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Chapter 1 Sets

Chapter 1.1 Basic Definitions and Notation
Methods of Describing Sets

Example 1. Let B = { Massachusetts, Michigan, California }.

The set B consists of 3 elements, and Michigan € B, but Ohio ¢ B.

In this context, the universal set U is the set of all 50 states of the United
States.

Example 2. Let C = {z| x is a natural number and z < 100}.
Observe that C' = {1,2,3,...,99,100}, and 57 € C, but 126 ¢ C.
Observe that C'= {z € N : 2 < 100}.

Example 3. Let D = {z| « is the name of a state in the United States beginning with the letter M.}.
List the elements of set D.

Solution. Observe that D = {Maine, Maryland, Massachusetts, Michigan, Minnesota,
Mississippi, Missouri, Montana} O

Example 4. Let X = {z| = is a male citizen of the United States.}.
The set X is a large set, difficult to describe using the roster method to list
all of its elements.

Example 5. Let T = {10, 20, 30, 40, ...}.
Observe that 50 € T and 50 € T, but 15 ¢ T..

Intervals

1 1
Example 6. SinceZgR,andOEZandlEZand§6Rand0<5<1,but

1
3 & 7, then 7Z is not an interval.

Example 7. Since Q CR,and 1 € Qand2€ Q and vV2€ R and 1 < v2 < 2,
but v/2 ¢ Q, then Q is not an interval.



Example 8. Assume the universal set is R.
Find the solution set to the inequality 7x — 9 < 16.

Solution. Let x € R. o
Observe that 7x — 9 < 16 iff Tx <25 iff v < —.
257 25
Therefore, the solution set is {z € R: z < 7} = (—o0, 7]

Example 9. Assume the universal set is R.
Find the solution set to the inequality |2z + 3| < 5.

Solution. Let 2 € R.
Observe that

20 +3| <5 & —-5<2x+3<5
& —8<2r<2
& —4d<z<l1
& ze(—4,1).

Therefore, the set of all real numbers z such that |2z + 3| < 5 is the open
interval (—4,1). O

Example 10. Assume the universal set is R.
Find the solution set to the inequality 222 + 2 — 28 < 0.

Solution. Let S = {z € R: 222 + 2 — 28 < 0}.
Let x € S.
Then z € R and 222 + 2 — 28 < 0,50 222 + 2 — 28 = (22 — 7)(x + 4) <0.
Thus, either (2z —7)(z+4) < 0 or (22 —7)(x +4) = 0, so either 22 — 7 > 0
andzx+4<0,or2x—7<0andx+4>0,or2x—7=0,orx+4=0.
We consider these cases separately.
Case 1: Suppose x +4 = 0.

Then x = —4.
Case 2: Suppose 2z — 7 =0.
7
Th = —.
enz =g

Case 3: Suppose 2z — 7 >0 and z 4+ 4 < 0.
7
Then x > 3 and x < —4, an impossibility.

Therefore, this case cannot happen.
Case 4: Suppose 2z — 7 < 0 and z +4 > 0.

7 7
Thenx<§andx>—4,so—4<x<§.

[NCREEN

7 7
Hence, in all cases, either x = —4 or x = ok or -4<x< ok so —4<zx<

7 7
Therefore, x € [—4, 5], so S C[—4, 5]



Let y € [—4, g]

ThenyeRand—4§y§g,so—4§yandy§g.
Hence, 0 <y+4and 2y <7,s0y+4>0and 2y — 7 < 0.
Thus, (y +4)(2y —7) <0, so 2y* +y — 28 < 0.

Since y € R and 2y? +y — 28 < 0, then y € S, so [—4, g} cSs.
. 7 7 7
Since S C [—4, 5] and [—4, 5] C S, then S = [—4, 5] O
Example 11. Assume the universal set is R.
Find the solution set to the inequality 522 4 3z + 2 < 0.
Solution. Let S be the solution set to the inequality 522 4 3z + 2 < 0.
Then S = {x € R:5z% + 3z +2 < 0}.
Let z € R.
Observe that
3
5r2 43z +2 = 5(z2+g)+2
3 12 32
= il 9_5.(2
5(x+10) + 5 (10)
3.4, 31
= 5((E + TO) + 270
> 0.
Therefore, 522 + 32 +2 > 0, so 522 + 3z +2 > 0 for all z € R.
Hence, there is no = € R such that 522 + 32z +2 < 0, so S = 0. O

Relations between Sets

Example 12. Let H = {1,2,3}.
Let N ={2,4,6,8,10}.
Let P =1{1,2,3,...,9,10}.
Find the subset relationships among these sets.
Show that P ¢ H and P € N.
Show that neither H nor N is a subset of the other.

Solution. Observe that H € H and N € N and P C P and H C P and
N C P.

Since 4 € P, but 4 ¢ H, then P Z H.

Since 1 € P, but 1 ¢ N, then P Z N.

We show that neither H nor N is a subset of the other.
Since 1 € H,but 1 ¢ N, then H € N.
Since 4 € N, but 4 ¢ H, then N € H.
Since H N and N € H, then neither H nor N is a subset of the other. [



Example 13. Let T = {2,4,6,...}.
Let V = {4,8,12,..}.
Let W ={...,—8,-4,0,4,8,...}.
Find the subset relationships among these sets.

Solution. Observe that T is the set of all positive even integers, and V is the
set of all positive multiples of 4, and W is the set of all multiples of 4.
Since every positive multiple of 4 is a positive even integer, then V C T
Since every positive multiple of 4 is a multiple of 4, then V' C W.
Since2 € T,but 2¢ V, then T Z V.
Since —8 € W, but —8 ¢ V', then W € V.

Since 6 € T, but 6 ¢ W, then T Z W.
Since —4 € W, but -4 ¢ T, then W £ T.
Since T W and W € T, then neither T nor W is a subset of the other. [

Example 14. Find the subset relationships of the number sets: N, Z, Q, R, C.

Solution. We find the relationships below.

Observe that NC Z and Z C Q and Q C R and R C C.

Since Q C R and R ¢ C, then Q c C.

Since Z C Q and Q C R, then Z C R.

Since Z C R and R C C, then Z C C.

Since NC Z and Z C QQ, then N C Q.

Since N C Z and Z C R, then N C R.

Since NC Z and Z C C, then N C C.

Therefore, NCZand NCQand NCRand NCC,and ZC Q and Z C R
and Z CC,and Q CRand Q Cc C, and R C C. O

Chapter 1.1 Exercises

Exercise 15. Let A = {z € R: 2® + 22 — 122 = 0}.
Express the set via the roster method; that is, list its elements.

Solution. Observe that A is the solution set to the equation 2% + 22 — 12z = 0.
Let x € A.
Then z € R and 23 + 22 — 122 =0, 50 0 = z(2* + 2 — 12) = z(x +4)(x — 3).
Therefore, either x =0 or x = —4 or x = 3, so z € {—4,0, 3}.
Hence, A C {—4,0,3}.

