG)fl — A6
(A7)71 — A°
(AS)—l — A4
(AQ)—l — A3
(A10)~1 = A2
(All)fl = A

Since (A) is a cyclic group of order 12, then (A) is a finite cyclic group.
Since A is a generator, the generators are elements A* such that ged(k, 12) =
1.
Therefore, there are ¢(12) = 4 generators and k € {1,5,7,11}, so the set of
generators is {A, A%, A7, A1} O

Exercise 50. Compute the cyclic subgroups of the quaternion group Qs.

Solution. Every element of a group G generates a cyclic subgroup of G, so
every element of Qg generates a cyclic subgroup of Qs.
The cyclic subgroup generated by a € (Jg is the same as the cyclic subgroup

generated by a~!.
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The inverses are:

1-1=1
(1) t=-1
il =—4
(—i)~t =i
jTt=—j
(=) '=J
E~l=—k
(k) =k

The cyclic subgroups generated by each element are shown below.
(I) ={1} and |1| =1
(-1)={1,-1} and |1| = 2
(1) ={1,i,—1,—i} and |i| = 4
(=) ={1,—4,—1,i} and | — 4| =4
() ={1.j,-1,—j} and |j| = 4
<7]> = {177.7771aj} and | 7;7| =4
(k) ={1,k,—1,—k} and |k| = 4
(—k) ={1,—-k,—1,k} and | — k| = 4
Since the order of each element of Qg is not |Qs| = 8, then Qg is not cyclic.

The subgroups of Qg are:
QS = {15 7171'7 71’7]" 7]" k? 71{3}
{1}
{]-7_]-}
{1,i,—1,—1i}
{17ja_17_j}
{17k7_15_k}

Exercise 51. Compute the elements of finite order in the group (Z, +).

Solution. The only subgroups of Z are (nZ,+) for each n € Z.
Each nonzero n € Z generates a cyclic subgroup of Z of infinite order and
(ny = nZ is the set of all multiples of nonzero integer n.
When n = 0, the cyclic subgroup generated by 0 € Z is {0}, a finite group.
Thus, 0 has finite order 1.
Therefore, the only element of Z of finite order is 0. O

Exercise 52. Compute the elements of finite order in the group (Q*, ).

Solution. The cyclic subgroup generated by 1 € Q* is (1) = {1* : k € Z} = {1},
so 1 has finite order |1] = 1.

The cyclic subgroup generated by —1 € Q* is (1) = {(-=1)F : k € Z} =
{1, —1}, so —1 has finite order | — 1| = 2.

All other elements of Q* generate a cyclic subgroup of infinite order, so all
other elements of Q* have infinite order. O
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Exercise 53. Compute the elements of finite order in the group (R*,-).

Solution. The cyclic subgroup generated by 1 € R* is (1) = {1¥ : k € Z} = {1},
so 1 has finite order |1] = 1.

The cyclic subgroup generated by —1 € R* is (=1) = {(-1)* : k € Z} =
{1, -1}, so —1 has finite order | — 1| = 2.

All other elements of R* generate a cyclic subgroup of infinite order, so all
other elements of R* have infinite order. O

Exercise 54. Find a cyclic group with exactly one generator.

Solution. The trivial group {e} where e is the identity is a cyclic group and
ey ={e* 1 k€ Z} = {e}.

Hence, e is the only generator of the trivial group, so the trivial group has
exactly one generator.

The group (Zs,+) is a finite cyclic group of order 2, so there is ¢(2) = 1
generator of Zs.
The only generator of Zs is [1] € Zs, since ([1]) = {k[1] : k € Z} = {[k] : k €
Z} ={[0], 1]} = Zo. O
Exercise 55. Find a cyclic group with exactly two generators.
Solution. The cyclic group (Z, +) has exactly two generators.

The generators are in the set {1,—1} and Z = (1) = (—1).

The cyclic group (nZ,+) has exactly two generators for n € Z,n # 0.
The generators are in the set {n, —n} and nZ = (n) = (—n).

The cyclic group (Zs,+) has ¢(3) = 2 generators.
The generators of Z3 are in the set {[1], [2]}.

The cyclic group (Z4,+) has ¢(4) = 2 generators.
The generators of Z, are in the set {[1], [3]}.

The cyclic group (Zg, +) has ¢(6) = 2 generators.
The generators of Zg are in the set {[1], [5]}. O
Exercise 56. Find a cyclic group with exactly four generators.
Solution. The cyclic group (Zs,+) has ¢(5) = 4 generators.
The generators of Zs are in the set {[1], [2], [3], [4]}.

The cyclic group (Zs, +) has ¢(8) = 4 generators.
The generators of Zg are in the set {[1], [3], [5], [7]}.

The cyclic group (Zj0,+) has ¢(10) = 4 generators.
The generators of Zj are in the set {[1], [3], [7], [9]}.

45



The cyclic group (Z12,+) has ¢(12) = 4 generators.
The generators of Z2 are in the set {[1],[5], [7], [11]}. O

Exercise 57. Determine which groups (Z?,-) are cyclic for n < 20.

Solution. (Z7,-) is cyclic with generator 0 and Zj = {0}.
(Z%,-) is cyclic with generator 1 and Z3 = {1}.

(Z3, -) is cyclic with generator 2 and Z§ = {1, 2}.

(Z3,-) is cyclic with generator 3 and Zj = {1, 3}.

(Z5, 1) is cyclic with generators 2,3 and Z = {1,2,3,4}.

(ZZ, -) is cyclic with generator 5 and Z§ = {1, 5}.

(Z%,-) is cyclic with generators 3,5 and Z% = {1, 2, 3,4,5,6}.

(Zg, -) is not cyclic and Z§ = {1,3,5,7}.

(Z§,-) is cyclic with generators 2,5 and Z§ = {1,2,4,5,7,8}.

(Z3,,) is cyclic with generators 3,7 and Z5, = {1,3,7,9}.

(Z3%,-) is cyclic with generators 2,6,7,8 and Z3, = {1,2,3,4,5,6,7,8,9,10}.
(Z%4,-) is not cyclic and Zj, = {1,5,7,11}.

(Z13, -) is cyclic with generators 2,6, 7,11 and Z§; = {1,2,3,4,5,6,7,8,9,10,11, 12}.
(Z3,,-) is cyclic with generators 3,5 and Z7, = {1,3,5,9,11,13}.

(Zl5, -) is not cyclic and Z3; = {1, 2,4,7,8,11,13, 14}.

(Zlﬁ, -) is not cyclic and Z34 = {1,3,5,7,9,11, 13,15}.

(Z%+,-) is cyclic with generators 3,5, 6,7,10,11,12,14 and Z7 = {1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16}
(Zlg, 1) is cyclic with generators 5,11 and Zjg = {1,5,7,11,13,17}.

(Z34,-) is cyclic with generators 2,3,10,13, 14,15 and

Ziy = {1,2,3,4,5,6,7,8,9,10,11, 12, 13,14, 15, 16,17, 18}.
(Z%,, ) is not cyclic and Z3, = {1,3,7,9,11,13,17,19}.

We conjecture that if n > 2 and (Z},-) is cyclic, then one of the generators
is prime. O

Proof. Let n € Z and n > 2.

Suppose (ZF, ) is cyclic.

Then Z; has a generator.

Either a generator of Z; is prime or a generator of Z; is not prime.

We consider these cases separately.

Case 1: Suppose a generator of Z} is prime.

Then Z;, has a prime generator.

Case 2: Suppose a generator of Z} is not prime.

Then there exists g € Z7, such that Z} = (g) and g is not prime.

Thus, g is composite.

Let .S be the set of all generators of Z; that are composite.

Then S = {g € Z : Z} = (g) and g is composite}.

Thus, g € S, so S # 0.

Since g € §,then g€ Z},s01 < g<mnandge€Z.

Hence, g € Z*,s0 S C Z™T.

Since S C Z* and S # (), then by well ordering principle of Z*, S has a
least element.
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Let a be the least element of S.

Thena € Sanda<sforallseS.

Since a € S, then a € Z and Z; = (a) and a is composite.

Since a € Z} and n > 2, then 1 < a < n and ged(a,n) = 1.

Since a > 1 and a is not prime, then a is composite.

Since a is a generator of Z; and |Z}| = ¢(n), then |a| = ¢(n).

Since |Z}| = ¢(n), then ZF is a finite group.

Since Z is a finite cyclic group of order ¢(n) and «a is a generator of Z , then
the generators of Z7 are elements a* (mod n) € Z? such that ged(k, ¢(n)) = 1.

Can we prove there exists k € Z such that a® (mod n) € Z? is prime and
la* (mod n)| = ¢(n)?

Find k € Z7T such that p = a* (mod n) and p is prime and ged(p, ¢(n)) = 1.

Let p be a prime factor of a and we want p to generate all of Z,.

Then p is prime and pla, so a = pb for some integer b.

Since pla, then p < a.

Since p < a and a < n, then p < n.

Since @ is in Z}, then 1 < a < n and ged(a,n) = 1.

Since ged(a,n) = 1, then there exist integers x,y such that za + ny = 1.

Thus, 1 = zg + ny = x(pb) + ny = p(ab) + ny is a linear combination of p
and n.

Hence, ged(p,n) = 1.

Since 1 < p < n and ged(p,n) = 1, then p € Z7.

Somehow show that there exists k € Z such that g¥ = p (mod n).

Then we must prove ged(k, ¢p(n)) = 1.

Then we can say that |p| = |¢¥| = %.

Choose p to be the prime factor of a tthat also generates all of Z7.

How do we know such a p exists??

TODO

O

Exercise 58. If every subgroup of a group G is cyclic, then G is a cyclic group.

Proof. Let G be a group.
Suppose every subgroup of G is cyclic.
Since G is a subgroup of GG, then this implies G is cyclic.
Since G is a group and G is cyclic, then G is a cyclic group. O

Exercise 59. Every group with a finite number of subgroups is finite.

Solution. Observations/conjecture

1. If G is of infinite order, then there is at least one subgroup of G that is of
infinite order, namely G itself. It appears there are an infinite number of such
subgroups of G. Some subgroups of an infinite group are infinite while other
subgroups of an infinite group can be finite. For example, the n** roots of unity
is a finite subgroup of the infinite circle group T.

