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Rings

A ring is an algebraic structure upon which two binary operations (addition and
multiplication) are defined.

Definition 1. Ring

Let R be a set.

Define binary operation + : R x R — R by a+ b € R for all a,b € R.
(addition)

Define binary operation - : R x R — R by a-b € R for all a,b € R.
(multiplication)

A ring (R,+,-) is a set R with two binary operations + and X defined on
R such that the following axioms hold:

A1l. Addition is associative.

(a+b)+c=a+ (b+c) for all a,b,c € R.

A2. Addition is commutative.

a+b=>b+aforall a,b € R.

A3. There is a right additive identity.

(30 € R)(Va € R)(a+ 0 = a).

A4. Each element has a right additive inverse.

(Va € R)(3b € R)(a+b=0).

M. Multiplication is associative.

(ab)e = a(be) for all a,b,c € R.

D. Multiplication is distributive over addition.

Left Distributive a(b+ ¢) = ab+ ac for all a,b,c € R.

Right Distributive (b + c¢)a = ba + ca for all a,b,c € R.

Proposition 2. alternate definition of a ring
Let R be a set with two binary operations + and - defined on R.
Then (R,+,-) is a ring iff
1. (R,+) is an abelian group.
2. Multiplication is associative.
3. Multiplication is distributive over addition.



Let (R,+,-) be a ring.

Then R has a right additive identity 0 € R, so R is a non-empty set.

Since multiplication is a binary operation on R, then R is closed under
multiplication.

Since (R,+) is an abelian group and R is closed under multiplication and
multiplication is associative and multiplication is distributive over addition, then
R satisfies the following axioms:

Al. a+be Rforall a,be R.

A2. (a+b)+c=a+ (b+c) for all a,b,c € R.

A3. a+b=0b+a for all a,b € R.

A4. (30 R)(Vac€ R)(0+a=a+0=a).

A5. WVae R)(Fbe R)(a+b=b+a=0).

MI1. ab € R for all a,b € R.

M2. (ab)ec = a(be) for all a,b,c € R.

D1. a(b+ ¢) = ab+ ac for all a,b,c € R.

D2. (b+ ¢)a = ba + ca for all a,b,c € R.

Proposition 3. The additive identity of a ring is unique.

Definition 4. zero of a ring
The identity for ring addition is called the zero of the ring.

Therefore, the zero of a ring is unique.
The zero of a ring R is denoted Og or 0.
Since 0 € R for any ring R, then any ring has at least one element.

Proposition 5. The additive inverse of each element of a ring is unique.

The additive inverse of an element a in a ring R is denoted —a.
Therefore, each element of a ring has a unique additive inverse.
(Va € R)(3/(—a) € R)(a+ (—a) =0).

Definition 6. commutative ring
A ring is commutative iff its multiplication is commutative.

Let (R,+,-) be a ring.
Then R is commutative iff (Va,b € R)(ab = ba).

Example 7. commutative ring of integers
(Z,+,-) is a commutative ring.
additive identity = 0
additive inverse of a is —a
multiplicative identity = 1

Example 8. commutative ring of integers modulo n
Let n € Z7.
Zoe = (0L [1], o [ — 1)} = ([1]) = {al1] : a € Z} = {[a] : a € Z}.
(Zp,+, ) is a commutative ring.
additive identity = [0]
additive inverse of [a] is [—a] = [n — d]
multiplicative identity = [1]



Example 9. Let Z[v2] = {a +bv2 : a,b,€ Z}.
Then Z[v/2] is a commutative ring.

Example 10. Let R, S be rings.

Define addition by (a,b) + (¢,d) = (a + ¢,b + d) and multiplication by
(a,b)(c,d) = (ac, bd).

Then R x S is a ring.

Definition 11. ring with unity
Let (R, +,-) be a ring with zero 0 € R.
Then R is a ring with unity iff
1. (31 € R)(1 #0).
2. Va € R)(1a = al = a).

Let (R,+,-) be a ring with unity 1 € R.
The element 1 € R is a multiplicative identity, so (Va € R)(la = al = a).
The identity for ring multiplication is called the unity of the ring.

Proposition 12. The multiplicative identity of a ring with unity is unique.

