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Vector Spaces

Example 1. trivial vector space
Let V = {0}.
Let F be a field.
Define addition on V by 0+ 0 = 0.
Define the product A -0 =0 for all A € F.
Then (V,+,-) is a vector space, called the trivial vector space.

Proof. Addition defined on V is a function V x V' — V defined by 0+ 0 = 0, so
addition is a binary operation on V.

Since A -0 = 0 for all A € F, then for every A € F and 0 € V, scalar
multiplication assigns the element A -0 = 0 € V, so scalar multiplication is a
function F x V — V.

Observe that

(0+0)+0 = 040
= 0+ (0+0).
Hence, (04+0)+0=0+ (0+0).
Since 0 € V and (0+0) + 0 =0+ (0 + 0), then addition is associative.
Since 0 € V and 0+ 0 = 0 + 0, then addition is commutative.
Since 0 € V and 040 = 0, then 0 € V is a right additive identity.

Since 0 € V and 0+ 0 = 0, then 0 is a right additive inverse of 0, so every
element of V' has a right additive inverse.

Let a,8 € F.
Since F' is closed under field multiplication, then a5 € F.
Observe that

a(B0) = a0
= 0
— (aB)0.

Therefore, a(80) = (3)0, so associativity of scalar multiplication with field
multiplication holds.



Let A e F.
Observe that

A0+0) = A0

0
0+0
= A0+ AO.

Therefore, A(0+ 0) = A0 + A0, so the left distributive law of scalar multipli-
cation over vector addition holds.

Let a,8 € F.
Since F is closed under addition, then a + 8 € F.
Observe that

(a+pB)0 = 0
= 040
= a0+ B0.

Therefore, (a4 8)0 = a0 + /30, so the right distributive law of scalar multi-
plication over scalar addition holds.

Let 1 € F.
Then 1-0 =0, so 1 € F' is a multiplicative identity for scalar multiplication.

Since addition is a binary operation on V, and scalar multiplication is a
function F' x V' — V, and addition is associative, and addition is commutative,
and 0 € V is a right additive identity, and every element of V' has a right additive
inverse, and associativity of scalar multiplication with field multiplication holds,
and the left distributive law of scalar multiplication over vector addition holds,
and the right distributive law of scalar multiplication over scalar addition holds,
and 1 € F' is a multiplicative identity for scalar multiplication, then (V,+,-) is
a vector space over F'. O

Example 2. The set {1} is not a vector space.

Proof. Let V = {1}.
Since 1+ 1=2and 2 ¢V, then V is not closed under addition.
Therefore, (V,+, ) is not a vector space. O

Vector Space F™

Definition 3. list of length n
Let n be a nonnegative integer.
A list of length n is an ordered collection of n elements.



A list of length n is also called an n-tuple.
Order matters in a list.
A list may have duplicates.

Definition 4. empty list
The empty list, denoted (), is a list of length 0.

Let n € ZT.
Let (z1,...,x,) be a list of length n.
Then (1, ..., 2,) has n elements, so (z1, ..., 2,) has finite length.

Definition 5. equal lists

Let a and b be lists.

Then a equals b, denoted a = b, iff a and b have the same number of
components and their corresponding components are equal.

Let n be a nonnegative integer.

Let a = (a1, as,...,a,) and b = (by, ba, ..., b,) be two lists.

Then a = b iff a1 = b; and ay = by and ... and a,, = b,.

Therefore, two lists are equal iff they have the same length and the same
elements in the same order.

Example 6. list of length 1
Let a be an object.
Then (a) is a list of length 1.

Example 7. list of length 2
Let a and b be distinct objects.
Then the ordered pair (a,b) is a list of length 2.
Observe that a # b, so (a,b) # (b, a).
Therefore, the ordered pairs (a,b) and (b, a) are different.

Example 8. list of length 3
Let x,y, z be distinct objects.
Then the ordered triple (x,y, z) is a list of length 3.
Since z,y, and z are all distinct, then (z,y,z) # (z,2,y) # (y,z,2) #

(y7 Z’ m) ?é (Z’ $7y> 7& (Z?y7 x)'

Example 9. list of length n
Let n € Z*.
Let z1,...,x, be n objects.
Then the n-tuple (z1, ..., z,) is a list of length n.