2. If G is of finite order n, then there are a finite number of subgroups of G
and each subgroup has a finite number of elements, so each subgroup is of finite
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order. Furthermore, there are at most n such subgroups of G and the order of
each subgroup seems to divide the order of G. O

Proof. Let e € G be the identity of G.
FEither G is the trivial group or G is not the trivial group.
We consider these cases separately.
Case 1: Suppose G is the trivial group.
Then G = {e}, so G is finite.
The only subgroup of G is {e}, so G has exactly one subgroup.
Hence, G has a finite number of subgroups.
Thus, G has a finite number of subgroups and G is finite.
Therefore, if G has a finite number of subgroups, then G is finite, as desired.
Case 2: Suppose G is not the trivial group.
Then G # {e}, so there exists a € G such that a # e.
Suppose G has a finite number of subgroups.
Let n be the number of subgroups of G.
Then there are exactly n subgroups of G.
Since {e} is a subgroup of G, then n > 1.

Since every element of G generates a cyclic subgroup of G and a € G, then a
generates a cyclic subgroup of G.
Let H be the cyclic subgroup generated by a.
Then H = {a* : k € Z}.

Since a # e, then a ¢ {e}.
Since a = a', then a € H.
Since a € H and a ¢ {e}, then H # {e}, so H is a non-trivial subgroup of
G.

Suppose a has infinite order.
Then H ={....,a"2,a7,e,a,a?,a3,...} and each power of a is distinct.

We prove (a®) # (a?) for all i,j € ZT with i # j.

Let 4,5 € ZT with i # j.

Without loss of generality, assume i < j.

Suppose a* = a’* for some integer k.

Suppose k = 0.

Then o' =a’* =a/® =a’ =¢,s0a’ =e.

Thus, a® = e for some i € Z*, so a has finite order.

But, this contradicts a has infinite order, so k # 0.

Since1§i<j,then0<§<1,SO§.¢Z.

Since%¢Zandk€Z,then§.7ék,soi7éjk.

Since i € Z and jk € Z and a' = a/* and i # jk, then a has finite order.

But, this contradicts a has infinite order, so there is no integer k such that
a' = a’k.
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Hence, a' ¢ (a’).

Since a’ € (a') and a’ ¢ (a’), then (a%) # (a).

Thus, {a') # (a?) for all i,j € Z* with i # j.

Hence, each cyclic subgroup (a®) is a distinct subgroup of G for all integers
i>1.

Therefore, there are at least n + 1 distinct cyclic subgroups of G, so there
are at least n + 1 distinct subgroups of G.

But, this contradicts that there are exactly n subgroups of G.

Therefore, a cannot have infinite order, so a must have finite order.

Hence, H is finite.

Since a € G is arbitrary, then this implies every non-trivial subgroup of G is
finite.

Since G is a subgroup of G and G is not the trivial subgroup, then we

conclude G is finite, as desired. O

Exercise 60. Let G be a finite group of order n.
Let a € G.
Then |a| < n.

Proof. Every element of a finite group has finite order.
Since G is a finite group and a € G, then a has finite order.
The order of a is the order of the cyclic subgroup of G generated by a.
Hence, |a| = |{a)| and (a) is a subgroup of G.
Since (a) is a subgroup of G, then (a) is a subset of G.
Since (a) is a subset of G and G is finite and |G| = n, then [{a)| < n.
Therefore, |a| < n. O

Exercise 61. A group of order n does not necessarily contain an element of
order n.

Solution. Let n = 4.

Let G = {e,a, b, c} be the Klein 4 group with identity e.

Then G is a group of order n.

Let x € G

Either z = e or x # e.

We consider these cases separately.

Case 1: Suppose = = e.

The order of the identity e is 1, so |z| = 1 # n.

Case 2: Suppose x # e.

The Klein 4 group has the property 22 = ¢ for all z € G.

Hence, |z| = 2, so |x| # n.

Therefore, the order of every element of G is not n, so there is no element
of G that has order n. O

Proposition 62. Let (G,*) be a group with identity e € G.
Let n € Z.
If a € G has infinite order, then a™ = e iff n = 0.

49



Proof. Suppose a € G has infinite order.

We prove if n = 0, then a” = e.
Suppose n = 0.
Then a" = a® = e, so a™ = e. O

Proof. Conversely, we prove if a™ = e, then n = 0.
Suppose a™ = e.
Since a has infinite order, then there is no positive integer n such that a™ = e.

Suppose there is a negative integer n such that a™ = e.

Thene=e ! = (a")"t =a"".

Since n is a negative integer, then —n is a positive integer.

Thus, there exists a positive integer —n such that a™™ = e, so a has finite
order.

But, this contradicts the fact that a has infinite order.

Therefore, there is no negative integer n such that a™ = e.
Since a® = e, then 0 is a solution to the equation a” = e.

Since there is no positive integer n such that a™ = e and there is no negative
integer n such that a™ = e, then 0 is the only solution to the equation a™ = e.

Therefore, n = 0. O

Lemma 63. The order of every element in a cyclic group of finite order divides
the order of the group.

Proof. Let (G, *) be a cyclic group of finite order n.

Since G is a cyclic group, then there exists a generator ¢ € G such that
G={¢" kez}).

Since G has finite order n, then n € Z* and |G| = n.

The order of g is the order of the cyclic subgroup generated by g.

Thus, |g| = |G| =n.

Let a € G.

Then a = g* for some integer k.

Since G is a group of finite order, then G is a finite group.

Since every element of a finite group has finite order, then we conclude a has
finite order.

Let |a| be the order of a.
Then |a| = |¢*| = IR la| - ged(k,n) = n.

Since ged(k, n) is an integer, then |a| divides n, so the order of a divides the
order of G.

Since a is arbitrary, then the order of every element of G divides the order
of G.

Therefore, the order of every element of a finite cyclic group divides the
order of the group. O
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Exercise 64. If p is prime, then (Z,, +) has no nontrivial proper subgroups.

Proof. Let p be prime.
We prove by contradiction.

Suppose Zj,, has a nontrivial proper subgroup.

Let G be a nontrivial proper subgroup of Z,,.

Then G is not the trivial subgroup and G is a proper subgroup of Z,.

Since G is not the trivial subgroup, then G # {[0]}.

Since G is a proper subgroup of Z,, then G # Z,,.

Since G is a subgroup of Z,, then G C Z,,.

Since G is a subgroup of Z;, and G is not the trivial subgroup, then G' must
have a non-identity element.

Let [a] be a non-identity element of G.

Then [a] € G and [a] # [0].

Since [a] € G and G C Z,,, then [a] € Zj,.

Since |Z,| = p, then Z,, is a finite group.

Every element of a finite group has finite order.

Since Z,, is a finite group and [a] € Z,, then [a] has finite order.

Let k be the order of [a].

Then k is the least positive integer such that ka =0 (mod p).

By the previous lemma 63, the order of an element in a cyclic group of finite
order divides the order of the group.

Since Z,, is a cyclic group of finite order p and [a] € Z,, then the order of [a]
divides p, so k|p.

Since k € ZT and k|p, then k is a positive divisor of p.

Since p is prime, the only positive divisors of p are 1 and p.

Hence, either k =1 or k = p.

Suppose k£ = 1.
Then 1-a =0 (mod p), so a =0 (mod p).
Thus, [a] = [0].

But, this contradicts [a] # [0], so k # 1.

Hence, k£ = p.

The order of [a] is the order of the cyclic subgroup of Z,, generated by [a].

Let (H,+) be the cyclic subgroup of (Z,,+) generated by [a].

Then |H| = k = p = [Z,], 5o [H]| = [Z,).

The cyclic subgroup generated by [a] is the smallest subgroup of Z, that
contains [a].

Thus, H is the smallest subgroup of Z, that contains [a].

Hence, if G is a subgroup of Z,, that contains [a], then H is a subgroup of
G.

Since G is a subgroup of Z, and [a] € G, then we conclude H is a subgroup
of G.

o1



Since H is a subgroup of G, then H C G.

Since G is a subgroup of Z,, then G C Z,,.

Since H C G and G C Zy,, then H C G C Zy, so H C Z.

Since Z,, is a finite set and H C Z, and |H| = |Z,|, then H = Z,,.

Since H C G C Z, and H = Z,, then we are forced to conclude G = Z,,.
But, this contradicts G # Z,,.

Therefore, G cannot be a nontrivial proper subgroup of Z,, so there is no
nontrivial proper subgroup of Z,. O

Exercise 65. A group with no proper nontrivial subgroups is cyclic.

Proof. Let G be a group that has no proper nontrivial subgroups.

Let e € G be the identity of G.

Since the trivial group {e} does not have any proper nontrivial subgroups,
then G cannot be the trivial group, so G # {e}.

Since G is a group and G is not the trivial group, then G must contain a

non identity element.

Let g be a non identity element of G.
Then g # e, so g & {e}.

Every element of a group G generates a cyclic subgroup of G.
Since g € G, then g generates a cyclic subgroup of G.
Let H be the cyclic subgroup of G generated by g.
Then H = {¢" : n € Z}.
Since g € H and g ¢ {e}, then H # {e}.
Thus, H is a nontrivial subgroup of G.
Since G has no proper nontrivial subgroups and H is a nontrivial subgroup

of G, then H must be a non proper subgroup of G.

Thus, H must be G itself, so H = G.
Since g € G and G = H, then G is cyclic. O

Lemma 66. Let k,n € Z.

If ged(k,n) = 1, then ged(n — k,n) = 1.

Proof. Suppose ged(k,n) = 1.
Then there exist integers a and b such that ak + bn = 1.
Observe that

1 = ak+bn

0+ (ak + bn)

(—an + an) + (ak + bn)
= —an+ (an+ak) +bn
—an + (ak + an) + bn
(—an + ak) + (an + bn)
(=a)(n — k) + (an + bn)
= (—a)(n—k)+ (a+b)n.
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Since 1 = (—a)(n—k)+ (a+0b)n is a linear combination of n — k and n, then
ged(n — k,n) = 1. O

Exercise 67. Let n € Z+.
If n > 2, then (Z,,+) has an even number of generators.