Let (R,+,-) be a ring with unity.
Then the unity of R is unique.
The unity of R is denoted 1g or 1.

Example 13. zero ring
The zero ring is {0}.
{0} is a commutative ring with unity.
Additive identity = multiplicative identity, so 0 = 1 in the zero ring.

Proposition 14. Let (R,+,-) be a ring.
Then for all a,b,c € R
1. ifa=>b, thena+c=b+c.
2. ifa =10, then ac = be.

Theorem 15. basic properties of a ring
Let (R,+,-) be a ring.
Then for all a,b,c € R
1. ifc+a=c+bthena=band ifa+c=0b+c thena=0b.
(left and right additive cancellation laws)

a0 = 0a = 0.

—(—a) =a.

—(a+0b) = (—a) + (-b).

a(—=b) = (—a)b = —(ab).

(—a)(—b) = ab.

If R has a unity, then (—1)a = —a.
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Definition 16. subtraction

Let (R,+,-) be a ring.

Define binary operation subtraction, R X R — R by a — b = a + (-b) for
all a,b € R.

Then a — b is the difference between a and b.



Let a,b be elements of a ring R.
Then a — b= a+ (=b) € R, by closure of R under addition.
Therefore, a ring is closed under subtraction: (Va,b € R)(a —b € R).

Proposition 17. addition and subtraction are inverse operations
Let R be a ring.
Then (Ya,b € R)(3'z € R)(a+z =1).

Therefore, a + x = b means x = b — a.

Addition and subtraction are inverse operations.
Therefore a —b=ciff a=b+c.

Therefore c is the element such that b+ ¢ = a.

Proposition 18. properties of subtraction in a ring
Let (R,+,-) be a ring.
For all a,b,c € R
1. —a=0-—a.
2. Multiplication is distributive over subtraction.
a(b—c¢) =ab—ac and (b — ¢)a = ba — ca.
3. a=biffa—b=0.
4. —a—b=—(a+Db).
5.a—(b—c)=(a—b)+ec.
Definition 19. unit
Let R be a ring with unity 1 # 0.
An element a € R is a unit iff (3b € R)(ab = ba = 1).

Therefore an element of a ring is a unit iff it has a multiplicative inverse.

In the zero ring {0}, the unity 1 = 0, so we don’t allow units to be defined
in the zero ring.

Therefore, any consideration of multiplicative inverses excludes the zero ring.

Proposition 20. The multiplicative inverse of each unit of a ring is unique.

Let a be a unit of a ring R with unity 1 # 0.

The multiplicative inverse of a is denoted by a~!

-1

and aa" ! =a"ta = 1.

Proposition 21. The zero element of a ring is not a unit.

Therefore the zero element of a ring does not have a multiplicative inverse.
Hence, 0~ ! does not exist.

Let R be a ring.

Let a € R.

Then either a = 0 or a # 0.

If a = 0, then a is not a unit.

Hence, if a is a unit, then a # 0.

Therefore any unit of a ring must be nonzero.

Proposition 22. In any ring the additive inverse of the additive identity ele-
ment equals itself.

Let R be a ring with zero 0.
Then —0=0,s004+0=0.



Let R be a ring and a € R.
If a =0, then —a=—-0=0.
Therefore, if a = 0, then —a = 0 for all a € R.

Proposition 23. In any nonzero ring the multiplicative inverse of the multi-
plicative identity element equals itself.

Therefore, in any nonzero ring 17! =1,s01-1= 1.
Proposition 24. In any ring —x =0 iff z = 0.
Theorem 25. The set of all units of a ring is a multiplicative group.

Let S be the set of all units of a ring (R, +, ).
Then

S = {a€R:aisaunit}
= {a€R: (e R)(ab=ba=1)}.

(S,-) is a multiplicative group called the group of units of R.
The multiplicative identity of S is 1 € R.

The multiplicative inverse of a € S'is a~! € S.

Therefore, a~! is a unit and aa™' = a~'a = 1.

Since ¢ 'a = aa~! =1, then a is a multiplicative inverse of a~'.
Therefore, a and a~! are multiplicative inverses of each other.

Definition 26. division ring(skew field)
Let (R,+,-) be a ring with unity 1 # 0.
Then (R,+,-) is a division ring iff every nonzero element of R is a unit.