Example 10. Order matters in a list.

The lists (3,5) and (5,3) are not equal, since 3 is the first element of the
first list, whereas 5 is the first element of the second list.

Therefore, (3,5) # (5, 3).



Example 11. Duplicates are allowed in a list.

The lists (4,4) and (4,4,4) are not equal, since the first list has length 2,
whereas the second list has length 3.

Therefore, (4,4) # (4,4,4).

Definition 12. F™

Let I be a field.

Let n € ZT.

The set of all lists of n elements of Fis F* = Fx FX...x F = {(v1,...,vp) :
v € F for each k € {1,...,n}}.

Let F be a field.

Let n € ZT.

Let (vy,...,vn) € F™.

Then (v1,...,v,) is a list of length n.

For each k € {1,...,n}, the k*" component of (vy,...,v,) is vg.

TODO: Determine the correct precise definition of coordinate of a vector .
Is it defined relative to some basis? If so, add a new definition for it somewhere.

Definition 13. component-wise addition over F"

Let (F,+,-) be a field.

Let n € Z™.

Define component-wise addition on F" = F x F'x ... F by (v1,...,v,) +
(w1, ...,wp) = (V1 + W1, ooy Uy + wy) for all (vy,...,vp), (W1, ...;wy) € F™.

Let (F,+,-) be a field.

Let n € Z7.

Let (vy,va,...,v,) € F™.

Let (w1, wa, ..., w,) € F™.

The sum is (v1,va, ..., Up) + (W1, Wa, ..., Wy ) = (V1 + w1, V2 + Wa, ...y Uy +wy,).

Proposition 14. (F™,+) is an abelian group under component-wise
addition.

Let (F,+,-) be a field.

LetneZ™.

Then (F™,+) is an abelian group under component-wise addition.

Proof. Since (F,+,) is a field, then (F,+) is an abelian group.

Addition on F™ = F x F' x ... F is defined component-wise by (v1,...,v,) +
(Wi, ooy wp) = (V1 + W1, ..., Uy, + wy) for all (vy,...,v,), (W1, ..., w,) € F™.

Since (F,+) is an abelian group, then the set F™ with component-wise ad-
dition is a direct sum of F' with itself n times, so (F",+) is a direct sum of
abelian groups.

Since the direct sum of abelian groups is an abelian group, then (F",+) is
an abelian group. O

Let (F,+,-) be a field.
Let n € Z™.



Then (F™,+) is an abelian group under component-wise addition.

The additive identity is (0, ...,0), where 0 € F is the additive identity of F.

The additive inverse of (v1, ..., v,) € F™ is (—v1, ..., —vy ), where vy € F and
—v € F for each k € {1,...,n}.

Definition 15. scalar multiplication in F™
Let F be a field.
Let n € ZT.
Let (v1,v2,...,v,) € F™.
Let A € F.
Define the product by A(vi,ve, ...,v,) = (Av1, Ave, ..., Avy,).

Theorem 16. (F",+,-) is a vector space over F.

Let (F,+,-) be a field.

LetneZ™.

The set F™ with component-wise addition and scalar multiplication defined
on F™ is a vector space over F'.

Proof. By proposition 14, (F™,+) is an abelian group under component-wise
addition defined by (v1,...,v,) + (w1, ..., wn) = (v1 + w1, ...,v, + w,) for all
(V15 ey V), (W1, ...ywy) € F™.

Let A € F and (v1,v9,...,v,) € F™.

Then A(v1,va, ..., vn) = (Av1, Ava, ..., Avy,).

Let k € {1,2,...,n}.

Since F is closed under multiplication, and A € F' and vy € F, then vy € F'.

Hence, Avg € F for all k € {1,2,...,n}, so (A\v1, Avg, ..., Av,,) € F™.

Thus, for each A € F' and for each (vy, v, ...,v,) € F™ scalar multiplication
in F™ assigns the product (\vy, Ava, ..., Av,) € F™.