We verify the zeros of the polynomial 23 4+ 22 — 122 are —4,0, 3.
Since —4 € R and (—4)% + (—4)? — 12(—4) = 0, then —4 € A.
Since —0 € R and (0)3 + (0)% — 12(0) = 0, then 0 € A.

Since 3 € R and (3)% + (3)? — 12(3) = 0, then 3 € A.
Thus, -4 € Aand 0 € A and 3 € A, so {—4,0,3} C A.



Since A C {—4,0,3} and {—4,0,3} C A, then A = {—4,0,3}. O

3 3
Exercise 16. Let B={z e R: —— + ——— = —2}.
+1 224z
Express the set via the roster method; that is, list its elements.
3 3
Solution. Observe that B is the solution set to the equation —— + —— =
x+1 22+

—2.
The universal set is R.
Since division by zero is not defined, then x+1 # 0 and 224z = x(x+1) # 0.
Since z(x 4+ 1) # 0, then x # 0.

Let z € B. 5 5
TheanRandm+m:—2
Observe that

3 3
9 =
x+1 + z(x+1)
. 3xz+3
 x(z+1)
3z +1)
z(z+1)
_ 3
= -
Hence, —2 = §
T

3
Since x # 0, then —2z =3, s0 = ——.

Thus, = € {f%}7 so B C {fg}

3
We verify that —3 is a solution to the equation.

3 3 3 3 3
Since —= € R and — + — —— = —2,then —= € B,so {—=} C
: FT I 2 2
B.
. 3 3 3
Since B C {—5} and {—5} C B, then B = {—5} 0

Exercise 17. Let C = {z e N: —-12 < z < 25}.
Express the set via the roster method; that is, list its elements.

Solution. Since C' is the set of all natural numbers greater than or equal to
—12 and less than 25, then C = {1,2,3,4,...,23,24}. O

Exercise 18. Let D = {z € N: z is prime and divisible by 2 }.
Express the set via the roster method; that is, list its elements.



Solution. Let z € D.

Then x € N and z is prime and z is divisible by 2.

Since 2 is the only natural number that is prime and is divisible by 2, then
x=2,s0zx € {2}.

Thus, € D implies z € {2}, so D C {2}.

Since 2 € N and 2 is prime and 2 is divisible by 2, then 2 € D, so {2} C D.

Since D C {2} and {2} C D, then D = {2}. O

Exercise 19. Let E={z € Z: -5 <z < 4}.
Express the set via the roster method; that is, list its elements.

Solution. Since E is the set of all integers between —5 and 4, then E =
{-4,-3,-2,-1,0,1,2,3}. O

Exercise 20. Let G = {z : z is a planet in the Earth’s solar system }.
Express the set via the roster method; that is, list its elements.

Solution. Since G is the set of all planets in the Earth’s solar system, then
G = { Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus, Neptune}. O

Exercise 21. Let H = {x : x is a month of the year }.
Express the set via the roster method; that is, list its elements.

Solution. Since H is the set of all months of the year, then H = { January, February, March, April, May,

June, July, August, September, October, November, December}. O
Exercise 22. Let ] = {a € R: f(z) = ﬁx—%—? is discontinuous at © = a }.

Express the set via the roster method; that is, list its elements.
x B x

2 -3z +2 (v—2)(x—1)
has domain all real numbers x except x =1 and =z = 2.

Therefore, the domain of f is the set of all real numbers excluding 1 and 2.

The function f is discontinuous at x = 1, since the line z = 1 is a vertical
asymptote.

The function f is discontinuous at z = 2, since the line = 2 is a vertical
asymptote.

Therefore, I = {1,2}. O

Solution. The rational function f given by f(z) =

Exercise 23. Let J = {a € R: f(z) = |z] fails to have a derivative at x = a }.
Express the set via the roster method; that is, list its elements.

Solution. The absolute value function f is defined by f(z) = |z| for all z € R.
Since 0 € R and every real number is an accumulation point of R, then 0 is
an accumulation point of R, so 0 is an accumulation point of R — {0} = R*.

— f(0
Let ¢ : R* — R be a function defined by ¢(x) = flz) = 1) = I=1 for all

R x—0 x
T € R*.



We consider the limit lim, ¢ ¢(z) = lim, o M
T

Let z € R*.
Then z € R and z # 0, so either x > 0 or x < 0.

If x > 0, then lim,_,q ¢(z) = lim, ¢ m = lim,_,o r_ limg, 01 =1.
T T

If x <0, then lim,_,q ¢(z) = lim, 0 m = lim,_,o - limg,_,0—1=—1.
z
Therefore, lim,_, ¢(x) does not exist, so f is not differentiable at 0.

Hence, f fails to have a derivative at x = 0.
Thus, J = {0}. O

Exercise 24. Let K = {a € R: f(z) = 32*+42° 1222 has a relative maximum at = = a }.
Express the set via the roster method; that is, list its elements.

Solution. Let f : R — R be the polynomial function defined by f(x) =
3zt + 423 — 1222 for all z € R.

We use the first derivative test to find the relative maxima of f, if any exist.

Since polynomial functions are continuous, then f is continuous, so f is
continuous on R.

Observe that f/(x) = 1223 + 1222 — 24z for all x € R, so f is differentiable
on R.

Since f/(x) = 0iff 0 = 12234+122%—242 = 12z(22+2—-2) = 122(z+2)(z—1),
then f'(z) =0 iff 12z(x +2)(x — 1) = 0.

Thus, f/(z) =0 whenever x =0 or x = —2 or z = 1.

The critical points are: —2,0,1.

We determine the sign of f/(z) on the open intervals: (—oo, —2), (—2,0), (0,1), (1, 00).
We determine the sign of f/(x) on the interval (—oo, —2).
Let x € (—o0, —2).
Then z < —2,s0x+2<0and z — 1 < —3.
Since z < —2 < 0, then = < 0.
Since x — 1 < -3 <0, then z — 1 < 0.
Since 12 > 0 and z < 0 and 2+2 < 0 and z—1 < 0, then 12z(x+2)(z—1) < 0,
so f'(z) < 0.
Therefore, f'(z) < 0 for all z € (—o0, —2).

We determine the sign of f/(z) on the interval (—2,0).

Let z € (—2,0).

Then —2 < x < 0,80 —2 < x and z < 0.

Since —2 < z, then 0 < x+2,s0 z+ 2 > 0.

Since x < 0, thenz — 1< -1<0,s0z—1<0.

Since 12 > 0 and < 0 and +2 > 0 and z—1 < 0, then 12z(z+2)(z—1) < 0,
so f'(x) > 0.

Therefore, f'(z) > 0 for all z € (—2,0).



We determine the sign of f/(z) on the interval (0, 1).

Let z € (0,1).

Then0 <z < 1,500 <z and z < 1.

Since 0 < x, then = > 0.

Since z > 0, then £ 4+2 > 2> 0,s0 z +2 > 0.