Example 27. (Z,+,-) is not a division ring.

Since 1 = 0 in the zero ring, then the zero ring is not a division ring.
Since 1 # 0 in a division ring, then any division ring must contain at least
two elements.

Let (R, +,-) be a division ring.

Let R* ={a € R:a # 0}.

Let S be the set of all units of R.

We prove S = R*.

Let a € R*.

Then a € R and a # 0.

Since every nonzero element of R is a unit, then a is a unit.

Hence, a € S.

Therefore, R* C S.

Let b e S.

Then b € R and b is a unit. Since any unit of a ring is nonzero, then b # 0.
Thus, b € R and b# 0, so b € R — {0}. Hence, b € R*. Therefore, S C R*.

Since S C R* and R* C S, then S = R*.



Since the set of all units of R is a multiplicative group and S = R*, then
(R*,-) is the group of units of R.

Therefore, (R*,-) is the group of units of a division ring R.

The multiplicative identity of R* is 1 € R.

Let a € R*. Then a € R and a # 0 and a is a unit.

The multiplicative inverse of a is a=! € R*. Therefore, a=! # 0 and aa~! =
a~'a =1. Since a~! € R*, then ¢! is a unit.

Definition 28. division
Let (R, +,-) be a division ring.
Let R* ={r € R:r # 0}.
Let a,b € R with b # 0.
Define operation division, R x R* — Rby § =a-b~

Then 7 is the quotient of a and b.
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Let (R,+,-) be a division ring.

Let a,b € R with b # 0.

Since b # 0, then its multiplicative inverse b~! exists in Rand ¢ = a-b™! € R,
by closure of R under multiplication.

Therefore, a division ring is closed under division: (Ya,b € R,b # 0)(§ € R).

Since zero does not have a multiplicative inverse in any ring, then zero does
not have a multiplicative inverse in R.

Therefore, division by zero is undefined.

Since (R*,-) is the group of units of R, let a,b € R*. Then b is a unit, so
b=1 € R*. Hence, b=1 # 0.

Since R* is closed under multiplication and @ € R* and b~! € R*, then
ab™! = 7 € R*. Therefore, R is closed under division.

Therefore, the set of all nonzero elements of a division ring, the multiplicative
group of units, is closed under division: (VYa,b € R*)(§ € R*).

Multiplication and division are inverse operations.
Thus ¢ = ciff a = be.
Therefore ¢ is the element such that bc = a.

Proposition 29. properties of a division ring
Let (R,+,-) be a division ring. Then for all a,b,c € R
1. ifa#0, thena ' = %

ifa#0, then (a=)~! = a.

2.
3. ¢=1iffa=bandb#0. L
4. ifa#0 and b #0, then (%)~ = 2.
5. ifc#0, then & + & = otb,
6. ifc#0, then & — b = a=b,

Definition 30. Let (R, +,") be a ring.
Let x € R.
Define nx = (n — 1)z + z for all n € N.



Since le = (1—-1)z+2 =0z +2 =0+ 2z =z, then 1z = z.

Example 31. characteristic of Z is zero.
Since 0k = 0 for all £ € Z, then there is no positive integer n such that
nk = 0 for all k € Z. Therefore, the characteristic of Z is zero.

Subrings

Definition 32. Subring

A subring of a ring R is a subset of R which is a ring under the same +
and x as R and shares the same multiplicative identity.

Let (R,+,-) be a ring.

Then S is a subring of R iff

1. SCR.

2. (8,4, x*) is a ring.

3. S has the same multiplicative identity as R.

if e is multiplicative identity of R, then e is multiplicative identity of S.

(S,+,*) < (R, 4+, *) means S is a subring of R

Let (R, +, %) be an arbitrary ring with additive identity 0 € R.
Since R C R and (R, +, %) is a ring, then R < R.
Therefore every ring is a subring of itself.

Since 0 € R and {0} is the trivial ring, then {0} < R.
Therefore the zero ring is a subring of every ring.

Theorem 33. Let (R, +,*) be a ring.
Let S C R.
Then S is a subring of R iff
1. S #£0.
2. Closed under subtraction: (Ya,b € S)(a—b € S).
3. Closed under multiplication: (Ya,b € S)(ab € S).
4. S has the same multiplicative identity as R.