Therefore, scalar multiplication in F™ is a function F' x F™ — F" de-
fined by A(vi,v2,...,vn) = (Avy, Avg, ..., \v,) € F™ for all A € F and for all
(v1,v2, ..., v,) € F™.

To prove associativity of scalar multiplication with field multiplication, we
must prove (Vo € F™)(Va, f € F)[a(B7) = (af)d].
Let v € F™.
Then there exist vy, va, ..., v, € F such that ¥ = (v1,va, ..., Up).
Let o € Fand B € F.
Observe that

a(pt) = ofB(vi,ve,...;v,)]

= «afBu1, Bua, ..., fu,)
(a(Bo1), a(Br2), ..., a(Bvn))
((aB)vr, (aB)vz; ..., (afB)vn)
(af)(v1,v2, ..., Up)
(aB)v.

af



Therefore, a(87) = (af)v, as desired.

To prove the left distributive law of scalar multiplication over vector addition,
we must prove (Y0, € F™)(VA € F)[AN(U + @) = AV + A
Let v € F™ and W € F™.
Since ¢ € F", then there exist vy, vs, ..., v, € F such that ¥ = (vy,vs,...,v,).
Since Wi € F'™, then there exist wy, wa, ..., w, € F such that @ = (w1, wa, ..., w,).
Let A € F.
Observe that

AT+ W) = M(vr,v2, .0y 0n) + (W1, wa, ..oy wy)]

A(vr + wy, vy + wa, ..., vy, + wy)

Aoy +w1), A(ve + wa), ..oy MV, + w4))
(Mg + Awy), (Avg + Aws), ...y (Avp, + Awy,))
(Av1, Avg, ..oy Avy) + (Awr, Awa, ..., Adws,)
A(v1,02, ey vn) + AMwr, wa, ..., wy)

= A+ A\d.

Therefore, A(0 + W) = AU + A\, as desired.

To prove the right distributive law of scalar multiplication over scalar addi-
tion, we must prove (Vo' € F™)(Va, § € F)[(a + B)U = at' + 57].
Let v € F™.
Then there exist vy, va, ..., v, € F such that ¥ = (v, va, ..., vy).
Let o € Fand 5 € F.
Observe that

(a+ )7 =

(a+ B)(v1,v2, ..., 0)

((a+ B)vr, (o + Bz, .., (@ + B)vn)
(w1 4 Bur, avs + B, ..., av, + Soy)
(a1, awe, ..., avy,) + (B, Boa, ..., Buy,)
a(vy, v, ..., vp) + B(v1, V2, ..., Uy)

= a¥+ .

Therefore, (o + 8)U = at/ + U, as desired.

To prove 1 € F' is a multiplicative identity for scalar multiplication in F", we
must prove (Vo' € F™)(1 -7 = 7).
Let v € F™.
Then there exist vy, ve, ..., v, € F such that ¥ = (v, va, ..., vy).



Observe that

1 (v1,v2, ..., 0)
(1-v1,1-vg,...,1-vy)
= U17U2;---7’Un>

—

= .

Therefore, 1 -7 = ¥, as desired.

Since (F™, +) is an abelian group under component-wise addition, and scalar
multiplication in F™ is a function F' x F™ — F™ defined by A(vi,v,...,v,) =
(Avy, Ava, ..., Av,) € F™ for all A € F and for all (vq,vs,...,0,) € F", and
associativity of scalar multiplication with field multiplication holds, and the left
distributive law of scalar multiplication over vector addition holds, and the right
distributive law of scalar multiplication over scalar addition holds, and 1 € F
is a multiplicative identity for scalar multiplication in F™, then (F" +,-) is a
vector space over F. O

Let (F,+,-) be a field.
Let n € Z™.
Then (F™, +,-) is a vector space over F.

Let v € F™.
Then there exist vy, va, ..., v, € F such that ¥ = (v, va, ..., V).
Therefore, ¢ = (v, va, ..., v,) is a vector.
Since ¥ is a list of length n, then ¢ is also called an n-component vector.
Therefore, ¢ = (v1,va, ..., vy) is a vector of n-components.

Since (F™, 4+, ) is a vector space, then (F™,+) is an abelian group.
The additive identity is the zero vector 0 = (0, ...,0), a list of length n
whose coordinates are all 0 € F.