Since x < 1, then z — 1 < 0.

Since 12 > 0 and > 0 and +2 > 0 and z—1 < 0, then 12z(z+2)(x—1) < 0,
so f'(z) < 0.

Therefore, f'(z) < 0 for all z € (0,1).

We determine the sign of f/(z) on the interval (1, 00).

Let z € (1, 00).

Then x > 1,s0x —1 > 0.

Since x > 1 > 0, then = > 0.

Since x > 1, then z+2 >3 >0,s0 x +2 > 0.

Since 12 > 0 and > 0 and +2 > 0 and z—1 > 0, then 12z(z+2)(z—1) < 0,
so f'(x) > 0.

Therefore, f'(x) > 0 for all z € (1, 0).

Consequently, the sign of f/(x) for each interval is as follows.
f(z) <0 for all z € (—o0,—2)
f'(x) >0 for all z € (—2,0)
f'(xz) <0forall z € (0,1
f(x) >0 for all x € (1,00)

We find the relative extrema of f at each critical point.

We find the relative extremum at critical point ¢ = —2.

Let 6 = 2.

The 6 neighborhood N(—2;2) = (—4,0) is a subset of R, the domain of f.

Since f is continuous on R, then f is continuous on the open interval (—4, 0).

Observe that f is differentiable on the open intervals (—4, —2) and (—2,0).

Since N(—2;2) = (—4,0) is a subset of the domain of f, and f is continu-
ous on the open interval (—4,0), and f is differentiable on the open intervals
(—=4,-2) and (—2,0), and f'(x) < 0 for all z € (—4,—2) and f'(x) > 0 for all
x € (—2,0), then by the first derivative test, f(—2) is a relative minimum.

We find the relative extremum at critical point ¢ = 0.

Let 6 = 1.

The § neighborhood N(0;1) = (—1,1) is a subset of R, the domain of f.

Since f is continuous on R, then f is continuous on the open interval (—1,1).

Observe that f is differentiable on the open intervals (—1,0) and (0, 1).

Since N(0;1) = (—1,1) is a subset of the domain of f, and f is continuous
on the open interval (—1,1), and f is differentiable on the open intervals (—1,0)
and (0,1), and f'(z) > 0 for all z € (—1,0) and f/(z) < 0 for all x € (0, 1), then
by the first derivative test, f(0) is a relative maximum.



We find the relative extremum at critical point ¢ = 1.

Let 6 = 1.

The 6 neighborhood N(1;1) = (0,2) is a subset of R, the domain of f.

Since f is continuous on R, then f is continuous on the open interval (0, 2).

Observe that f is differentiable on the open intervals (0,1) and (1,2).

Since N(1;1) = (0,2) is a subset of the domain of f, and f is continuous on
the open interval (0,2), and f is differentiable on the open intervals (0,1) and
(1,2), and f'(z) < 0 for all z € (0,1) and f’(z) > 0 for all x € (1,2), then by
the first derivative test, f(1) is a relative minimum.

Therefore, f(—2) and f(1) are relative minima of f, and f(0) is the relative
maximum of f.
Since f(0) is the only relative maximum of f, then K = {0}. O

Exercise 25. Let L={z € R: oz +2=+/7—xz—3}.

Express the set via the roster method; that is, list its elements.

Solution. Let z € L.

Then x € R and vV +2=+7—2 — 3.

The universal set is R.

Since the square root of a real number is always non-negative, then x+2 > 0
and 7—x>0,s0x>—-2and 7> .

Thus, -2 <z and x < 7,50 -2 <x <7.

Since vV +2=+7—x—3,then3=+/7—2 —Vz +2.

We square both sides to obtain 9 = (7 — z) — 24/(7 — 2)(z + 2) + (z + 2).

Hence, 9 =9 — 24/(7 — z)(x + 2), so 2,/(7T—x)(z +2) = 0.

Thus, /(7T —2)(z+2) =0,s0 (7 —z)(x +2) = 0.

Therefore, either x = 7 or x = —2.

If v = -2, then v—2+2=0and \/7—(-2)—3=0,80 —2 € L.

Ifz=7then/7+2=3and v7T—7—-3=-3,s07¢ L.

Consequently, the only solution is —2.

Therefore, x € {—2}, so L C {—2}.

Since —2 € L, then {—2} C L.
Since L C {—2} and {—2} C L, then L = {—2}. O

Exercise 26. Let M = {z € R : |22? + 22 — 1| = |2? — 42 — 6]}.
Express the set via the roster method; that is, list its elements.

Solution. Let x € M.
Then z € R and 222 + 22 — 1| = |2? — 42 — 6.
Let a = 2% — 42 — 6.
Then |22% + 2z — 1| = |a|, so either 222 +22 —1 = |a| or 222422 —1 = —|a|.
Hence, either |a| = 222 + 22 — 1, or |a| = — (222 + 22 — 1), so either a =
2024+ 2r—1lora=—(202+2r—1),ora = —(222+2x—1) or a = 222 + 22— 1.
Therefore, either a = 222 + 2z — 1 or a = — (222 + 2z — 1).
We consider these cases separately.



Case 1: Suppose a = 222 4 2z — 1.

Then 22 — 40 —6=222+22—1,s0 22+ 62+ 5=0.

Hence, (x 4+ 5)(x + 1) = 0, so either x = —5 or x = —1.

Case 2: Suppose a = — (222 + 22 — 1).

Then z? — 42 — 6 = —22%2 — 22 + 1, s0 322 — 22 — 7= 0.
. 1++v22 1-v22

Hence, either x = —5 or r = —5

1422 1—+/22

Thus, in all cases, either x = —5 or x = —1 orszora::T,
1++v22 1++/22
sox € {-5,—1, +3 , +3 }.
1++v22 1—+v22

Theref M C{-5 -1 .
erefore, C {-5,-1, 3 , 3 }

We verify each of the four solutions satisfies the equation [22% + 2z — 1| =
|22 — 42 — 6.

1++v22 1—+v22
Hence, {5, —1, + , 3 }C M.
14++v22 1—-+/22 14++v22 1 —-+/22
Since M C {-5,—1, +3 , 3 }and {-5, -1, +3 , 3 } C
14++v22 1—-+/22
M, then M = {-5,-1, + , }. O

3 3

Exercise 27. Let N = {z € C: 22 = -1},
Express the set via the roster method; that is, list its elements.

Solution. Let z € N.
Then z € Cand 22 = —1,s0 22 +1=0.
Hence, (z —i)(z +14) = 0, so either z =i or z = —i.
Therefore, z € {i,—i}, so N C {i, —i}.

Since i € C and > = —1, then i € N.
Since —i € C and (—i)? = —1, then —i € N.
Since i € N and —i € N, then {¢,—i} C N.

Since N C {i,—i} and {i, —i} C N, then N = {i, —i}. O

Exercise 28. Let O = {z € C:2* =1}.
Express the set via the roster method; that is, list its elements.