Proof. Suppose n > 2.

Since (Zn,+) is a cyclic group, then the generators of Z,, are congruence
classes [k| such that k € ZT and 1 < k < n and ged(k,n) = 1.

Thus, the number of generators is the number of positive integers k such
that 1 < k <n and ged(k,n) = 1.

By lemma 66, if gcd(k,n) = 1, then ged(n — k,n) =1, so (k,n — k) is a pair
of integers relatively prime to n.

Suppose k =n — k.
Then 2k =n, so k = 3.
Since n = 2k, then k|n, so ged(k,n) =k = 3.
Since n > 2, then § > 1, so ged(k,n) > 1.
Hence, ged(k, n) # 1.
Thus, k = n — k implies ged(k,n) # 1.
Since ged(k,n) must equal 1, then k # n — k.
Therefore, (k,n — k) is a pair of distinct integers.

Let t represent the number of k values such that ged(k,n) =1 and 1 < k < n.
Then the total number of positive integers relatively prime to n is t x2 = 2t.

Therefore, Z,, has an even number of generators.
Note that 2t = ¢(n). O

Exercise 68. Let p and ¢ be distinct primes.
Find the number of generators of (Z,q, +).

Solution. Since (Z,,+) is a finite cyclic group of order |Z,| = n, then the
generators of Z,, are positive integers that are relatively prime to the modulus
n.

Therefore, the number of generators of Z,, is ¢(n).

If p and ¢ are distinct primes, then the number of generators of (Z,q, +) is
d(pq) = (p—1)(g—1).
TODO

We should prove this conjecture! O

Exercise 69. Let p be prime and r be a positive integer.
Find the number of generators of (Z,r,+).

Solution. Since (Z,,+) is a finite cyclic group of order |Z,| = n, then the
generators of Z,, are positive integers that are relatively prime to the modulus
n.

Therefore, the number of generators of Z,, is ¢(n).
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If p is prime and r is a positive integer, then the number of generators of
(Zpr,+) is G(p") = (p— 1) - p" .
TODO We should prove this conjecture! O

Proposition 70. Let p be prime.
Let (Zy,,-) be the multiplicative group of nonzero elements of Z,.
If G is a finite subgroup of Z,, then G is cyclic.

Proof. TODO DO TIHS PROOF. O

Exercise 71. Let H ={[z] € Z3; : 2 =1 (mod 3)} and K ={[z] € Z}; :x =1
(mod 7)}.
Then H < Z3, and K < Z3;.

Solution. Observe that Z3, = {[1], [2], [4], [5], [8], [10], [11], [13], [16], [17], [19], [20]}
and (Z%,,-) is an abelian group of order ¢(21) = 12.

We compute H and K and find that H =
K = {[1], 8]},

Observe that H is a subgroup of Z3;.

Both [10] and [19] are generators of H, so H is a cyclic group and H =<
[10] >=< [19] > and H = {[10)* : k € Z} = {[19]* : k € Z}.

Observe that K is a subgroup of Z3;.

The element [8] is a generator of K, so K is a cyclic group and K =< [8] >
and K = {[8]F : k € Z}.

To prove H and K are subgroups of Zj,, we use the finite subgroup test
since H and K are finite sets. O

Proof. Observe that Z5, = {[1],[2], [4], [5], [8], [10], [11], [13],[16], [17],[19], [20]}
and (Z%,-) is an abelian group of order ¢(21) = 12.

Since Z3, = {[1],[2],[4], [5], [8], [10], [11], [13], [16],[17], [19],[20]} and H =
{[1], [4], [10], [13], [16], [19]}, then H is a nonempty finite subset of the group

(Z;h )

Let [a], [b] € H.
Then [a], [b] € Z5, and a =1 (mod 3) and b =1 (mod 3).
Thus, [a][b] = [ab] and ab =1 (mod 3).
By closure of Z3%,, [a][b] € Z3,, so [ab] € Z3,.
Since [ab] € Z%, and ab =1 (mod 3), then [ab] € H.
Therefore, [a][b] € H, so H is closed under multiplication modulo 21.

Since H is a nonempty finite subset of the group (Z3,, ) and H is closed under
multiplication modulo 21, then by the finite subgroup test, H < Z3;. O

Proof. Since Z%, = {[1], [2], [4], [5], [8], [10], [11], [13], [16], [17], [19],[20]} and K =
{[1], [8]}, then K is a nonempty finite subset of the group (Z3;,-).
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Let [al, [b] € K.
Then [a],[b] € Z5, and a =1 (mod 7) and b =1 (mod 7).
Thus, [a][b] = [ab] and ab=1 (mod 7).
By closure of Z3%,, [a][b] € Z3,, so [ab] € Z3,.
Since [ab] € Z%; and ab =1 (mod 7), then [ab] € K.
Therefore, [a][b] € K, so K is closed under multiplication modulo 21.

Since K is a nonempty finite subset of the group (Z3;,-) and K is closed
under multiplication modulo 21, then by the finite subgroup test, K < Z3,. O

Exercise 72. Let p be a prime number of the form p =2" + 1 for n € N.
Then the order of [2] in Zj is 2n and n is a power of 2.

Proof. Every element of a finite group has finite order.
Hence, [2] € Zj, has finite order.
Let k be the order of [2].
Then k is the least positive integer such that [2]F = [1],.
Since p = 2" + 1, then p — 1 =2" 50 (p — 1)? = 227,
Hence, p? —2p +1 =227, 50 p? —2p = 22" — 1.
Thus, p(p — 2) = 22" — 1, so p divides 22" — 1.
Hence, 22" =1 (mod p), so [22"] = [1],,.
Thus, [2]*" = [1],.
Since [2]2" = [1] iff k|2n, then k|2n.
We must prove k = 2n.
We're stuck.

Exercise 73. Let G be a group.
Let a € G such that a # e.
Prove or disprove:
a. The element a has order 2 iff a? = e.
b. The element a has order 3 iff a3 = e.
c. The element a has order 4 iff a* = e.

Proof. Let e be the identity of G.
Let & be the order of a.
Then k is the least positive integer such that a* = e.
We consider the statement |a| = 2 iff a® = e.

Suppose |a| = 2.
Then 2 is the least positive integer such that a? = e.

Hence, a? = e.
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Conversely, suppose a’ = e.

Since the order of a is k, then a? = e iff k|2.

Thus, k2.
Hence, either k =1 or k = 2.
Suppose k = 1.

Then e =a' =a, so a =e.

Thus, we have a = e and a # e, a contradiction.
Therefore, k # 1, so k = 2.
Hence, |a| = 2.

We consider the statement |a| = 3 iff a® = e.
Suppose |a| = 3.
Then 3 is the least positive integer such that a3 = e.
Hence, a® = e.
Conversely, suppose a® = e.
Since the order of a is k, then a® = e iff k|3.

Thus, k3.
Hence, either £k =1 or k = 3.
Suppose k = 1.

Then e =a' =a, so a =e.

Thus, we have a = e and a # e, a contradiction.
Therefore, k # 1, so k = 3.
Hence, |a| = 3.

We consider the statement |a| = 4 iff a* = e.
Suppose |a| = 4.
Then 4 is the least positive integer such that a* = e.
Hence, a* = e.
Conversely, suppose a* = e.
We disprove that a* = e implies |a| = 4.
Let G = Z£, the group of units of Zs.
Observe that [4]5 € Z& and [4]? = [1] and [4]* = [1].
Thus, the order of [4]5 is 2.
Therefore, [4]* = [1] and |[4]]| # 4. O

Exercise 74. What is the order of [72] in (Zg49,+)?

Solution. Since (Za4g,+) is a group of order 240, then (Zz4o,+) is a finite

group.
Every element of a finite group has finite order.
Hence, [72] € Z240 has finite order.
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Let k be the order of [72].

Then k is the least positive integer such that k[72] = [0].

Observe that [0] = k[72] = [72] + [72] + ... + [72] = [72k], so [72k] = [0].

Hence, 72k = 0 (mod 240), so 240|72k — 0.

Hence, 240|72k.

Thus, 2% % 3 % 523 x 32k, so 2 x 3 * 5|3%k.

Hence, 2 * 5|3k, so 10|3k.

Since ged(10,3) = 1 and 10|3k, then 10|%.

Thus, k is a multiple of 10.

The least positive multiple of 10 is 10 itself, so k = 10.

Hence, the order of [72] is 10, so [72] generates a cyclic subgroup of Zagg of
order 10. O

Exercise 75. Let a'?> = e in a group G.
What are the possible orders of a?

Solution. Let G be a group with identity e € G.
Let a € G such that a'? =e.
Then a has finite order.
Let n be the order of a.
Then a* = e iff n|k for all k € Z.
Thus, a'? = e iff n|12.
Since a'? = e, then n|12, so n must be a positive divisor of 12.
The set of positive divisors of 12 is {1, 2, 3,4, 6, 12}.
Thus, n must be one of the numbers in the set {1,2,3,4,6,12}.
Therefore, the set of possible orders of a is {1,2,3,4,6,12}. O

Exercise 76. Let a?* = ¢ in a group G.
What are the possible orders of a?

Solution. Let G be a group with identity e € G.
Let a € G such that a?* =e.
Then a has finite order.
Let n be the order of a.
Then a* = e iff n|k for all k € Z.
Thus, a®* = e iff n|24.
Since a?* = e, then n|24, so n must be a positive divisor of 24.
The set of positive divisors of 24 is {1,2,3,4,6,8,12,24}.
Thus, n must be one of the numbers in the set {1,2,3,4,6,8,12,24}.
Therefore, the set of possible orders of a is {1,2,3,4,6,8,12,24}. O

Exercise 77. Let G be a group with identity e € G.
If b€ G and b # e and b? = e for some prime p, compute the order of b.

Solution. Suppose b € G and b # e and P = e for some prime p.
Since p is prime, then p € Z%.
Since there exists p € ZT such that b” = e, then b has finite order.
Let n be the order of b.
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Then b = e iff n|p.

Since b = e, then n|p, so n is a positive divisor of p.

Since p is prime, the only positive divisors of p are 1 and p, so either n =1
orn =p.

Since b # e, then the order of b must be greater than 1, so n > 1.