The vector space (F™, +,+) over field F satisfies the below axioms.
V1. F™" is closed under vector addition.
U+ w € F™ for all v, € F™.

V2. Vector addition is associative.

(G4 70)+ W =0+ (04 &) for all @, 0,0 € F™.
V3. Vector addition is commutative.

U+ W =W+ ¥ for all ¥, € F".

V4. There exists an additive identity in F™.
(30 € Fr)(Vo € F*)(G+0=0+7= 7).

V5. Every vector in F™ has an additive inverse.
(Vie F") (3 -7 e F")[G+ (—7) = -7+ 7 =0].
V6. F™ is closed under scalar multiplication.
AU € F™ for all A € F' and for all v € F'™.



V7. Associativity of scalar multiplication with field multiplication
a(BV) = (af)v for all T € F™ and for all o, 8 € F.

V8. Left distributive law of scalar multiplication over vector addition
MU+ W) = A+ M0 for all ¥,w € F™ and for all A € F.

V9. Right distributive law of scalar multiplication over scalar addition
(a+ B)V = at+ po for all ¥ € F™ and for all o, 5 € F.

V10. 1 € F is a multiplicative identity for scalar multiplication.
1-v=4vforall v e F".

Example 17. (R",+,-) is a real vector space.

Proof. Let n € Z7T.

Since (R, +,-) is a field, then by theorem 16, the set R™ with component-
wise addition defined by (v1,...,v,) + (w1, ..., wn) = (V1 + w1, ..., v, +wy,) for all
(V1 ooy U), (W1, ..., wy) € R™ and scalar multiplication defined by A\(v1,va, ..., v,) =
(Avy, Avg, ..., Avy,) for all A € R and for all (vy,...,v,) € R™, is a vector space
over R.

Therefore, (R™, 4+, ) is a vector space over R, so (R",+,-) is a real vector
space. O

The vector space (R™, +, ) over R satisfies the below axioms.

V1. R" is closed under vector addition.

v+ w € R™ for all ¥,w € R™.

V2. Vector addition is associative.

(@+7)+ W =u+ (¥4 &) for all @, 7, W € R™

V3. Vector addition is commutative.

U+ W =W+ ¥ for all ¥,w € R"™.

V4. There exists an additive identity in R™.

(30 € RM)(VT € RY)(T+0=0+7 = 7).

V5. Every vector in R™ has an additive inverse.

(Vi e RM)(3-T € RY[G+ (~7) = -7+ 7 =0].

V6. R” is closed under scalar multiplication.

AU € R™ for all A € R and for all ¥ € R™.

V7. Associativity of scalar multiplication with field multiplication
a(BV) = (af)v for all ¥ € R™ and for all o, 8 € R.

V8. Left distributive law of scalar multiplication over vector addition
AV + W) = A0+ A\ for all ;% € R™ and for all X € R.

V9. Right distributive law of scalar multiplication over scalar addition
(a+ B)V = U + B0 for all ¥ € R™ and for all o, 8 € R.

V10. 1 € R is a multiplicative identity for scalar multiplication.
1-7v =4 for all v € R™.

Example 18. R is a 1-dimensional real vector space.

R = {z : z is a real number}.

R is the real-coordinate space of dimension 1 and corresponds to Euclidean
1-dimensional space (Euclidean line).



Example 19. R? is a 2-dimensional real vector space.

The set of all ordered pairs of real numbers is R? = R x R = {(z1, 22) : 2 €
R for each k € {1,2}} = {(z1,22) : z1 € R and 23 € R}.

Therefore, R? = {(z,y) : x,y € R}.

R? is the set of all lists of 2 real numbers.

R? is the real-coordinate space of dimension 2 and corresponds to Euclidean
2-dimensional space (Euclidean plane).

Example 20. R? is a 3-dimensional real vector space.

The set of all ordered triples of real numbers is R? = RxRxR = {(z1, 22, 23) :
x € R for each k € {1,2,3}} = {(z1,22,23) : 1 € R and 22 € R and z3 € R}.

Therefore, R3 = {(z,y,2) : x,y,2 € R}.