Solution. Let z € O.
Then z € Cand 2 = 1,800 =24 -1=(22-1)(22+1) = (2 —1)(2 + 1) (2 —
Hence, either z=1orz=—1orz=1or z = —i.
Therefore, z € {1,—-1,4,—i}, so O C {1, 1,4, —i}.

10



Since 1 € C and 1* =1, then 1 € O.
Since —1 € C and (—1)* =1, then —1 € O.
Since i € C and i* = 1, then i € O.
Since —i € C and (—i)* = 1, then —i € O.
Since 1 € O and —1 € O and i € O and —i € O, then {1,—1,7,—i} C O.

Since O C {1,-1,4,—i} and {1,—1,i,—i} C O, then O = {1,-1,4,—i}. O

Exercise 29. Let A = {z € R:sin(2x) = 2sinz cosz}.
Express the set by either interval notation(including @), or by N, Z, Q, R, or
C.

Solution. Let x € R.
Observe that

sin2x = sin(z 4 2)
= sinxcosx + cosxsinx
= sinxcosx + sinx cosx

= 2sinxcosz.

Therefore, sin 2z = 2sinx cos x, so sin 2z = 2sinz cosx for all x € R.
Since A is the set of all real numbers x such that sin 2x = 2sinx cosz, then
A=R. O

Exercise 30. Let B = {x € R : sin(nz) = 0}.
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Let z € R.
Since sinxz = 0 iff = nx for any integer n, then sin(rz) = 0 iff 7a = nrw
for any integer n iff x = n for any integer n iff x is any integer n iff z € Z.
Therefore, sin(rz) =0 iff x € Z,so x € Biff x € R and x € Z.
Hence, x € Biff t e RN Z.
Since Z C R, then ZNR =Z.
Thus, B = Z. O

Exercise 31. Let C = {z e R: 2% = -1},
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Since z2 > 0 for all € R, then there is no real number z such that
x? = —1.
Therefore, C' = . O

Exercise 32. Let D ={z € R:2? — 5z + 7 < 0}.
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

11



Solution. Let x € R.
Observe that

2 _ Y2 o 2
=5t 7 = (2- ) +T-(3)
= @=g)+g

Hence, 2 — 52 +7 > 0 for all z € R, so there is no z € R such that
22 -5z +7<0.
Therefore, D = (). O

Exercise 33. Let E = {r € R: 1022 — 7Tz — 12 < 0}.
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Let x € E.
Then z € R and 1022 — 7z — 12 < 0, so (22 — 3)(5z +4) < 0.
Hence, either (22 —3)(5x+4) < 0 or (22—3)(5x+4) = 0, so either 22—3 > 0
and 5x +4 < 0,0r 2z —3 <0 and 52 +4 >0, or (2z —3)(5z +4) = 0.
We consider these cases separately.
Case 1: Suppose (2z — 3)(5z +4) = 0.
4

Then either 2z —3 =0 or 5z 4+ 4 = 0, so either x = g or x = —F
Case 2: Suppose 2z —3 > 0 and 5z +4 < 0.
4

3
Then =z > B and z < 5

3 4
But, there is no real number that is both greater than — and less than —%

Therefore, this case is not possible.
Case 3: Suppose 2z —3 < 0 and 5z +4 > 0.
4 3

3
Th - —— .80 —— ey
enx<2andx> 5,50 5<£<2
3 4 4 3
Thus, in all ither 7 = - o S ot pcd
us, in a casis,:;elt erz=gorz £ O 5<x<2,so FSrsg
H , ¢ € |—=, =]
ence, [5 2]

4 3 4 3
impli _ZZ Cl-= 9.
Therefore, x € E implies x € | 3 2}, so B C| 5 2}

4 3
Then y € R and —%Sygg,so—ggyandygg.
Hence, —4 <5y and 2y < 3,50 0 < 5y+4 and 2y —3 < 0.
Since 5y+4 > 0 and 2y—3 < 0, then (5y+4)(2y—3) < 0, so 10y*>—7y—12 < 0.
Since y € R and 10y%2 — 7y — 12 <0, then y € E.

4 3 4 3
Th ——., —| impli E ——. | C E.
us, y € [ 572]urnplesye , 80 [ 572]_

12



4 4 4
Since E C [—gé] and [—g,;] C E, then F = [75,;. 0

Exercise 34. Let F = {z € R: |6z — 8| < 4}.

Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Let x € F.
Then z € R and |6z — 8| < 4.
Observe that

2
Hence, z € [5,2].

2
Thus, € F implies z € [2,2], s0 F C [§,2].

2

2
ThenyeRandg§y§2,so4§6y§12.
Hence, —4 < 6y — 8 < 4, so |6y — 8] < 4.
Since y € R and |6y — 8| < 4, then y € F.

2 2
Thus, y € [§,2] implies y € F, so [5,2] CF.

2 2 2
Since F' C [572] and [5,2] C F, then F = [g,Q]. O

Exercise 35. Let G ={z e R: |7z — 12| < 0}.

Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Let z € R.

Then 7x — 12 € R.

Since |z| > 0 for all z € R, then in particular, |7z — 12| > 0.

Hence, |7z — 12| > 0 for all € R, so there is no real number x such that
[7x — 12 < 0.

Therefore, G = {. O

Exercise 36. Let H = {x € R : |9z 4 13| < 0}.

Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

13



Solution. Let z € H.
Then x € R and |9z + 13] < 0.
Since x € R, then 9z + 13 € R.
Since |z| > 0 for all z € R, then |9z + 13| > 0.
Since |9z + 13] < 0 and |92 + 13| > 0, then |92 + 13| =0, so 9z + 13 = 0.

Hence, © = g 80TE {—5}

13 13
Thus, x € H implies z € {_j}’ so H C {—5}

13 13 13
Since -9 € R and |9(—§) + 13| =0, then 9 € H.

13
Hence, {—5} CH.

13 13 13 13 13
Si HC{—— d{—-——}CH,then H={——}=[——,——].
1mce _{ 9}&11{ 9}_ ) €1l { 9} [ 9’ 9]
Exercise 37. Let I = {z € R:z > 0 and cos(mz) = cot(wz)}.
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Let z € I.
Then x € R and =z > 0 and cos(mz) = cot(nz), so cos(mz) — cot(mz) = 0.

cos(mx) .
Th — = 1—-—] = .
us, cos(mx) sin(m2) 0, so cos(mz)| sin(wm)} 0 and sin(7z) # 0
Since cos(mx)[1 — sin(mc)] = 0, then either cos(rz) =0 or 1 — Sin () =0

We consider these cases separately.
Case 1: Suppose cos(mz) = 0.