Example 34. Z has no subrings other than itself.
Z,, has no subrings other than itself.

Integral Domains

Definition 35. zero divisor of a commutative ring
Let R be a commutative ring.
Let a € R*.
Then a is a zero divisor iff (3b € R*)(ab = 0).



Suppose a € R*.

If (3b € R*)(ab = 0), then a is a zero divisor.

If =(3b € R*)(ab = 0), then a is not a zero divisor.
Therefore, if (Vb € R*)(ab # 0), then a is not a zero divisor.

Since there are no nonzero elements in the zero ring, then there are no zero
divisors in the zero ring. Therefore, only nonzero rings may have zero divisors.

Example 36. In (Zqg,+, %), [2] is a divisor of [0] because [5] # [0] and [2][5] =
[0]. Also, [5] is a divisor of [0] because [2] # [0] and [5][2] = [0].

Proposition 37. A zero divisor cannot be a unit and a unit cannot be a zero
divisor.

Definition 38. integral domain
An integral domain is a commutative ring with nonzero unity that has no
zero divisors.

Let (R, +,-) be a commutative ring with unity 1 # 0.

Define predicate p(a) : a is a zero divisor of R.

Then p(a) : a € R* A (3b € R*)(ab = 0).

The statement ‘there is a zero divisor in R’ translates into (Ja € R*)(3b €
R*)(ab = 0).

The statement ‘there are no zero divisors in R’ means ‘there does not exist
a zero divisor in R’.

The statement there does not exist a zero divisor in R translates into =(Ja €

R)(p(a)).

Observe that

=(3a € R)(p(a)) —(Ja € R)(ae€ R*)A(3be R")(ab=0))
—(Ja € R*)(3b € R*)(ab = 0)

(Va € R*)(Vb € R*)(ab # 0)
a€ER"ANVER" - ab#0
a#0AND#0—ab#0

ab=0—a=0VvVb=0.

(I R R

Therefore, there are no zero divisors in R is equivalent to
1. (Va,b € R*)(ab # 0).

2. (Va,b € R) if a # 0 and b # 0, then ab # 0.

3. (Va,b € R) if ab = 0, then either a =0 or b= 0.

Therefore, an integral domain (R, +, -) is a commutative ring with unity 1 £ 0
such that any of the following are true:
1. (Va,b € R*)(ab # 0) (The product of any two nonzero elements of R is
NONZEro).
2.a#0Ab#0— ab#0 for all a,b € R.
3.ab=0—a=0Vvb=0forall a,b € R.



Let (R,+,-) be an integral domain.
Since 1 # 0, then R contains at least two elements.
Therefore, an integral domain has at least two elements.
Hence, the zero ring cannot be an integral domain.

Let a,b € R.

If a =0, then ab = 0b = 0.

If b =0, then ab = a0 = 0.

Therefore, a = 0 or b = 0 implies ab = 0.

Since ab = 0 implies either a =0 or b =0 and a = 0 or b = 0 implies ab = 0,
then ab = 0 iff either a =0 or b =0 for all a,b € R.

Therefore, in any integral domain ab =0 iff a = 0 or b = 0.

Hence, in any integral domain ab # 0 iff @ # 0 and b # 0.

Example 39. (Z,+,) is an integral domain.

Proposition 40. (Z,,+,-) is an integral domain.
Let p be prime and [a], [b] € (Zp, +, ).
If [a][b] = 0, then [a] =0 or [b] = 0.

Generally, (Z,,+,-) is not an integral domain.
However, if p is prime, then (Z,, +,-) is an integral domain.

Theorem 41. multiplicative cancellation laws hold in an integral do-
main

Let (D,+,-) be a commutative ring with nonzero unity.

Then D is an integral domain iff for all a,b,c € D, if ca = c¢b and ¢ # 0,
then a = b.

Ideals

Definition 42. ideal of a ring

An ideal in a ring R is an additive subgroup I C R such that RI C I and
IRCI.

Let (R, +, %) be a ring.

Let (I,+) < (R, +).

Then [ is an ideal iff (Vo € I)(Re C I AxR C I).