Hence, n # 1, son = p.

Therefore, the order of b is |b| = p. O
Exercise 78. Let G be a group.
If @ € G and |a| = 12, compute the order of the elements a,a?, a3, ..., a'!.
Solution. Suppose a € G and |a| = 12.
Then a has finite order 12, so the order of a? is m for all s € Z.
We compute the order of a® for s € {1,2,3,...,11}.
s | a® |a®]
1 al lat] =12
2 a? a2 =6
3 | d? la®| =4
4 | a? lat] =
5 a’ l[a®| = 12
6 | a° |a®] =
7 [ d" | Ja" =12
8 | a® la®] =3
9 | a la”] = 4
10 [ o™ | [a'0]=6
11 | o't | !t =12

Note that 12 is the order of the cyclic subgroup generated by a and (a) =
4.a%,4d%,d7,af, %, a0, a'1}. O

{e,a,a%,a3,a* a® a% a",a% a°, a
Exercise 79. Let G = {aj, as, ...,a,} be a finite abelian group of order n with
identity e € G.

Let x = ajas - - - a,.

Then z2 = e.

Proof. Let H be the set of all inverses of all elements in G.
Since G is a group, then every element of G has a unique inverse in G.
Since G is finite and G = {ay, as, ..., a, }, then this implies a; € G has an
inverse (a;)~! € H for each i with 1 <i < n.
Thus, H = {(a1)7 %, (a2)7t, ..., (an)" '} and H C G.

We prove G C H.
Let g € G.
Let h be the inverse of g.
Then h € H and h = g~ 1.
Either h =g or h # g.
We consider these cases separately.
Case 1: Suppose h = g.
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Since g =h and h € H, then g € H.
Case 2: Suppose h # g.

Since h € H and H C G, then h € G.
Hence, h has an inverse in H.

Thus, h~! € H.

Since h=! = (¢ 1)"! =g, then g € H.
Therefore, in all cases, g € H.

Thus, g € G implies g € H, so G C H.

Since G C H and H C G, then G = H.
Since x = ajas - ... - a, is a product of all elements of G and H = G, then x
is the product of all elements of H.
Since G is abelian, then the order of factors of x does not matter, so x =
(al)_l . (ag)_l R (an)_l.
Observe that

.’IJ2 = T

= (a1ag-...-ap)((a1) ™ - (a) ™ - - (an)™h)
= apag- ... ap-(a1)" - (ax)7t (@)t
= (ar-(a)™Y) (a2~ (a2)™) - oo (an - (an) ™)

2

Therefore, z° = e, as desired. O

Lemma 80. Let a and b be elements of a group G.
Then (aba=1)" = ab™a=?! for alln € Z.

Solution. Define predicate p(n) : (aba=1)" = ab™a~! over Z.
To prove p(n) is true for all integers, we must prove
1. p(0) is true.
2. p(n) is true for all n € Z*.
3. p(—n) is true for all n € Z7.
Let e € G be the identity of G. O

Proof. We prove p(0).
Observe that

(aba ™) = e
= aa!
= aea”!
ab’at.
Therefore, (aba™1)? = ab®a1, so p(0) is true. O
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Proof. We prove p(n) is true for all n € Z by induction on n.

Basis:
Since (aba™
Induction:
Let k € Z* such that p(k) is true.
Then (aba=1)* = abFa=!.
Observe that

Hl = agba=! = abla 1,

(abafl)kJrl

then p(1) is true.

(aba=1)*(aba™1)
(ab®a=1)(aba™t)
(ab*)(a~ ) (ba )
(ab®)e(ba™t)
(@)
a(b*b)a™!
abftlat

Thus, p(k + 1) is true, so p(k) implies p(k + 1) for all k € Z*.
Since p(1) is true and p(k) implies p(k+1) for all k € ZT, then by induction,

p(n) is true for all n € Z*.

Proof. To prove p(—
Then ¢(n) is (aba™*

n) for all n € ZT,

O

let ¢(n) = p(—n).

)" =ab "a"t

We must prove g(n) is true for all n € Z*.
We prove g(n) for all n € Z* by induction on n.

Basis:

Since (aba=1)"! = (a7 1Y)~ tbta7!
Induction:

Let k € Z* such that g(k) is true.
Then (aba=)"% = ab=*a~

Observe that
(abafl)f(kJrl)

=ab t'a™!, then ¢(1) is true.

ab ") (a"ta) (b a™)
ab ®e(b~ta™t)
ab=®)(b~ta™h)
a(b~FbHa !
ab—F-1q-1

ab~ kg1,

Thus, q(k + 1) is true, so g(k) implies ¢(k + 1) for all k € Z*.
Since ¢(1) is true and q(k) implies q(k+1) for all k € Z™T, then by induction,

q(n) is true for all n € Z*.

O
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Exercise 81. Let G be a group with identity e € G.
Let a,b € G.
Then |bab™!| = |al.

Proof. Suppose a has finite order n.

Then n is the least positive integer such that a” = e and a* = e iff n|k for
all k € Z.

We left multiply by b to obtain ba™ = be = b, so ba™ = b.

We right multiply by b~ to obtain ba"b~! = bb~! = e, so ba"b~! = e.

Since we proved previously that (aba=!)" = ab™a~! for all n € Z in lemma
80, then we conclude (bab=1)"™ = ba"b~! for all n € Z.

Thus, (bab™1)" = ba"b~! = ¢, so (bab™!)" = e.

Let 2 = bab~ .

Then z" =e.

Since there exists a positive integer n such that z" = e, then = has finite
order.

Let m be the order of x.

Then m € Z* and 2™ = e and z* = e iff m divides k for all k € Z.

In particular, 2™ = e iff m|n.

Since z™ = e, then we conclude m/|n.

Since e = 2™ = (bab~!)™ = ba™b~!, then we right multiply by b to obtain
b=eb= (ba™b~1)b = (ba™)(b=1b) = ba™e = ba™, so b = ba™.

Hence, be = b = ba™, so by the left cancellation law we have e = a™.

Since a* = e iff n|k for all k € Z and m € Z, then a™ = e iff n|m.

Since a™ = e, then we conclude n|m.

Thus, m|n and n|m, so m = n.

Therefore, |bab™!| = |z| = m = n = |al, so |bab~ | = |al. O

Exercise 82. Let (G, %) be a group.
Let a € G.
For every g € G, |a| = |g  ag].

Proof. Let e be the identity of G.

Let g € G.

Since G is a group, then the inverse of ¢ is in G, so ¢g~! € G.

By closure of G under *, we have g~ 'ag € G.

Every element of a group generates a cyclic subgroup of that group.

Thus, a and g~ 'ag each generate a cyclic subgroup of G.

Let H be the cyclic subgroup of G generated by a.

Then H = {a* : k € Z}.

Let H' be the cyclic subgroup of G generated by ¢ 'ag.

Then H' = {(g tag)™ : m € Z}.

Since (aba~!)" = ab"a~?! for all n € Z, then (g~ tag)™ = (g ta(g™1)~H)™ =
g tam (g7 )"t =g ta™g for all m € Z.

Thus, H' = {g~ta™g : m € Z}.

The order of an element is the order of the cyclic subgroup generated by
that element.
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Hence, |a| = |H| and |g~tag| = |H'|.

To prove |a| = |g~tag|, we must prove |H| = |H'|.

Either a has finite order or a has infinite order.

We consider these cases separately.

Case 1: Suppose a has finite order.

Let n be the order of a.

Then n is the least positive integer such that a” = e and H = {a,a?,a?, ...,a"}
{a*: 1<k <n}.

Let f : H — H' be a relation defined by f(a*) = (g~ 'ag)" for all integers k.

Since (aba=1)" = ab"a~! for all n € Z, then (¢~ tag)* = (¢ ta(g~1) "1k =
g tak (g7 )"t = g td¥g for all k € Z.

Thus, (g7 'ag)* = g~takg for all k € Z, so f(a*) = (g7 ag)* = g~'a*g for
all integers k.

We prove f is a function.

Let a* € H. Then k is an integer. Observe that f(a*) = g~'a*g. Since k is
an integer, then g~ 'a*g € H', SO f( ) e H'.

Let a’ﬂam € H such that o* . Then k,m € Z such that 1 < k,m <n.

Since a has finite order n, then ak =a™ iff k =m (mod n). Thus, k =m
(mod n), so n|(k —m). Thus, 2=™ is an integer.

Let s=k—m. Since 1 <k <n and 1 < m < n, then the maximum value
of |s| is n — 1. Hence, 0 < |s| <n—1,s0 0 < |s| < n. Since n > 0, we divide by
n to obtain 0 < % < 1.

Since ]“_Tm € Z, then = € Z, so ‘inl € Z. The only integer between zero and
1 and less than 1 is zero. Hence, % =0, s0 |s| = 0. Thus, |k —m| =0, so
k —m = 0. Therefore, k = m, so (g~ tag)* = (g tag)™. Thus, f(a*) = f(a™).
Consequently, a® = a™ implies f(a*) = f(a™), so f is well defined. Thus, f is
a function.

Observe that a” = e = a°. Since f is a function, then a® = a° implies
f(@") = f(a°). Hence, f(a") = f(a’), so (g7 ag)" = (g9~ 'ag)’ = e. Thus,
(97tag)™ = e, so g~tag has finite order.

Let n’ be the order of g~'ag. Then n’ is the least positive integer such
that (9'ag)” = e. Thus, H' = {g~"ag, (9 'ag)? (97" ag)*, .., (9 'ag)" } =
{(g7tag)™ : 1 <m < n'}.

We prove f is injective.

Let f(a*) = f(a™) for a¥,a™ € H. Then (g tag)* = (¢ tag)™ and k,m €
Z. Since (g~ tag)¥, (g7 rag)™ € H', then 1 < k,m <n/.