Observe that cos(z) = 0 iff « is an odd multiple of g for all z € R.
Since = > 0, then cos(z) = 0 iff z is an odd positive multiple of g

Hence, cos(mz) = 0 iff 7z is an odd positive multiple of g

2k —1
Therefore, cos(mz) = 0 iff 7z = @k = m for all k € ZT.
2k —1 2k — 1
Since cos(mx) = 0, then 7z = @k —1m for all k € Z*, so x = % for
all k € Z+. )
Case 2: Suppose l — —— =0
sin(mx)
Then — =1, so sin(mz) = 1 provided that sin(7z) # 0.
sin(mx)
1
Since z > 0, then sin(z) =1 iff z = g, 51, 9%?,
1 4k —
Observe that = = g %” 97”% o= BT ket

14



(4k = 3)7

Hence, sin(z) =1 iff z = for all k € Z+.

4k — 3
Since x > 0, then 7z > 0, so sin(7x) = 1 iff 72 = % for all k € ZT.

k—3

4
Thus, sin(rz) = 1iff z = for all k € ZT.

forall k € Z*.

Since sin(7z) = 1, then z =

2k — 1 4k —
In all cases, either z = @k—1) for all k € Z* or x = 3 for all k € ZT.
Henceei‘cherav—1§§ZQEE 01r9L'—légE
, _12732752772’9271% 71% - i 27,74:27 217 2
1 ===, o,y oy — —, . . AR
We conclude x 53°3°3°2° 3 3 ,s0x €1 keZ"}
. . 2k —1 2k —1
Therefore, x € I implies x € { 5 keZt} sol C{ keZt}
2k — 1
Let y € { ckeZt}.
I —
Then y = for some k € Z7.
2k —1 2k —1 2k — 1
Observe that sin(g) =1lor sin(%) =—1,s0 sin(%) #

Hence, sin(my) # 0.

-1
Observe that COS(M

Observe that

) =0, so cos(my) = 0.

cos(my) — cot(my) = cos(my) — cos(ry)
(my) — cot(my) (™) = Sn(my)
_ 0
B sin(7y)
= 0.

Thus, cos(my) — cot(my) = 0, so cos(my) = cot(my).

Since k € Z*, then k > 1, so 2k > 2.
Hence, 2k —1>1>0,s02k—1> 0.
Since k € Z, then 2k — 1 € Z.

-1
and 2k —1 € Z and 2k —1 > 0, then y € Q and y > 0.

Since y € Q and Q C R, then y € R.
Since y € R and y > 0 and cos(my) = cot(my), then y € I.
2k — 1

Since y =

2k — 1
Therefore, y € {T 1k €Z%} implies y € I, so { ckeZT}CI

15



2k — 1 2k — 1 2% —1

Since I C { :k € Zt} and { :keZt} C I, then I ={ 5
13579 11 13
zty—(=, 22 L2200
kel =1{5.5:5 55 5 5 =

sec(x) .
cos(x) + tan(x) sin(@)}-
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Exercise 38. Let J={z € R:

Solution. Let x € J.
sec(x)

Then x € R and —————— = sin(z).
cos(z) + tan(z)
Observe that
) sec(x)
sing = —Mm—2——
cos(z) + tan(z)
1
_ cos T
sin x
cosx +
cos T
_ 1
T cos?x +sinx
1

(1 —sin®z) +sinz’

1

(1 —sin®z) + sinz’

Thus, cosx # 0 and sinx =
Let y =sinx.

Then y = ,soy —yd +y? =1.

1—y?2+y
Hence, y® —y? —y +1=0.
Observe that

0 = ¢~y —y+1
= Ply-1)--1
2

(
= (y-LDy+L(y-1).

Thus, (y —1)(y+1)(y — 1) =0, so y = +1.

Hence, sinxz = £1, so either sinz =1 or sinz = —1.
We consider these cases separately.

Case 1: Suppose sinz = 1.

3 57 9
Then x = 2n7w + T for any integer n, so x € {..., 7%’ g, —, %, o}
Case 2: Suppose sinz = —1.
3r 7w 11
Then x = 2nm — g for any integer n, so x € {..., —g, ?W, g, TW, .}

16



— — 11
Therefore, in all cases, z € {..., f—?m, —W, z, 31, 51, 71, 91, —W, o
3 232527292 2 2
31 —7 7 3w 57 Tmw 97
i =0 iff y—, —, —, —, —, —, —, ...}, th
Slncecosg 01 xeg{ E,) 27, 92 '3 3 9 g g }, then cosz # 0
g (., —3T m T 3% 5mTm O
2 272 27 2 232 3r 51 Tr 9
Since cosz # 0, thenm%{...,—ﬂ-, L om om I IR o}

Si e { 37 —7m 7w 37 5w Tm 97 1llxw }, th ¢

ince x ey 5 ' 53555 5 g en we must con-
clude no such real x exists.

Therefore, J = . O

Exercise 39. Let K = {r € R: /22 + 7 € R}.
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Let z € K.
Then x € R and v/2x + 7 € R, so v2x + 7 > 0.
7
Hence, 22 +7 >0, so z > —5
Thus, = € [*z,oo).
2 7 7
Therefore, x € K implies x € [_5700)’ so K C [—5700).

Let y € [f;oo).

7
Then y € R and y > —5 80 2y > —T.

Thus, 2y +7 > 0.

Since y € R, then 2y + 7 € R.

Since 2y + 7 € R and 2y + 7 > 0, then /2y + 7 € R.
Since y € R and /2y +7 € R, then y € K.

Hence, y € [*5,00) implies y € K, so [fg,oo) CK.

Since K C [—;oo) and [—;,oo) C K, then K = [—;oo). O

Exercise 40. Let L = {r € Q: 2% + (3 — v2)z + 3v/2 = 0}.
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Let z € L.
Then z € Q and x2+(3—\/§)x+3\/§:O.
Since = € Q, then there exist integers a and b with b # 0 such that x = %.

Since 22 + (3 — v/2)z + 3v/2 = 0, then by applying the quadratic formula,
we obtain

17



—34+V2+11-18V2
xr = .
2
Hence, a = =34+ v2+ V11 —18y2 or a = —3 + /2 — /11 — 18/2, and

b=2.

Since either a = -3+ V2 + V11 —18v2 ora = -3 + V2 — \/11—18\/5,
then a € Z.

But, this contradicts a € Z.

Thus, no such x exists, so L is empty.

Therefore, L = (. O

Exercise 41. Let M = {z € C: 2z = |2|?}.
Express the set by either interval notation(including (), or by N, Z, Q, R, or
C.

Solution. Observe that M C C.
Let z € C.
Then there exist real numbers a and b such that z = a + bi.
Thus, |22 = a? + b? and z = a — bi.
Observe that

2z = (a+bi)(a—bi)
a? — b2 (%)

= a® - b (-1)

a® 4 v?

= [

Hence, 2z = |2|?.

Since z € C and 2z = |z|?, then z € M.

Therefore, z € C implies z € M, so C C M.

Since M C C and C C M, then M = C. O

Exercise 42. Let N = {z € C: Im(z) = 0}.
Express the set by either interval notation(including @), or by N, Z,Q, R, or
C.