Let x € I.
Rz = {rz :r € R} (left ideal)
xR = {xr :r € R} (right ideal)
Therefore, all multiples of x € R lie in I.

Since (R, +) is an abelian group and I C R, then I is abelian.
Hence, (I,+) is an abelian subgroup of (R, +).



Let I be an ideal of a ring R.
Then I C R and
1. (Va,be I)(a+beI). (closed under addition)
2. (Va € I)(¥r € R)(ra € I). (closed under multiplication by any element
of R)

Examples:
(2Z,+, *) is an ideal of Z.

Proposition 43. Let R be a ring.
The zero ring and R itself are ideals in R.

R and the zero ring {0} are trivial ideals.

Definition 44. principal ideal of a ring

Let R be a commutative ring.

Let a € R.

Then the ideal (a) = {ra : r € R} is called the principal ideal generated
by a in R.

Since R is commutative, then ra = ar, so (a) = {ra:r € R} = {ar : r € R}.
Theorem 45. FEvery ideal in the ring Z is a principal ideal.

Let I be an ideal of Z. Then there exists n € Z such that I = (n) = {kn :
k € Z} = nZ. Thus, the only ideals in Z are multiples of n for every n € Z.

Quotient Rings

Definition 46. congruence modulo relation of an ideal
Let I be an ideal of a ring R.
Let a,b € R.
Then a is congruent to b modulo I | denoted a =b (mod I), iff a—b € I.
Observe that congruence modulo [ is a binary relation on R.

Proposition 47. Let I be an ideal in a ring R. Then congruence modulo I is
an equivalence relation on R.

Let a € R. The equivalence class containing a is

[a] = {reR:r=a (modlI)}
= {reR:r—acl}
= {reR:i=r—-acljicl}
= {a+ieR:iel}
= {a+iiel}
a+1.

a + I is the left coset of I with representative a € R.
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Proposition 48. Let I be an ideal in a ring R. Let a,b € R. Thena—be I
iffa+I=0+1.

Therefore, a =b (mod I) iffa—beliffa+I=>b+1.

Definition 49. Quotient Ring
Let I be an ideal in a ring R.
Let ? be the collection of all cosets of I in R.
Then & = {a+1:a€ R}.
Define coset addition by : (a+ 1)+ (b+1)=(a+b)+1 for all a,b € R.
Define coset multiplication by : (a4 I)(b+ I) = ab+ I for all a,b € R.
The set ? is a ring under coset addition and coset multiplication.
I =0+ 1 is additive identity, where 0 is additive identity of R
e + I is multiplicative identity, where e is multiplicative identity of R
(?, +, %) is the quotient ring of R modulo I.
Each a + I is called a coset modulo I.

Ring Homomorphisms

Definition 50. ring homomorphism
Let R be a ring with unity 1 and let R’ be a ring with unity 1’.
A function ¢ : R — R’ is a ring homomorphism iff
1. Preserves addition: ¢(a + b) = ¢(a) + ¢(b) for all a,b € R.
2. Preserves multiplication: ¢(ab) = ¢(a)@(b) for all a,b € R.
3. Preserves unity: ¢(1) =1'.

Definition 51. kernel of a ring homomorphism
Let R be a ring with zero 0 and let R’ be a ring with zero 0.
Let ¢ : R — R’ be a ring homomorphism.
The kernel of ¢, denoted ker(¢), is the set {r € R: ¢(r) = 0'}.

Example 52. Let ¢ : Z — Z,, be defined by ¢(a) = [a],, for all a € Z.
Let a,b € Z.
Then

Blatb) =

and

Observe that 1 is the unity of Z and [1],, is the unity of Z,, and ¢(1) = [1],.
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Therefore, ¢ is a ring homomorphism.

ker(¢p) = {a€Z:¢(a)=[0],}
{nk:keZ}
nZ.

Example 53. Let C, ) be the ring of continuous real valued functions defined
on the closed interval [a, b].

Then Cia 5 = {f : [a,b] — R|f is continuous }.

Let « € [a, b] be fixed.

Let ¢ : Ciq5) — R be defined by ¢o(f) = f(a).