Since n’ is the order of g~'ag, then (¢ 'ag)* = (¢ lag)™ iff k = m
(mod n'). Hence, k = m (mod n'). Since 1 < k,m <n/ and k =m (mod n’),
then k = m. Thus, a* = a™. Therefore, f(a*) = f(a™) implies a* = a™, so f
is injective.
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We prove f is surjective. Let (g~ tag)™ € H'. Then m is an integer such that
1 <m < n'. Observe that f(a™) = (g 'ag)™. Hence, there exists an integer m
such that f(a™) = (g tag)™, so f is surjective.
Therefore, f : H — H’ is a bijective function, so |H| = |H’|. Thus, the
order of a is the order of g tag.
Note: We could further prove that f is a homomorphism and therefore f is
an isomorphism of H with H', so that H is isomorphic to H'.
Hence, |H| = [H'|.
Case 2: Suppose a has infinite order.
Then H is of infinite order and each integer power of a is distinct. Thus, if
k and m are integers such that k # m, then a® # a™. Thus, if a* = @™, then
k=m.
Since the order of a is infinite, then (H, %) is isomorphic to (Z, +).
Prove |H| = |H'|.
Let f : H — H’ be a relation defined by f(a*) = (¢~ ag)’C for all integers k.
Since (aba™!)" = ab"a~! for all n € Z, then (g tag)* = (g7 a(g~!)~H)F =
Lok (g7 = g7 laFg for all k € Z.
Thus, (g7 'ag)* = g~takg for all k € Z, so f(a*) = (g7 tag)* = g~ 'a*g for
all integers k.
We prove f is a function.
Let a* € H. Then k is an integer. Observe that f(a*) = g~'a*g. Since k is
an integer, then g~ 'a*g € H', SO f(a*) e H'.
Let a*,a™ € H such that ¢* = ™. Then k,m € Z such that 1 < k,m < n.
Since a has finite order n, then a* = a™ iff k = m (mod n). Thus, k = m
(mod n), so n|(k —m). Thus, Tm is an integer.
Let s=k—m. Since 1 <k <n and 1 < m < n, then the maximum value
of |s| is n — 1. Hence, 0 < |s| <n—1,s0 0 < |s| < n. Since n > 0, we divide by
n to obtain 0 < % < 1.

Since k_Tm € Z, then = € Z, so % € Z. The only integer between zero and

g

1 and less than 1 is zero. Hence, % =0, s0 |s| = 0. Thus, |k —m| =0, so

k —m = 0. Therefore, k = m, so (¢ 'ag)* = (¢ tag)™. Thus, f(a*) = f(a™).
Consequently, a¥ = a™ implies f(a*) = f(a™), so f is well defined. Thus, f is
a function.

Observe that a” = e = a°. Since f is a function, then a® = a° implies
f(@") = f(a®). Hence, f(a") = f(a%), so (g~ ag)" = (g~ 'ag)® = e. Thus,
(g7 tag)™ = e, so g~ 'ag has finite order.

Let n’ be the order of g~'ag. Then n’ is the least positive integer such
that (g'ag)” = e. Thus, H' = {g~'ag, (9" ag)? (9" ag)?, .., (9 tag)" } =
{(g7tag)™ : 1 <m < n'}.

We prove f is injective. Let f(a*) = f(a™) for a*,a™ € H. Then (g~ 'ag)* =
(g~ tag)™ and k,m € Z. Since (¢"'ag)*, (g7 ag)™ € H', then 1 < k,m <n/'.

Since n' is the order of g~'ag, then (¢ 'ag)® = (¢ tag)™ iff k = m

(mod n'). Hence, k = m (mod n'). Since 1 < k,m <n/ and k =m (mod n’),
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then k = m. Thus, a* = a™. Therefore, f(a*) = f(a™) implies a* = a™, so f
is injective.

We prove f is surjective. Let (g~ tag)™ € H’. Then m is an integer such that
1 <m < n'. Observe that f(a™) = (¢ 'ag)™. Hence, there exists an integer m

such that f(a™) = (g 'ag)™, so f is surjective. O
Exercise 83. Not every element of an infinite group has finite order.
Let
0 1
A =
-1 -1
and
0 -1
B =
1 0

be elements of GL2(R).
Show that |A| = 3 and |B| = 4.
Show that AB has infinite order.

Solution. Let I be the identity 2 x 2 matrix.

Since
-1 -1
Al =
and
0 1
Bl =
.

and AA~' =T =A"'Aand BB~! =1 = B71B, then A, B € GL2(R).

We compute the integer powers of A.

10
0 1

Therefore, |A| = 3 and 3 is the order of the cyclic subgroup generated by A.
Thus, (A) = {I, A, A?}.
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We compute the integer powers of B.

B -1 0
0 -1
B 0 1
-1 0
1 0
Bt =
0 11

Therefore, |B| = 4 and 4 is the order of the cyclic subgroup generated by B.
Thus, (B) = {I, B, B, B3}.

We compute AB.

1 0
AB =
-1 1
O
Proof. We prove for all n € Z7T,
1 0
(AB)" = )
-n 1

Define the predicate p(n) over Z:

(AB)" =

1 0
—-n 1
We prove p(n) is true for all n € Z* by induction on n.
Basis:

Since

then p(1) is true.
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Induction:
Let k € Z* such that p(k) is true.
Then

| 1O
asy=| "V

Observe that

(AB)**' = (AB)*(AB) =

1 0 1 0
-k 1 -1 1

Therefore, p(k + 1) is true, so p(k) implies p(k + 1) for all k € Z+.

Since p(1) is true and p(k) implies p(k + 1) for all k € Z™T, then by PMI, p(n)
is true for all n € Z7T.
Therefore, for all n € Z7T,

1 0
(AByz:l ]

Hence, for all n € Z*,

| O
sy 2|01

Thus, there is no n € Z* such that

(AB)" 1 0
o o1 |
Therefore, AB has infinite order. O
Exercise 84. Let
0 1
A =
-1 0

and

66

[—k—l 1][—(k+1) 1

10

|



B =

0 -1
1 -1
be elements of GLa(R).
Show that A and B have finite orders, but AB has infinite order.

Solution. Let I be the identity 2 x 2 matrix.

Since
[0 —1
Al =
L 1 0 .
and
ST
B! =
L _1 0 -

and AA™' =T =A"1Aand BB~! =1 = B7!B, then A, B € GLy(R).

We compute the integer powers of A.

e -1 -0
0 -1
0 -1
A® =
o
i 10
0 1

Therefore, |A| = 4 and 4 is the order of the cyclic subgroup generated by A.
Thus, (A) = {I, A, A%, A3}.

We compute the integer powers of B.

-1 1
-1 0
10
0 1

Therefore, |B| = 3 and 3 is the order of the cyclic subgroup generated by B.
Thus, (B) = {I, B, B}.

B? =

B3 =
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We compute AB.

1 -1
AB =
0 1
Proof. We prove for all n € Z7T,
(AB)" 1 —n
1o o1
Define the predicate p(n) over Z:
(AB)" 1 —n
Lo o1
We prove p(n) is true for all n € Z* by induction on n.
Basis:
Since
(A )1 1 -1
B =
0 1
then p(1) is true.
Induction:
Let k € Z* such that p(k) is true.
Then
1 -k
(AB)* =
0 1

Observe that
1 -k 1 -1
AB)*1 = (AB)*(AB) =
(AB) (AB)"(AB) 0 1 -

Therefore, p(k + 1) is true, so p(k) implies p(k + 1) for all k € Z+.

1 —1—k
1o 1
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Since p(1) is true and p(k) implies p(k+ 1) for all k € Z*, then by PMI, p(n)
is true for all n € Z+.
Therefore, for all n € Z7,

Hence, for all n € Z™T,

1

o]

—= O
| I

Thus, there is no n € Z* such that

1

(AB)" = l ,

L)
| F—

Therefore, AB has infinite order. O
Exercise 85. Compute i*°.

Solution. Since the 4" roots of unity (Uy,-) is a group and i € Uy has finite
order 4, then i* = i iff s = ¢ (mod 4) for all s,t € Z.

Thus, i* = i* iff s = 45 (mod 4).

Since 45 (mod 4) = 1, then i* = i* iff s = 1 (mod 4).

Let s =1.
Since 1 =1 (mod 4), then s =1 (mod 4), so i* =i,
Therefore, i = i' = %%, so i*® = 1. O

Exercise 86. Compute (—i)'°.

Solution. Observe that

(_Z-)lo — Z-lO
— g2
— 22
— (Z'4)2 * Z'2
= (P
= 1x(=1)
= -1

Therefore, (—i)10 = —1. O

Exercise 87. Every non-abelian group has order at least 6, so every group of
order 2, 3,4, or 5 is abelian.
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Proof. TODO O

Exercise 88. If every non-identity element of a group G has order 2, then G
is abelian.

Proof. Let G be a group with identity e € G.

Suppose every non-identity element of G has order 2.

Then a? = e for all @ € G with a # e.

Let a € G and a # e.

Then e = a® = aa, so a~! =a.

Hence, a is its own inverse.

Therefore, each non-identity element of G is its own inverse.

Since the identity e is its own inverse, then each element of G is its own
inverse.

Therefore, a=! = a for all a € G.

Let a,b € G.
Then a=! = a and b~! = b and (ab)~! = ab.
Observe that

ab = (ab)™?
b~tat
= ba.
Therefore, ab = ba for all a,b € G, so G is abelian. O

Exercise 89. If a group has even order, then it contains an element of order 2.
Proof. TODO O

Exercise 90. Let GG be a group of order 4 that contains no element of order 4.
a. No element of G has order 3.
b. Explain why every non-identity element of G has order 2.
c. Denote the elements of G by e, a,b,c and write out the Cayley table for
G.

Proof. TODO O

Exercise 91. Let G be a group with identity e € G.
Let a,b € G and |a| =5 and b # e and aba™! = b.
Compute |b].

Solution. Let n be the order of b.
Since b # e, then n > 1.
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Suppose n = 2.
Then b% = e.
Thus e = b% = aba™!, so e = aba™".
Thus, ae = a = ea = aba~'(a) = abe = ab, so ae = ab.
By cancellation law, we obtain e = b, so b = e.
But, this contradicts that b # e.
Therefore, b # e.
TODO O

Exercise 92. Let G be a group.
If (ab)’ = a' * b' for three consecutive integers i and all a,b € G, then G is
abelian.