R3 is the set of all lists of 3 real numbers.

R3 is the real-coordinate space of dimension 3 and corresponds to Euclidean
3-dimensional space (Euclidean space).

Example 21. R” is an n-dimensional real space.

Let n € Z*.

The set of all ordered n-tuples of real numbers is R" = R xR x ... xR =
{(z1,...,xn) : 2 € R for each k € {1,...,n}}.

R™ is the set of all lists of n real numbers.

R™ is the real-coordinate space of dimension n and corresponds to Euclidean
n-dimensional space.

Example 22. (C",+,-) is a complex vector space.

Proof. Let n € Z*.

Since (C,+,-) is a field, then by theorem 16, the set C™ with component-
wise addition defined by (v1,...,v,) + (w1, ..., wn) = (V1 + w1, ..., vy +wy,) for all
(V1 ey V), (W1, ..., wy ) € C™, and scalar multiplication defined by A(v1, v, ..., v,) =
(Av1, Avg, ..., Auy,) for all A € C and for all (vy,...,v,) € C", is a vector space
over C.

Therefore, (C™, +, -) is a vector space over C, so (C™, 4, -) is a complex vector
space. O

The vector space (C™, +,-) over C satisfies the below axioms.
V1. C" is closed under vector addition.
v+ w € C™ for all ¥,w € C™.

V2. Vector addition is associative.

(U+Y)+ W =u+ (U+ @) for all @, v, w € C™.
V3. Vector addition is commutative.
U+ = w+ ¥ for all ¥, W € C".

V4. There exists an additive identity in C™.
(W eC)(VieC)(T+0=0+7=7).

V5. Every vector in C" has an additive inverse.
(Vi e C)(3 -7 € CY[T+ (—7) = -7+ 7 =0
V6. C" is closed under scalar multiplication.
AU € C™ for all A € C and for all ¥ € C™.



V7. Associativity of scalar multiplication with field multiplication
a(BV) = (af)v for all ¥ € C™ and for all o, 8 € C.

V8. Left distributive law of scalar multiplication over vector addition
AT+ W) = AT+ M for all ¥, € C™ and for all A € C.

V9. Right distributive law of scalar multiplication over scalar addition
(a+ B)V = at + pU for all ¥ € C™ and for all o, 8 € C.

V10. 1 € C is a multiplicative identity for scalar multiplication.
1-v=74vforall v e C".

Example 23. C" is an n-dimensional complex vector space.

Let n € ZT.

The set of all ordered n-tuples of complex numbers is C* = CxCx...xC =
{(z1, -, 2n) : 2 € C for each k € {1,...,n}}.

C™ is the set of all lists of n complex numbers.

C™ is the complex-coordinate space of dimension n.

Example 24. C! is a 1-dimensional complex space.
The set of all ordered 1-tuples of complex numbers is C! = {(2) : z € C}.
C! is the set of all lists of 1 complex number.
C!' is the complex-coordinate space of dimension 1.
C!' corresponds to the Euclidean plane R2.

Example 25. C* is a 4-dimensional complex space.

The set of all ordered 4-tuples of complex numbers is C* = {(z1, 29, 23, 24) :
21, 22, 23, 24 € C}.

C* is the set of all lists of 4 complex numbers.

C* is the complex-coordinate space of dimension 4.

TODO: Rework the sections below. Keep example on the latex notation for
column vectors, so we know how to write column vectors in latex in the future.

Example 26. R™ is a vector space over R
Let n € ZT.
Let a € R.
Let R™ = {(r1,72,73, ..., Tn) : 75 € R}.
Let 7, @ € R™ such that ¥ = (v1, v, ..., v,) and W= (w1, wa, ..., wy).
Define + by:

U1 wy v + Wi
(%) w29 Vo + W2
v+d = |+ =
Un Wn, Up + Wp
Define - by:
U1 Qv
V2 [6%0))
al = « .
Un, av,
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Then R™ under vector addition and scalar multiplication is an n dimensional
real vector space.

R! =R = {z : z € R} is the real number line.
Subspaces of R! are trivial vector space and R!.
Therefore, R' does not have any proper subspaces.

Example 27. Every line in R? passing through the origin with slope
m is a vector space.