Let f,g € C[%b].
Then
ba(f+9) = (f+9)(e)
= f(a)+g(a)
ba(f) + dalg)
and

tal(fg) = (fo)(@)
= fla)g(a)
= ¢a(f)¢oz(g)'

The function f : [a,b] — R defined by f(z) =1 for all x € [a,b] is the unity
element of C[, 3 and 1 is the unity element of R. Observe that ¢, (f) = f(a) = 1.
Therefore, ¢ is a ring homomorphism.

ker(¢) = {f € Clay: dalf) =0}
= {f€Cuy: fla) =0}

Thus, the kernel of ¢ is the collection of all continuous real valued functions
defined on [a, b] that have z intercept at z = a.

Proposition 54. Let R be a ring with zero 0 and let R’ be a ring with zero 0.
Let ¢ : R — R’ be a ring homomorphism. Then the following are true:
1. ¢(0) =10".
2. If R is a commutative ring, then ¢(R) is a commutative ring.
3. If R is a field and ¢(R) # {0'}, then ¢(R) is a field.

Theorem 55. Let ¢ : R — R’ be a ring homomorphism.
Then ker(¢) is an ideal in R.

Theorem 56. Let I be an ideal of a ring R. Letn : R — % be defined by

n(a) = a+1I for all a € R. Then n is a ring homomorphism of R onto ? with
kernel I. We call n the natural homomorphism from R onto ?,
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Definition 57. ring isomorphism
A ring isomorphism is a bijective ring homomorphism.

Theorem 58. Fundamental Homomorphism Theorem

Let ¢ : R — R’ be a ring homomorphism with kernel K. Then there exists a
unique ring isomorphism ¢' : £ — ¢(R) defined by ¢/ (rK) = ¢(r) for allr € R
such that ¢’ on = ¢, wheren: R — % is the natural homomorphism.

Ring Facts

finite fields C fields C Euclidean domains C principal ideal domains C unique
factorization domains C integral domains C commutative rings

Definition 59. integral ideal
Let S C Z be nonempty. Then S is an integral ideal iff
1. S is closed under addition and subtraction.
2. if n e Sand r € Z, then rn € S.

(m) = {km : k € Z} = all multiples of integer m is an integral ideal.

Number Rings

Multiples of integer n (nZ, +, %)

Let n € Z+.
(nZ,+, *) is an ideal of Z.
additive identity = 0
additive inverse of nk is —nk for some k € Z

Proposition 60. Let n € Zt. Then (nZ,+,*) has a multiplicative identity iff
n=1.

Therefore, if n > 1, then nZ has no multiplicative identity.
Proposition 61. Let n € Z*. Then nZ is an integral domain iff n = 1.

Therefore, if n > 1, then nZ is not an integral domain.

Subring Relationships of number rings

(nZ7+7*) < (Z7+7*> < (@>+a*) < <R7+’*) < (C7+7*>
@) < (R7,) <(C,)
(Q+’ ) < (RJr’ ) < (R*7)
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Function Rings

Let FF = {f:R+~ R|f is a function}.
The sum of functions, denoted f + g, is defined by function addition where

(f +9)(x) = f(z) + g(x) for all z € R.

The product of functions, denoted fg, is defined by function multiplication
where (fg)(z) = f(z)g(x) for all x € R.

(F,+) = abelian group

Additive identity is the zero function f(x) =0 for all x € R.

Additive inverse of f(x) is —f(x) = (—f)(z) for all x € R.

(F,+,*) = commutative ring

Direct product of Rings
Theorem 62. Let (R,+,%*) be a ring with unity e. Let n € Z+*,n > 2. Then
(R™, +, %) is a ring with unity (e,e,...,€).

Therefore, the direct product of n copies of a ring is a ring.

Theorem 63. Let (R, +,*) be a commutative ring. Then (R™, 4+, %) is a com-
mutative Ting.

Therefore, the direct product of n copies of a commutative ring is a commu-
tative ring.

Matrix Rings

Let R be a ring.
Let n e Z™.
Let M, (R) = n X n matrices with entries in R.
Then (M, (R),+, ) is a ring with unity I = identity matrix.
If n > 2, then M, (R) is a non-commutative ring.
Rlngs:

Q)
R) = square matrices of real numbers
C) = square matrices of complex numbers
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