Solution. Let z € N.
Then z € C and I'm(z) = 0.
Since z € C, then there exist real numbers a and b such that z = a + bi.
Since b=1Im(z) =0,thenb=0,s0 z2=a+bi=a+0i=a+0=a.
Since z = a and a € R, then z € R.
Hence, z € N implies z € R, so N C R.

Let r € R.
Then r = r + 0.
Since r € R and 0 € R, then r € C.
Since r = r + 04, then Im(r) = 0.
Since r € C and I'm(r) = 0, then r € N.
Hence, r € R implies 7 € N, so R C N.

18



Since N CR and R C N, then N = R. O

Exercise 43. Determine if {z : x is an American citizen on July 4, 1976} is
well defined.

Solution. The description of this set is well-defined. It is possible to determine
precisely on the given date whether a person is a US citizen by exhibiting proper
government documentation of citizenship status.

The universal set is the set of all humans. O

Exercise 44. Determine if {z : z is the digit in the decimal expansion of v/2 }
is well defined.

Solution. The description of this set is well-defined. It is possible to determine
whether a given digit is in the decimal expansion using a computer.
The universal set is the set of decimal digits {0, 1,2, ...,9}. O

Exercise 45. Determine if {z : z is an honest man } is well defined.

Solution. The description of this set is not well-defined. The definition of an
‘honest’ man is subjective. O

Exercise 46. Determine if {z : 2 is a month whose name in the English language ends in the letter 7}
is well defined.

Solution. The description of this set is well-defined. One can verify whether
an English word is a month name and ends with the specified letter.

The universal set is the set of all months {January, February, ..., December}.

O

Exercise 47. Determine if {z : z is a day in the middle of the week} is well
defined.

Solution. The description of this set is not well-defined. The description
‘middle of the week’ is ambiguous. O

Exercise 48. Determine if {z : sin(2z)} is well defined.

Solution. The description of this set is not well-defined. The description is not
meaningful. U

Exercise 49. Determine if {x € N : z is a an integral multiple of 4} is well
defined.

Solution. The description of this set is well-defined. It is possible to determine
whether a given natural number is an integral multiple of 4.
The universal set is N. O

Exercise 50. Determine if {z : z is an aardling} is well defined.

Solution. The description of this set is not well-defined. The description is
non-sense. U
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2-6 3
Exercise 51. Determine if {z : ”37371‘-1-}.
5 +4

Solution. The description of this set is not well-defined. The description is
just a mathematical expression and doesn’t have a meaning. O

Exercise 52. Determine if {z € R: 2 +y = 4}.

Solution. The description of this set is not well-defined. One cannot determine
whether a given real number z is in the set unless a value of y is known. O

Exercise 53. Given the following pattern description of infinite sets, list five
additional elements of each:

11
A={1,-,-,..}
{ ) 3? 9’ }
Solution. Set A consists of the numbers 37" for some integer n = 0,1,2, ....
1 1 1 1
| ObservethatﬁeAandS—leAand@EAandﬁgeAande

Exercise 54. Given the following pattern description of infinite sets, list five
additional elements of each:
B=1{1,2,3,5,8,13,...}.

Solution. Set B consists of the terms of the Fibonacci sequence, where the
next term is the sum of the two previous terms.
Observe that 21 € B and 34 € Band 55 € Band 89 € B and 144 € B. [

Exercise 55. Given the following pattern description of infinite sets, list five
additional elements of each:
C={-1,2,-4,8,..}.

Solution. Set C consists of terms of the sequence whose terms are alternating
powers of 2, so the n** term is (—1)"*12" for some integer n = 0, 1,2, ....
Thus, additional terms are —2%,2°, —26 27 28,
Observe that —16 € C' and 32 € C and —64 € C' and 128 € C and —256 €
C. O

Exercise 56. Given the following pattern description of infinite sets, list five
additional elements of each:
D = {m4n, 77,107, ...}.

Solution. Set D is an arithmetic progression with common difference 3.
Additional elements of D include 137, 167, 197, 227, 257. O

Exercise 57. Given the following pattern description of infinite sets, list five
additional elements of each:
E={.,-8,-5-2,1,4,7,..}.

Solution. Set E is an arithmetic progression with common difference 3.
Additional elements of F include 10, 13,16, 19, 22. O
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Exercise 58. Given the following six sets, answer true or false to the below
statements.

A= (—o0, 7]

B =1{4,8,12,...,96,100}

1. 100 € B.
m. 0 € B.
n. —1¢D.

Solution. a. Observe that A={z e R:z < -T}.
Since —7 € R and —7 < —7, then —7 € A, so the statement —7 € A is true.

b. Observe that B is the set of all multiples of 4 between 4 and 100, so
B={4n:n=1,2,...,25}.
Since 6 is not a multiple of 4, then 6 ¢ B, so the statement 6 € B is false.

c. Since D is the open interval (—1,6) and C is the closed bounded interval
[—1,6], then D is a subset of C, so D C C.
Therefore, D C C is true.

d. Since —1 € C, but —1 ¢ D, then C is not a subset of D, so C € D.
Therefore, C' C D is false.

e. Since D is a subset of C' and C' is not a subset of D, then D is a proper
subset of C', so D C C.
Therefore, D C C is true.

f. Since —1 € E, but —1 € D, then FE is not a subset of D, so E ¢ D.
Therefore, £ C D is false.
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1 1
g. Since —5 € D, but —5 ¢ E, then D is not a subset of E, so D € E.
Therefore, D C FE is false.

h. Since —6 € R and —6 > —7, then —6 € A, so —6 € A is false.
i. Since —6 € R and —6 is not less than —6, then —6 is not an element of F',

so —6 & F.
Therefore, —6 € F is false.

13 13 13 13
j- Since -5 € R and -5 > —7, then —3 g A, so Y € A is false.

1 1 1 1

k. Since 1B € R and 13 < —6, then 1B € F, so 13 ¢ F is false.
2 2 2 2

1. Since 100 € B, then 100 € B is true.

m. Since 0 < 4, then 0 ¢ B, so 0 € B is false.

n. Since —1 € R and —1 is not greater than —1, then —1 ¢ D, so —1 & D is
true. O

Exercise 59. Find all relationships of set equality, subset, and proper subset
existing between pairs of the sets.

A={-1,1,4}

B=(-1,4)
C={reR:2% 42> —2+4=0}
D =[-1,4].

Solution. Since C = {x € R : 2% — 422 —2+ 4 = 0}, then C = {z € R :
(z—1)(xz+1)(z—4) =0}, s0 C={-1,1,4} = A.

We analyze set relationships between A with B, C', and D.
Observe that A # Band AZ B and A ¢ B.
Observe that A=C and AC Cand A ¢ C.
Observe that A # D and A C D and A C D.

We analyze set relationships between B with A, C', and D.
Observe that B # A and B Z A and B ¢ A.
Observe that B # C and B Z C and B ¢ C.
Observe that B # D and B C D and B C D.