Proof. TODO O

Exercise 93. Let G be a nonempty finite set with an associative operation -
such that for all a,b,c,d € G, if ab = ac, then b = ¢ and if bd = ¢d, then b = c.
Then (G, ) is a group.
Show that this may be false if G is an infinite set.

Proof. TODO O

Exercise 94. Let G be a nonempty set with an associative operation - such
that for all a,b € G, the equations ax = b and ya = b have solutions.
Then (G,-) is a group.

Proof. TODO O

Exercise 95. Let G be an abelian group in which every element has finite
order.

If ¢ € G is an element of largest order in G (that is, |a| < |¢| for all a € G),
then the order of every element of G divides |c|.

Proof. TODO O

Exercise 96. The element /3 in the multiplicative group (R*,*) has infinite
order.

Proof. We prove V3" > 1 for every positive integer n by induction.
Let p(n) be the predicate v/3" > 1.
Let n = 1.
Then v3" =v3 = V3> L.

Hence, p(1) is true.
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Suppose m is an arbitrary positive integer such that p(m) is true.
Then v3" > 1.
Thus, V3" *v/3 > 1% /3, so V3T S B
Since \/?:m+1 > /3 and V3 > 1, then \/§m+1 > 1.
Hence, p(m + 1) is true, so p(m) implies p(m + 1).
Therefore, by induction, V3" > 1 for all positive integers n.
Thus, v/3 # 1 for all positive integers n.
Hence, there does not exist a positive integer such that /3 = 1.
Therefore, the order of V/3 is infinite. O

Exercise 97. Compute the order of ([15],[25]) € Z24 X Z30.
What is the largest possible order of an element in Zoy X Zso?
Is Zoy X Z3p cyclic?

Solution. Observe that

([15],[25)) = lem(|[15]24],[25]s0])
— lem( 24 30 )
ged(15,24) 7 ged(25, 30)
= lem(8,6)
= 24.

Thus, ([15],[25]) generates a cyclic subgroup of Zag X Zgg of order 24.

Suppose Zoy X Zgg is cyclic.
Then Zsy4 X Z3o is a cyclic group of order |Zag X Zgzo| = 24 * 30 = 720.
Hence, Z24 X Zgo is iSOHlOI‘phiC to Z’ygo, SO ZQ4 X Z3Q = Z720.
Since Zay X Zgg =2 Zroo iff ged(24,30) = 1 and ged(24,30) = 6 # 1, then
Loy X ZL3o % Zrao-
Hence, we have a contradiction, so Zsy X Z3p cannot be cyclic.
Therefore, there is no element of Zoy X Zsg of order 720.

Let ([a], [b]) € Zayg X Z30 have maximum order k.
Then k = lem(|[a]l, |[D]])-
Let k1 = |[a]| and ko = |[0]].
Then k = % and k has the maximum value.
The maximum value occurs when the product kiks is maximized.
Hence, k1 = 24 and ky = 30 and ged (24, 30) = 6.
Therefore, k = @ = 120. O

Exercise 98. A cyclic group with only one generator can have at most 2 ele-
ments.
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Solution. The statement means:

Let (G, %) be a cyclic group.

If G has exactly one generator then G has at most 2 elements.

Let P : (G, ) is a cyclic group.

Let P : G has exactly one generator.

Let P3 : |G| S 2.

The statement to prove is: P, — (Py — P3).

We use direct proof.

Thus we assume P;.

We must prove: P, — Ps.

We can use direct proof by assuming P, and proving Ps or use proof by
contrapositive and prove = Ps — —P5. O

Proof. Let (G, ) be a cyclic group.

Suppose G has exactly one generator.

Let g € G be the unique generator of G.

Since G is cyclic, by definition of cyclic group, G = (g).
Since G is a group, then the identity element exists.

Let e € G be the identity element.

Thus, g € G and e € G.

Either g = e or g # e.

We consider these cases separately.

There are two cases to consider.

Case 1: Suppose g = e.

Then G = {(g) = (e).

Thus G is the trivial group, so |G| = 1.

Case 2: Suppose g # e.

Since G is a group, by definition of group, g~! € G.
Either g7 =g or g7' # g.

There are two cases to consider.

Case 2a: Suppose g~ ! =g.

Then by definition of inverse element, e = gg~—! = gg = ¢°.
Thus g% = g?g = eg = g.

Thus g* = ¢°g = gg = e.

Thus ¢° = g*g = eg = g.

Thus g% = ¢°g = gg = e, and so on.

Thus g 2 =g gl =gg=c.

Thus g3 =g 29 =eg=y.

Thus g 4 = ¢3¢~ = gg = e, and so on.

Hence, if n is even then ¢" = e and if n is odd then ¢" = g.
Technically we should use induction to prove that ¢g" = e if n is even and
= g if n is odd.

Thus, (g) contains only two elements, g and e, so |G| = |{g)| = 2.
Case 2b: Suppose g~ ! # g.

Then g~ ' #eand g~ # g.

Hence, g~ is some other element in G.

n

9
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Thus, e, g, and g—' are distinct elements of G.

Hence G contains 3 elements, so |G| > 2.
Let h € G such that h = g~ 1.

Then gh = hg =e and h # e and h # g.
Thus, G = {e, g, h}.

We must determine g2.
If 2=¢,thengg=eso g ' =g.
Thus, g~ = g and g~ ! # g, a contradiction.
Hence g2 # e.
If g% = g, then gg = g.
Since eg = g = gg, then by right cancellation law, e = g.
Thus, g = e and g # e, a contradiction.
Hence, g° # g.
Thus, g2 # e and g% # g, so g° = h.

We must determine h2.

If h? = h, then hh = h.

Since eh = h, then hh = eh.

Thus by right cancellation law, h = e.

Since h = ¢!, then g~ =e.

Hence, g~! = e and g~ ! # e, a contradiction.

Therefore, h? # h.

If h2 = e, then hh =e.

Since h and g are inverses, then hg = e.

Thus, hh = hg.

By left cancellation law, h = g, so g~ ! = g.

Hence, g~ = g and g~ ! # g, a contradiction.

Therefore, h? # e.

Thus, h? # h and h? # e, so h? = g.

Observe that h' = h,h%? = g, h® = h?h = gh = e,h* = h3h = eh = h, h®
hh =g,h% = gh =e,h" = eh = h, ... and so on.

Also, i = eand h™! = g,h 2 = g9 = h,h™2 = hg = e,h™* = hh =
g, h®=g9g=h,h 5 =hg=ce,... and so on.

Thus, (h) = {h™ :n € Z} = G, so h is a generator of G.

Similarly, (g) = {9™ : n € Z} = G, so g is a generator of G.

Hence, if |G| > 2, then G does not have a unique generator. O

Exercise 99. Let G be a cyclic group of finite order n generated by .
If y = ¥ and ged(k,n) = 1, then y is a generator of G.

Proof. Since G is a cyclic group generated by z € G, then G = (z) = {z* : k €
Z}.
Let y € G.
Then there exists an integer k such that y = z*.
Suppose ged(k,n) = 1.
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Every element of a finite group has finite order.

Since G is a finite group and = € G, then x has finite order.

The order of x is the order of the cyclic subgroup of G generated by .
Hence, (x) = {e,z,2% 23, ...,2" "1} and |z| = |(z)| = |G| = n.

Since = has finite order n, then the order of y is

yl = |

Thus, |y| = n.

The order of y is the order of the cyclic subgroup of G generated by y.
Hence, |(5)] = ly| = n = |Gl, so |(3)] = |G-

Since (y) is a subgroup of G, then (y) is a subset of G.

Since G is a finite set and (y) is a subset of G and |{y)| = |G|, then (y) = G.
Since y € G and G = (y), then y is a generator of G. O

Exercise 100. Let (G, *) be a group.

Let g, h € G such that |g| = 15 and |h| = 16.
Then the order of (g) N (h) is 1.

Proof. Let A be the cyclic subgroup of G generated by g € G.

Then A = (g) and |A| = [(g)| = [g] = 15.

Let B be the cyclic subgroup of G generated by h € G.

Then B = (h) and |B| = |(h)| = |h| = 16.

The intersection of any two subgroups is a subgroup.

Since A < G and B < G, then AN B < G.

Let K = ANB.

Then K < G. O

Proof. We prove K < A and K < B.

Since K = AN B and AN B is a subset of A and of B, then K C A and

K CB.

Let e € G be the identity of G.

Since K < G, then e € K, so K # ().

Since |A| = 15, then A is a finite group, so A is a finite set.

Every subset of a finite set is finite.

Since A is finite and K C A, then K is finite.

Since K C A and K # () and K is finite, then K is a nonempty finite subset

of A.

Since K C B and K # () and K is finite, then K is a nonempty finite subset

of B.
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We prove K is closed under .

Let a,b € K.

Since a € K, then a € A and a € B, so a = gP for some integer p and a = h?
for some integer q.

Since b € K, then b € A and b € B, so b = g" for some integer r and b = h*®
for some integer s

Thus, ab = g? x g" and ab = h? x h®.

Since ab = gP * g" = gPT" and p + r is an integer, then ab € A.

Since ab = h9 x h® = h97* and ¢ + s is an integer, then ab € B.

Hence, ab € A and ab € B, so ab€ AN B.

Therefore, ab € K, so K is closed under x.

Since K is closed under % and x* is the binary operation of A, then K is
closed under the binary operation of A.

Since K is closed under * and * is the binary operation of B, then K is
closed under the binary operation of B.

Since K is a nonempty finite subset of A and K is closed under the binary
operation of A, then by the finite subgroup test, K < A.

Since K is a nonempty finite subset of B and K is closed under the binary

operation of B, then by the finite subgroup test, K < B. O

Proof. Every subgroup of a cyclic group is cyclic.

Since K < A and A is a cyclic group, then we conclude K is cyclic.

Hence, there exists a generator k € K such that K = (k).

Since k € K and K = AN B, then k € A and k € B.

Since K is a finite set and K is a group, then K is a finite group.

Every element of a finite group has finite order.

Since K is a finite group and k € K, then k has finite order.

Let n be the order of k.

Thenn € Z™T.

By lemma 63, the order of every element of a finite cyclic group divides the
order of the group.

Since A is a finite cyclic group, then the order of every element of A divides
the order of A.

Since k € A, then n divides |A|, so n|15.