Let m € R be fixed.

Let L be a line in R? passing through the origin with slope m.

Then L = {(z,y) € R? : y = mz}.

Therefore, (L, +,-) is a vector space.

Proof. We prove (L, +,-) is a vector space using the two-step subspace test.
Observe that (R, +,-) is a vector space over R and L C R2.
Since 0 € R, then (0,0) € R?.
Since (0,0) € R? and 0 = m - 0, then (0,0) € L, so L # 0.
Therefore, L C R? and L # (J, so L is a nonempty subset of R2.

We prove L is closed under vector addition defined on R2.

Let p,g € L.

Since p € L, then there exist real numbers z; and y; such that p = (z1,y1)
and y; = mzy.

Since ¢ € L, then there exist real numbers o and ys such that ¢ = (z2,y2)
and yo = mxs.

Thus, p+q = (z1,y1)+(22,y2) = (1+22, y1+y2) and Y1 +yo = ma1+mas =
m(x1 + x2).

Since (R2,+, ) is a vector space, then R? is closed under addition.

Since (71,y1) € R? and (72, y2) € R?, then p € R? and q € R?, so p+q € R2.

Since p+ ¢ € R? and p + ¢ = (#1 + 2,51 + y2) and y1 + y2 = m(z1 + x2),
then p+q € L.

Therefore, p € L and ¢ € L imply p+ q € L, so L is closed under vector
addition defined on R2.

We prove L is closed under scalar multiplication defined on R2.

Let \e Rand p € L.

Since p € L, then there exist real numbers z; and y; such that p = (z1,y1)
and y; = mzy.

Since p € L and L C R?, then p € R?.

Since (R?,+,) is a vector space, then R? is closed under scalar multiplica-
tion.

Since A € R and p € R?, then we conclude Ap € R2.

Observe that

Ap = AMzx1,y1)
(A1, Ayr)-

11



Thus, A\p = (Az1, Ay1).
Observe that

Ayt = A(may)
(Am)xy
(mM)xy
= m(Ax1).

Hence, A\y; = m(Ax1).

Since A\p € R? and A\p = (Az1, A\y1) and A\y; = m(Az1), then \p € L.

Therefore, A € R and p € L imply A\p € L, so L is closed under scalar
multiplication defined on R2.

Since (R2,+,-) is a vector space, and L is a nonempty subset of R?, and L
is closed under vector addition and scalar multiplication defined on (R?, +,.),
then by the two-step subspace test, L is a subspace of V, so (L, +, -) is a vector
space. O

Example 28. Every plane in R? passing through the origin with normal
vector (a,b,c) is a vector space.
Let P be a plane in R? passing through the origin with normal vector (a, b, c).
Then P = {(z,y,2) € R® : ax + by + cz = 0} for fixed a,b,c € R.
Therefore, (P, +, ) is a vector space.

Proof. TODO: Start here on page 174 of white linear algebra book. O
Example 29. vector space P, of polynomials

Let n € ZT.

Let P,, = the set of polynomials with real coefficients of degree < n.

Let p,q € P,.

Then

p(x) = apz™ + an_ 12" + ... + a1 + ap and

q(x) = bpa™ + b, 12"+ ..+ byw + by for a;, b; € R.

Define p + ¢ by p(z) +q(z) = (an +bp)x" 4 (an—1 +bp—1)a™ " + ... + (a1 +
b1)$ + (ao + bo)

Then P, is a real vector space.

Example 30. vector space of all m x n matrices with real entries

Let M, xn(R) be the set of all m x n matrices with real entries.

Then My sn(R) = {(aij)mxn : aij € R}

M xn(R) under matrix addition and scalar multiplication by k& € R is a
vector space over the field R.

M, x»(R) is a real vector space.

Example 31. vector space of all m x n matrices with complex entries
Let M, %, (C) be the set of all m x n matrices with complex entries.
Then My, xn(C) = {(aij)mxn : aij € C}.
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M, 5n(C) under matrix addition and scalar multiplication by k € C is a
vector space over the field C.
M, x»(C) is a complex vector space.

Linear Subspaces
Linear Independence

Linear Transformations
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