We analyze set relationships between C' with A, B, and D.
Observe that C = A and C C A and C' ¢ A.
Observe that C'# B and C € B and C' ¢ B.
Observe that C # D and C C D and C C D.
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We analyze set relationships between D with A, B, and C.
Observe that D # A and D € Aand D ¢ A.
Observe that D # B and D € B and D ¢ B.
Observe that D ## C and D Z C and D ¢ C. 0

Exercise 60. Find all relationships of set equality, subset, and proper subset
existing between pairs of the sets.

A={0,0,1}
B ={0,{0}}
C=10,1]

D = {{0,1},{0},{1},0,{0}}

Solution. We analyze set relationships between A with B, C, and D.
Observe that A # Band AZ B and A ¢ B.
Observe that A# C and AZ C and A ¢ C.
Observe that A# D and AZ D and A ¢ D.

We analyze set relationships between B with A, C', and D.
Observe that B # A and BZ A and B ¢ A.
Observe that B # C and B Z C and B ¢ C.
Observe that B # D and B C D and B C D.

We analyze set relationships between C' with A, B, and D.
Observe that C'# A and C € A and C ¢ A.
Observe that C'# B and C € B and C' ¢ B.
Observe that C'# D and C € D and C ¢ D.

We analyze set relationships between D with A, B, and C.
Observe that D # A and D € A and D ¢ A.
Observe that D # B and D € B and D ¢ B.
Observe that D # C and D € C and D ¢ C. O

Exercise 61. Find all relationships of set equality, subset, and proper subset
existing between pairs of the sets.

A={zeN:|z| <4}

B={-4,-3,-2,-1,0,1,2,3,4}

C={ze€Z:|z| <5}

Solution. Observe that A ={1,2,3,4} and C = {—4,-3,-2,-1,0,1,2,3,4} =
B.

We analyze set relationships between A with B and C.
Observe that A # B and A C B and A C B.
Observe that A # C and A C C and A C C.
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We analyze set relationships between B with A and C.
Observe that B # A and B Z A and B ¢ A.
Observe that B=C and BC C and B ¢ C.

We analyze set relationships between C' with A and B.
Observe that C # Aand C € A and C ¢ A.
Observe that C = Band C C Band C ¢ B. O

Exercise 62. Explain precisely why the set {0, 1,2} is not an interval.

Solution. Let S = {0,1,2}.
1 1 1
SinceOeSandleSand56Rand0<§<1,bu‘c§§{S,thenSisnot

an interval. O

Exercise 63. Compute Z(S) for the sets below.
i S ={1,23)
ii. S={a,b,c,d}
iii. S=10
iv. S ={0}
v. S = {0, {0
vi. S = 2({1,2})

Solution. i. Observe that 22(S) = {0, {1}, {2}, {3}, {1, 2},{1,3},{2,3},{1,2,3}}.

ii. Observe that £2(S) = {0,
{a}, {0}, {c},{d},
{a,b},{a,c}, {a,d},{b,c}, {b,d},{c, d},
{a,b,c},{a,b,d},{a,c,d}, {b,c,d},
{a,b,e,d}}.

iii. Observe that £22(S) = {(}.
iv. Observe that Z(S) = {0,{0}}.
v. Observe that 22(S) = {0, {0}, {{0}},{0,{0}}.

vi. Let T = {1,2}.
Then 2(T) = {0,{1},{2},{1,2}}.
The powerset of the powerset of T' consisting of 16 elements is
2(2(T)) =10,
{0}, ({13}, {{2}}, {{1,2}}
{0, {133, {0,423}, {0, {1, 2} }, {{1}, {2} }, {1}, {1, 2}}, {{2}, {1, 2}}
{0, {1}, {2}, 40, {1}, {1, 2}}, {0, {2}, {1, 2}}, {{1}, {2}, {1, 2}}
{041}, {2}, {1, 2}}}. O

Example 64. List ten elements of Z2({1,2,3,...}).
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Solution. Since {1,2,3,...} = Z™, then the power set of Z* is {X : X C Z*}
and consists of all subsets of the set of positive integers.
Therefore, an element of the power set of Z* is a subset of ZT.
Below are 10 elements in the power set of Z™.
1.0
2. Z+
3. {1}
4. {1,2,3,4,5}
5. {2,4,6,8,10,...}
6. {1,3,5,7,9,...}
7. {3,6,9,12,15,...}
8. {4,8,12,16,20, ...}
9. {2,3,5,7,11,13,...}
10. {1,2,3,5,8,13,21,34,55,...} O

Example 65. Is there a finite set X such that the power set of X is infinite?

Solution. If X is a finite set, then there are n elements contained in X, where
n is a non-negative integer.

Thus, there are only a finite number of subsets of X, so the power set of X
is a finite set.

Therefore, there is no finite set X such that the power set of X is infinite. [

Chapter 1.2 Operations on Sets

Example 66. Subtraction over R is not commutative.

ObservethathRand%G]R, butw—g#g—w.

Example 67. Subtraction over R is not associative.
Observe that 9.5,8.5,6.5 € R and (9.5 — 8.5) — 6.5 = —5.5 and 9.5 — (8.5 —
6.5) = 7.5, 80 (9.5 —8.5) — 6.5 # 9.5 — (8.5 — 6.5).

Union and Intersection

Example 68. set union and intersection

Let A=1{1,3,5,7,9}.

Let B ={1,4,7,10,13,16}.

Let C ={-5,-3,-1,1,3,5}.

Compute ANB, AUB, ANC, BNC,and BU(ANCO).
Solution. Observe that AN B = {1,7}.

Observe that AU B ={1,3,4,5,7,9,10,13, 16}.

Observe that ANC = {1, 3,5}.

Observe that BN C = {1}.
Observe that

BU(ANC) = {1,4,7,10,13,16} U{1,3,5}
= {1,3,4,5,7,10,13,16}.
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Example 69. set union and intersection
Let D ={2,4,6,8,10}.

Let E = (—5,5).
Let F = [3,00).
Let G = 0.

Compute ENF, EUF, DNE, DUF, and DUG.
Compute C N E and AN D using sets A and C' in the previous example.

Solution. Observe that ENF = [3,5).
Observe that EU F = (=5, 00).
Observe that DN E = {2,4}.
Observe that DU F = {2} U [3, 00).
Observe that DUG = DU} =D = {2,4,6,8,10}.
Observe that CNE = {-3,-1,1,3}.
Observe that AN D = (.
O

Example 70. Compute the solution set for the inequality |22 + 3| > 5, and for
the inequality 222 4+ 2 — 28 > 0, and for both inequalities.

Solution. Let A be the solution set for the inequality |2z + 3| > 5.
Then A= {z € R: |2z + 3| > 5}.
Let x € A.
Then z € R and |2z + 3| > 5.
Hence, either 224+ 3 > 5 or 2z + 3 < —5, so either z > 1 or z < —4.
Thus, either x € [1,00) or z € (—o0, —4], s0 = € (—o0, —4] U [1, 00).
Therefore, A is a subset of (—oo, —4] U [1, 00).