Since the order of every element of a finite cyclic group divides the order of
the group and B is a finite cyclic group, then the order of every element of B
divides the order of B.

Since k € B, then n divides |B|, so n|16.

Since n|15 and n|16, then n is a common divisor of 15 and 16.

Any common divisor of 15 and 16 divides ged(15, 16).

Thus, n divides ged(15, 16).

Since ged(15,16) = 1, then n divides 1.

Since n € Z* and n|1, then n = 1.

Since [(g) N (k)| = |AN B| = |K| = |{k)| = |k| = n = 1, then the order of
(g) N (h) is 1. O
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Lemma 101. Let (G,x*) be a group with identity e € G.
Let g,h € G such that |g| = m and |h| = n and ged(m,n) = 1.
Then the order of {(g) N (h) is 1 and (g) N (h) = {e}.

Proof. Let A be the cyclic subgroup of G generated by g € G.
Then A = (g) and |A] = [(g)| = [g] = m.
Let B be the cyclic subgroup of G generated by h € G.
Then B = (h) and |B| = |[{h)| = |h| = n.
The intersection of any two subgroups is a subgroup.
Since A < G and B < G, then AN B < G.
Let K = ANB.
Then K < G. O

Proof. We prove K < A and K < B.

Since K = AN B and AN B is a subset of A and of B, then K C A and
K CB.

Since K < G, then e € K, so K # 0.

Since |A| = m, then A is a finite group, so A is a finite set.

Every subset of a finite set is finite.

Since A is finite and K C A, then K is finite.

Since K C A and K # () and K is finite, then K is a nonempty finite subset
of A.

Since K C B and K # () and K is finite, then K is a nonempty finite subset
of B.

We prove K is closed under .

Let a,b € K.

Since a € K, then a € A and a € B, so a = gP for some integer p and a = h?
for some integer q.

Since b € K, then b € A and b € B, so b = ¢g" for some integer r and b = h®
for some integer s

Thus, ab = gP x ¢g" and ab = h? x h°.

Since ab = gP x g" = ¢gP™" and p + r is an integer, then ab € A.

Since ab = h9 x h® = h97% and ¢ + s is an integer, then ab € B.

Hence, ab € A and ab € B, so ab € AN B.

Therefore, ab € K, so K is closed under .

Since K is closed under % and x* is the binary operation of A, then K is
closed under the binary operation of A.

Since K is closed under * and = is the binary operation of B, then K is
closed under the binary operation of B.

Since K is a nonempty finite subset of A and K is closed under the binary
operation of A, then by the finite subgroup test, K < A.

Since K is a nonempty finite subset of B and K is closed under the binary

operation of B, then by the finite subgroup test, K < B. O

(s



Proof. Every subgroup of a cyclic group is cyclic.

Since K < A and A is a cyclic group, then we conclude K is cyclic.

Hence, there exists a generator k € K such that K = (k).

Since k € K and K = AN B, then k € A and k € B.

Since K is a finite set and K is a group, then K is a finite group.

Every element of a finite group has finite order.

Since K is a finite group and k € K, then k has finite order.

Let ¢ be the order of k.

Then ¢ € Z7T.

By lemma 63, the order of every element of a finite cyclic group divides the
order of the group.

Since A is a finite cyclic group, then the order of every element of A divides
the order of A.

Since k € A, then c¢ divides |A], so c|m.

Since the order of every element of a finite cyclic group divides the order of
the group and B is a finite cyclic group, then the order of every element of B
divides the order of B.

Since k € B, then c divides |B|, so c|n.

Since ¢|m and ¢|n, then ¢ is a common divisor of m and n.

Any common divisor of m and n divides ged(m,n).

Thus, ¢ divides ged(m, n).

Since ged(m,n) = 1, then ¢ divides 1.

Since ¢ € Z" and c|1, then ¢ = 1.

Since |{(g) N (h)| = |AN B| = |K| = [{k)| = |k| = ¢ = 1, then the order of
(g) N (h) is 1.

The only group of order 1 is the trivial group.

Therefore, (g) N (h) = {e}. O

Exercise 102. Let a be an element of a group G with identity e € G.
Let m,n € Z.
Find a generator for the subgroup (a™) N (a™).

Solution. Let’s try experimentation.
Let A = (a™) be the cyclic subgroup generated by a™.
Let B = (a™) be the cyclic subgroup generated by a™.
The intersection of any two subgroups is a subgroup.
Since A is a subgroup and B is a subgroup, the A N B is a subgroup of G.
Let K =ANB.
We must find a generator for K.
If m =0, then A= (a") = (¢) = {e},s0 K= AN B = {e} N B = {e}.
Assume the order is finite and m < n.
Ifm=1=n,then A=(a')=(a) =B,so K=ANB=ANA= A= {a).
If m =1and n =2, then A = (a') = (a) and B = (a?).
Now, let’s assume order of A is some fixed value, say 12, so |a| = 12.
TODO O

8



Theorem 103. Order of ab is the least common multiple of the orders
of a and b.

Let G be a group and a,b € G.

If ab = ba and a has finite order m and b has finite order n, then ab has
finite order lem(m,n).

Proof. Suppose ab = ba and a has finite order m and b has finite order n.
Since a has finite order m, then m is the least positive integer such that
=e.

Since b has finite order n, then n is the least positive integer such that o™ = e.
Observe that

am

(ab) mn —

mn . bmn

aTYL)n . (bn)ﬂL

Il
~ 9

Since mn is a positive integer and (ab)™" = e, then ab has finite order. O

Proof. Let t be the order of ab.

Then ¢ is the least positive integer such that (ab)! = e.

Since ab = ba, then e = (ab)! = a'b’.

Since e = a'b?, then we conclude a' = e and b = e.

Since a has finite order m, then a’ = e iff m|t.

Since a* = e, then we conclude mit.

Since b has finite order n, then b = e iff nlt.

Since b* = e, then we conclude nlt.

Since m|t and nlt, then ¢ is a multiple of m and n.

Since ¢ is the least positive integer such that (ab)! = e, then ¢ must be the
least common multiple of m and n.

Therefore, t = lem(m,n), so the order of ab is lem(m,n), as desired. O

Corollary 104. Let G be a group a,b € G
If ab = ba and a has finite order m and b has finite order n and ged(m,n) =
1, then ab has finite order mn.

Proof. Suppose ab = ba and a has finite order m and b has finite order n and
ged(m,n) = 1.

Since ab = ba and a has finite order m and b has finite order n, then by the
previous theorem 103, ab has finite order lem(m,n).

Observe that

mn
lem(m,n) = aed(m.n)
mn
1

= mn.
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Since lem(m,n) = mn, then ab has finite order mn. O

Exercise 105. torsion subgroup of an abelian group

The set of all elements of finite order in an abelian group G is a subgroup of
G.

This is the torsion subgroup of G.

Proof. Let (G, *) be an abelian group with identity e € G.
Let S be the set of all elements of G that have finite order.
Then S = {a € G : a has finite order}.
Thus, S C G.

We prove S # ().
Since e! = e, then the order of e is 1, so e has finite order.
Since e € G and e has finite order, then e € S, so S # ().
Since S C G and S # 0, then S is a nonempty subset of G. O

Proof. We prove S is closed under * of G.
Let a,b€ S.
Since a € S, then a € G and a has finite order.
Since b € S, then b € G and b has finite order.
Since G is a group, then G is closed under .
Since a € G and b € G, then we conclude ab € G.

We prove ab has finite order.

Since a has finite order, let m be the order of a.

Then a has finite order m.

Since b has finite order, let n be the order of b.

Then b has finite order n.

Since G is abelian and ab € G, then ab = ba.

Since ab = ba and a has finite order m and b has finite order n, then by the
previous theorem 103, ab has finite order lem(m,n), so ab has finite order.

Since ab € G and ab has finite order, then ab € S.
Therefore, ab € S for all a,b € S. O

Proof. We prove S is closed under inverses.

Let s € S.

Then s € G and s has finite order.

Let t be the order of s.

Then ¢ is the least positive integer such that s* = e.

Since G is a group and s € G, then s7' € G and ss™ ! = s 's =e.

Since the order of an element is the order of its inverse, then the order of s
is the order of s~ 1.

Hence, t is the order of s™!, so t is the least positive integer such that
(s~ =e.

80



Therefore, s~! has finite order.
Since s~ € G and s~ has finite order, then s~! € S.
Therefore, s~ € S for all s € S. O

Proof. Since S is a nonempty subset of G and ab € S for all a,b € S and
57t € S for all s € S, then by the two-step subgroup test, S is a subgroup of
G,s0 S < G. O

Exercise 106. Let G be an abelian group that contains a pair of cyclic sub-
groups of order 2.
Then G must contain a subgroup of order 4.

Proof. Let Cy and C5 be a pair of cyclic subgroups of G of order 2.

Let e € G be the identity of G.

Since C} is a cyclic subgroup of G of order 2, then C; = (a) for some
generator a € G.

Thus, Cy = {e,a} and a # e.

The order of an element is the order of the cyclic subgroup generated by the
element.

Thus, |a| = |C1] = 2, so 2 is the least positive integer such that a? = e.

Since O is a cyclic subgroup of G of order 2, then Cy = (b) for some generator

bed.

Thus, Cy = {e,b} and b # e and |b] = 2.

The order of an element is the order of the cyclic subgroup generated by the
element.

Thus, |b| = |Ca| = 2, so 2 is the least positive integer such that b* = e.

Since C7 and Cs are distinct cyclic subgroups of order 2, then C; # Cs.

Hence, {e,a} # {e, b}, so a # b.

Suppose ab = a.
Then ab = a = ae, so by cancellation we obtain b = e.
But, this contradicts b # e, so ab # a.

Suppose ab = b.
Then ab = b = eb, so by cancellation we obtain a = e.
But, this contradicts a # e, so ab # b.

Assume ab # e and let H = {e,a, b, ab}.
Then H C G and |H| = 4.
Observe that a(ab) = (aa)b = a’b = eb=b.
Since G is abelian, then
(ab)a = a(ab) = (aa)b = a*b = eb = b and
ba = ab and
(ab)b = b(ab) = b(ba) = (bb)a = b*a = ea = a and
(ab)(ab) = (ab)(ba) = a(b®)a = aea = aa = a* = e.
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We construct the Cayley table for H.

