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Chapter 1 Vectors

Chapter 1.1 Coordinate Vectors

Exercise 1. Let z,y,2 € R? such that z = (3,—1,0) and y = (0,1,5) and
z=(2,5,-1).
Compute 3z and y + z and 4z — 2y + 3z.

Solution. Observe that 3z = 3(3,—1,0)
Observe that y + z = (0,1,5) + (2,5,
Observe that

= (97 _
1) = (
dz — 2y + 3z 4(3,—1,0) — 2(0,1,5) + 3(2,5, 1)
(12,-4,0) — (0,2,10) + (6,15, —3)
(12,—6,—10) + (6,15, —3)

(18,9, —13).

Therefore, (18,9, —13) = 4z — 2y + 3z is a linear combination of the vectors
z,Y, 2. O

Exercise 2. Find numbers a and b such that ax + by = (9,—1,10), where
z=(3,-1,0) and y = (0, 1,5).
Is there more than one solution?

Solution. Let a,b € R such that az + by = (9, —1, 10).
Observe that

(9, —1,10)

ax + by

= a(3,—-1,0) +5(0,1,5)
(3a,—a,0) + (0, b, 5b)
= (3a,—a+b,5b).

Thus, (9,—1,10) = (3a,—a+b,5b), so 3a = 9 and —a+b = —1 and 5b = 10.



Hence,a =3 and —a+b=—-1landb=2,and - 1=—-a+b=-3+2=—1.
Therefore, a = 3 and b = 2.
There is only one solution, a = 3 and b = 2. O

Exercise 3. Show that no choice of numbers a and b can make ax+by = (3,0,0),
where z = (3,—1,0) and y = (0, 1, 5).
For what values of ¢, if any, can the equation azx + by = (3,0, ¢) be satisfied?

Solution. Suppose there exist real numbers a and b such that az+by = (3,0,0).
Observe that

(3,0,0) = ax+by
= a(3,—-1,0)+b(0,1,5)
= (3a,—a,0)+ (0,b,5b)
= (3a,—a+b,5b).
Thus, (3,0,0) = (3a,—a + b,5b), so 3a = 3 and —a + b =0 and 50 = 0.
Hence, a =1 and —a+b=0and b= 0.
Consequently, 0 = —a+b=—-1+0= -1, s0 0 = —1, a contradiction.
Therefore, there are no real numbers a and b such that ax+by = (3,0,0). O
Solution. Suppose there exist real numbers a and b such that ax+by = (3,0, ¢),

where ¢ € R.
Observe that

(3,0,¢c) = ax+by
= a(3,-1,0) +b(0,1,5)
= (3a,—a,0)+ (0,b,5b)
= (3a,—a+b,5b).

Thus, (3,0,¢) = (3a,—a + b,5b), so 3a =3 and —a+ b =0 and 50 = c.
Hence, a =1 and —a+b=0and b= g

-5 -5
Consequently,O:—a+b:—1—|—E: te 50 0 = +C.

5 5 °° 5
Therefore, 0 = -5+ ¢, so ¢ = 5.
If there are real numbers a and b such that az+by = (3,0,¢), thenc =5. O

Exercise 4. Prove that the representation of a vector x € R™ in terms of the
natural basis is unique.

That is, show that if z1e1 + zoes + ... + xpen = Y161 + y2€2 + ... + Ypey,, then
xrr =y for each k =1,2,...,n.

Proof. Let x € R".

Then there exist x1, z9, ..., 2, € R such that x = (21,22, ..., 2Zn).

Let z1e1 4+ x2es + ... + x,e, be a representation of x.

Then © = z1e1 + x2e2 + ...Tp€n.

Suppose y1e1 + Y262 + ... + ype, is another representation of z for some
Y1, Y2, - Yn € R.



Then x = y1e1 + yses + ... + Ynen.

Thus, z1e1 + T3 + ... + Tpen = T = Y161 + Y262 + ... + Yn€n, SO T1€1 +
T2€o + ... + Tp€py = Y161 + Y262 + ... + Yplp.

Observe that

rie1 +x9+ex+ ... +xTpnep = Y€1 + Y2 + ... + Ypep
21(1,0,...,0) + 22(0,1,...,0) + ... + 2,(0,0,...,1) = 21(1,0,...,0) + 92(0,1,...,0) + ... + 4,(0,0, ..., 1)
(21,0,...,0) + (0,22, ...,0) + ... + (0,0, ..., x,) = (¥1,0,...,0)+ (0,y2,...,0) + ... + (0,0, ..., ¥n)
(1,22, e, Zn) = (Y1,Y2, ey Yn)-

Therefore, x1 = y; and x5 = yo and ... and z,, = y,, SO T = yi for each
k=1,2,...,n. O

Exercise 5. Represent the first vector as a linear combination of the remaining
vectors, either by inspection or by solving an appropriate system of equations.
a. (2,3,4);(1,1,1),(1,2,1),(-1,1,2)
b. (27 _7); (17 1)a (17 _1)
c. (—2,3);e1,e9
Solution. a. Let a, b, ¢ € R such that (2,3,4) = a(1,1,1)+b(1,2,1)+¢(-1,1,2).
Observe that

(2,3,4) = a(1,1,1)+b(1,2,1) +c(—1,1,2)
(aa a, (1) + (b7 2ba b) + (_C7 C, 20)

= (a+b,a+2ba+b)+ (—cc,2c)
(a+b—c,a+2b+c,a+ b+ 2c).

Thus, (2,3,4) = (a+b—c,a+2b+c,a+b+ 2¢), so a+b—c =2 and

a+2b+c=3and a+ b+ 2c=4.

Hence, 2a +3b=5 and —a — 3b = —2, so a = 3.

Consequently, 3b =5 —2a =5 —2(3) = —1, sob:f%,andc:aerf?:
3L 92

3 3

1 2 1
Therefore, a = 3 and b = —3 and ¢ = 3750 (2,3,4) = 3(1,1, 1)—§(1,2, 1+
2
—(—1,1,2).
2(-1.1,2)

b. Let a,b € R such that (2,—-7) = a(1,1) + b(1, —1).
Observe that

(2,-7) = a(1,1)+b(1,-1)
(G,, (1) + (b7 _b)
(a+b,a—0b).

Thus, (2,-7) = (a+b,a—b),s0oa+b=2and a —b= -7, so 2a = —5.



Hence,a:f§ andb:Qfa:2f(f§):g,soa:f§ andb:g.
2 5 9 2 2 2 2
Therefore, (2,—7) = —5(1, 1)+ 5(17 -1).

c. Let a,b € R such that (—2,3) = ae; + bes.
Then a = —2 and b = 3, so (—2,3) = —2e; + 3ea. O

Exercise 6. Let z = (5,500,10) represent the amount of ink, paper, and
binding material needed to produce a single copy of some book, and let y =
(4,800,90) be the same vector for some other book.

Interpret 100z + 50y.

What about 100x — 50y?

Solution. The expression 100z + 50y represents the total amount of ink, paper,
and binding material required to produce 100 copies of the first book and 50
copies of the second book, whereas the expression 100z — 50y is the difference in
the amount of ink, paper, and binding material required to produce 100 copies
of the first book once 50 copies of the second book have been produced. O

Chapter 1.2 Geometric Vectors