* e a b | ab
e e a b | ab
a a e | ab b

b | b |ab]| e
ab|lab| b | a | e

Since H is a nonempty finite subset of G and H is closed under * of GG, then
by the finite subgroup test, H is a subgroup of G.
Therefore, H is a subgroup of order 4.
Observe that H is not cyclic and H is the Klein-4 group. O

Exercise 107. Let G be an abelian group of order mn.
If a € G has order m and b € G has order n and ged(m,n) = 1, then G is
cyclic.

Proof. Suppose a € G has order m and b € G has order n and ged(m,n) = 1.
Since G is abelian and a € G and b € G, then ab = ba.
Since ab = ba and a has finite order m and b has finite order n and
ged(m,n) = 1, then by the previous corollary 104, ab has finite order mn.
Hence, |ab] = mn.
The order of ab is the order of the cyclic subgroup of G generated by ab.
Let (ab) be the cyclic subgroup of G generated by ab.
Then |ab| = |{ab)|.
Since G has order mn, then |G| = mn.
Thus, |G| = mn = |ab| = [{ab)|, so |G| = |{ab)|.
Since (ab) is a subgroup of G, then (ab) is a subset of G.
Since (ab) is a subset of G and G is finite and [(ab)| = |G|, then (ab) = G.
Since ab € G and G = {(ab), then G is cyclic, as desired. O

t

Exercise 108. For all positive integers n, —1 is an n'” root of unity if and only

if n is even.

Proof. Let n € Z7T.
Suppose n is even.
Then n = 2k for some integer k.
The number z € C is an n*" root of unity if 2" = 1.
Since (—1)" = (=1)?) = [(~=1)?]* = 1¥ =1, then —1 is an n*" root of unity.

th root of unity.

Conversely, suppose —1 is an n
Then (—1)" = 1.
Either n is even or n is odd.
Suppose n is odd.

Then n = 2m + 1 for some integer m.
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Observe that

1 (_1)7L

_ (_1)2m+1

= (-1*- (-1

= (=" (1)

= (M-

— 1(-1)

—1.

Hence, 1 = —1, a contradiction.
Therefore, n cannot be odd, so n must be even. O

Exercise 109. Let m,n € ZT.
Let d = ged(m,n).
Let a € C*.
Then a™ = a™ =1 iff a? = 1.

Proof. Suppose a? = 1.
Since d = ged(m, n) then d is a positive integer and d|m and d|n.
Hence, there exist integers k1 and ko such that m = dk; and n = dk.
Observe that

am — adk‘l

(ad)kl
1+
= 1.

and

Therefore, a™ =1 = a™, as desired.

Conversely, suppose a” =1 and a™ = 1.
Let {a) be the cyclic group subgroup of (C*,-) generated by a with identity

Since m € Z* and a™ = 1, then a has finite order.

Let t be the order of a.

Then ¢ is the least positive integer such that a® = 1.

Since a has finite order ¢, then a* = 1 iff t|k for all integers k.
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Since ™ =1 and m € Z, then t|m.

Since a™ =1 and n € Z, then t|n.

Since t|m and t|n, then ¢ is a common divisor of m and n.

Any common divisor of m and n divides ged(m,n), so t divides ged(m, n).
Hence, t|d.

Since t|d and d € Z, then we conclude a? = 1, as desired. O

Exercise 110. Let z € C*.
If |z| # 1, then z has infinite order.

Proof. Suppose |z| # 1.
We prove z has infinite order by contradiction.
Suppose z does not have infinite order.
Then z has finite order, so there exists a positive integer n such that 2™ = 1.
Observe that

0 = 1-1
= [1]-1
= 2" -1
= |2|" -1

Hence, |2|* —1=0.

Since |2| € R and n € ZT and |2" — 1 = (|2 — 1) S27¢ |2|* for all n € ZF,
then |2[" = 1= (2] = 1) 32155 ||

Thus, 0 = [2]* — 1 = (J2| = 1) X7, |2/%, s0 [2| = 1 =0.

Consequently, |z| = 1.

But, this contradicts the assumption |z| # 1.

Therefore, z has infinite order. O

Exercise 111. Let z € T such that z = cosf +isinf and 6 € Q*.
Then z has infinite order.

Proof. We prove by contradiction.
Suppose z does not have infinite order.
Then z has finite order, so there exists a positive integer n such that z™ = 1.
Since ¢ € Q, then there exist nonzero integers a and b such that 6 = 7.
Since a # 0 and b # 0, then 6 # 0.

Observe that
i0

I
—

Q
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V)
)
~—
3

Il
—
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.
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3
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Thus, ¢ = %", s0 0 = B2,

Since b # 0, the multiply both sides to obtain 0 = na.

Since a # 0, then divide to obtain 0 = n.

Since n € Z*, then n > 0, so n # 0.

Hence, we have n = 0 and n # 0, a contradiction.

Therefore, z has infinite order. O

Exercise 112. Let (G, x) be an abelian group.
Let H be a finite cyclic subgroup of order p.
Let K be a finite cyclic subgroup of order gq.
Then G contains a cyclic subgroup of order lem(p, q).
If ged(p, q) = 1, then G contains a cyclic subgroup of order pq.

Proof. Every element of G generates a cyclic subgroup of G.

Let H be the finite cyclic subgroup of G generated by a € G. Then H =
{a* : k € Z} and |a| = p. Let K be the finite cyclic subgroup of G' generated by
beG. Then H = {b* : k € Z} and |b| = q.

Let g = ab. Since G is closed under its binary operation, then g € G. Let
M be the cyclic subgroup of G generated by g. Then M = {(ab)* : k € Z} and
M| = |ab].

We prove ab has finite order. Since |a] = p and |b| = ¢, then p and ¢ are the
least positive integers such that a? = e and b% = e. Since p and ¢ are positive
integers, then so is pg. Observe that

(ab)?? = aPIpPd
(aP)9b?
= eI(b7)P

eeP

eP

= e.

Hence, there exists a positive integer pg such that (ab)P? = e.

Thus, ab has finite order.

Let k£ be the order of ab.

Then k is the least positive integer such that (ab)® = e.

Let ¢ be a multiple of ¢ such that ¢ =1 (mod p).

This is NOT CORRECT because ¢ may not exist, so the subsequent logic
of this proof will not work.

Then ¢ = gm for some integer m.

Since a has finite order p and ¢ = 1 (mod p), then a¢ = a'.
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Thus,
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Therefore,

Hence, p * ged(c, k) = k.
Since ged(c, k) is an integer, then p|k.
Let d be a multiple of p such that d =1 (mod q).
Then d = pn for some integer n and b? = b! since |b] = q.
Thus,

(ab)? = a%p?
aPmpe
(ap)nbd
(e)nbd
= eb?
bd

bl

= b

Therefore,

q = b
= [(ab)"|
|abl
ged(d, |ab)

ged(d, k)
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Hence, g * ged(d, k) = k.

Since ged(d, k) is an integer, then glk.

Thus, we have p|k and q|k, so k is a multiple of p and g.

The least positive multiple of p and ¢ is the least common multiple of p and

Hence, k = lem(p, q).

Suppose ged(p, q) = 1.
Then

k= lem(p,q)
pq

ged(p, q)

Pq

1

= pq.

O

Exercise 113. If G is a finite group with an element g of order 5 and an element
h of order 7, then |G| > 35.

Solution. The hypothesis is:
G is a finite group.
g,h € G such that |g| =5 and |h| =T7.
We must prove |G| > 35. O

Proof. Since G is a finite group, then the order of G is some positive integer,
say n.

We must prove n > 35.

Every element of a finite group has finite order.

Moreover, the order of an element of a finite group divides the order of the
group.

Hence, |g| divides n and |h| divides n.

Thus, 5|n and 7|n, so n is a multiple of 5 and 7.

Therefore, n is a multiple of 35.

The least positive multiple of 35 is the least common multiple of 35, namely
35.

Therefore, n > 35. O

Exercise 114. Let G be a group.
Let a,b € G such that |b| = 2 and ba = ab.
What is the order of a?

Solution. Let e be the identity of G.
Either a = e or a # e.
We consider these cases separately.
Case 1: Suppose a = e.
Then a'! = e, so |a| = 1.
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Case 2: Suppose a # e.

Suppose a® = e.

Then ba = a?b = eb = b = be.

By left cancellation, we have a = e.

Thus, we have a = ¢ and a # e, a contradiction.
Therefore, a® # e.

Since |b| = 2, then b = e.

Since ba = a?b, then b = a~2ba.

Thus, e = b? = (a=2ba)(a"2ba) = a=2ba"'ba = (a=2ba~1)(ba).
Hence, (ba)~! = a"2ba"', s0o a= b~ = a=2ba"!.
Therefore, ab™! = ba~'.

Observe that

a® = a(a?)

a(bab™)
(ab)(ab™")
(ab)(ba")
= a(bb)a?

= aea

= aa

= €.

Since a # e and a® # e and a® = e, then |a] = 3.
Therefore, either |a| =1 or |a| = 3. O

Exercise 115. In Z,, if gcd(a,n) = d, then ([a]) = ([d]).

Proof. Let n € Z™ and a € Z.

Suppose ged(a,n) = d.

Then d € Z" and d|a and d|n.

Since d|a, then a = dk for some integer k.

Thus, [a], = [dk], = [kd], = [k][d] = k[d].

Hence, [a] € ([d]).

Since ([a]) is the smallest subgroup that contains [a], then any subgroup
of Z, that contains [a] must contain ([a]). Thus, (d) must contain ([a]), so

([al) < ([d))-

We prove [d] € ([a]).
Since d is the least positive linear combination of a and n, then there exist
integers s and ¢ such that d = sa + nt. Thus, d — sa = nt. Since n > 0, then

n|(d — sa), so d = sa (mod n). Hence, [d] = [sa] = [s][a] = s[a], so [d] € {[a]).
Therefore, ([a]) must contain ([d]), so ([d]) C ([a]).
Since ([a]) C ([d]) and ([d]) C ([a]), then ([a]) = ([d]). 0
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