Let y € (—o0, —4] U [1, 00).

Theny e Randy < —4ory>1,s02y < —8or2y>2.

Hence, 2y +3 < —5 or 2y +3 > 5, s0 |2y + 3| > 5.

Since y € R and |2y + 3| > 5, then y € A, so (—o0, —4] U [1,00) is a subset
of A.

Since A is a subset of (—oo, —4] U [1,00), and (—o0, —4] U [1, 00) is a subset
of A, then A = (—o0, —4] U [1,00). O
Solution. Let B be the solution set for the inequality 222 + z — 28 > 0.

Then B = {z € R:22% + 2 — 28 > 0}.

Let x € B.

Then r € R and 22 + x — 28 > 0, so (2z — 7)(x +4) > 0.

Hence, either 22 — 7 >0and x+4 > 0,0or 2 — 7 < 0 and x +4 < 0, so

either x > g and x > —4, or z < g and x < —4.
7 7
Thus, either x > gore < —4, so either z € (§’OO> or z € (—oo,—4).

7
Therefore, x € (—o0, —4) U (; 00), so B is a subset of (—oo0, —4) U (5, 00).
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Let y € (—o0, —4) U (g,oo).

7
Then y € R and either y € (—oc0,—4) or y € (§,m), so either y < —4 or
7
y> 3
We consider these cases separately.
Case 1: Suppose y < —4.
Then y +4 < 0 and 2y < —8.
Observe that 2y < -8 =2y —7< —-15<0=2y—7<0,80 2y —7<0.
Since y+4 < 0 and 2y — 7 < 0, then (y+4)(2y —7) > 0, so 2y% +y — 28 > 0.
Since y € R and 232 4+ y — 28 > 0, then y € B.
7

Case 2: Suppose y > 3

Then2y>7andy+4>g+4.

7 15
Observethaty—i—4>5—1—4:?>07 soy+4>0.

Since 2y > 7, then 2y — 7 > 0.

Hence, y +4>0and 2y — 7> 0,s0 (y +4)(2y —7) > 0.
Therefore, 2y + y — 28 > 0.

Since y € R and 2y% 4+ y — 28 > 0, then y € B.

In all cases, y € B.
Therefore, y € (—o0, —4) U (g,oo) implies y € B, so (—o0, —4) U (g,oo) is a
subset of B.
Since B is a subset of (—oo, —ZJI)LJ(;7 00), and (—oo, —4)U(g, 00) is a subset

of B, then B = (—oo,—4)U(g,oo). O

Solution. Let C be the solution set for both inequalities |2z + 3] > 5 and
222 + 1z — 28 > 0.

Then C = AN B, where A = (—o00, —4]U[1,00) and B = (—o0, —4)U(g, 00).
Therefore, C' = (—o0, —4) U (;, 00). O

Complement

Example 71. Let A = {1} be a subset of universal set N.
Then A={zeN:z¢ A} ={2,3,4,5,...}.

Example 72. Let A = {1} be a subset of universal set R.
Then A={zeR:z¢ A} = (—00,1) U (1, 0).

Example 73. Let A = {1} be a subset of universal set U = {1,2}.
Then A={zcU:ax ¢ A} = {2}.
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Example 74. Let R be the universal set.
Compute the complements of the sets:

A=[-1,1]
B=(—=,2]
C = (—0,0]
D = (0,00)

Solution. The complement of A in R is the set A = {x € R : x ¢ A} =
(=00, —1) U (1, 00).
— 1
The complement of B in R is the set B={x € R: z & B} = (—o0, 75] U
(2, 00). B
The complement of C'in R is the set C = {zx € R: x ¢ C} = (0,00) = D.
The complement of D in Ris theset D ={x € R: x ¢ D} = (—00,0] = C.

Observe that A — B = [—1, —%] and B— A= (1,2].
Observe that A — C = (0,1] and C — D = (—o0,0] = C..
Observe that C' — B = (—o0, f%}

Observe that A — ) = [-1,1] = A.
Observe that ) — D = 0.

We formulate these conjectures:
1. A— B C A for any sets A and B.
2. If A and B are disjoint sets, then A — B = A.
3. A— 0 = A for any set A.
4. ) — A= 0 for any set A. O

Example 75. Let U be the set of all employees of a certain company.
Let A= {z € U : zis a male}.
Let B = {x € U : z is 30 years old or less}.
Let C = {x € U : x is paid 20,000 per year or less}.
I. Describe the sets ANC, A, AUB,C N B.
II. Describe the sets ANB, ANB, AUB, AUA, and CNC.

Solution. Part I.

Observe that ANC' = {z € U : z is a male and =z is paid 20,000 per year or less},
so AN C consists of males who make 20,000 per year or less.

Observe that A={z €U :2¢ A} = {z € U : x is not a male} = {z € U :
z is a female}, so A is the set of all female employees.

Observe that AUB = {x : either x is a male or x is not 30 years old or less},
so AU B is the set of all male employees together with all employees who are
more than 30 years old.

Observe that CNB = {z : & is paid 20,000 per year or less and x is not less than 30 years old or less},
so C'N B is the set of all employees over 30 years old who are paid 20,000 per
year or less.
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Part II.

Observe that AN B is the set of all male employees over 30 years old.

Observe that AN B is the set of all employees who are either female or more
than 30 years old.

Observe that AU B is the set of all employees who are neither male nor 30
years old or less, so AU B is the set of all employees who are female or more
than 30 years old.

Observe that A U A is the set of all male employees and all non-male em-
ployees, so AU A is the set of all employees.

Since C'NC is the set of all employees who make both 20, 000 per year or less
and make more than 20,000 per year, then C'NC consists of zero employees, so
cne=0. O

Set theoretic difference

Example 76. Let A ={1,3,5,7}.
Let B ={1,2,4,8,16}.
Let C ={1,2,3,...,100}.
Is 1 an element of A — B?
Compute the following sets A— B, B— A, B—C,and A — C.

Solution. Since 1 € Aand 1€ B, then1¢ A — B.
Observe that A — B = {3,5,7} and B — A = {2,4,8,16}.
Observe that B—C =@ and A — C = ().

Since A — B # B — A, then set difference is not commutative.
It appears that if A C B, then A — B = (}(we can prove this to be true).
Observe that C — A = {2,4,6,8,9,10,11,12,...,99,100} = {2,4,6,8} U
{9,10, ..., 100}.
Observe that C — B = {3,5,6,7,9,10,11,12,13,14,15,17,18, ..., 100} =
{3,5,6,7,9,10,11,12,13, 14,15} U {17, 18, ..., 100}.
Observe that A — B= {1} = AN B. O

Symmetric difference

Example 77. Let A = {2,4,6,8,10}.
Let B = {6,8, 10, 12}.
Let C = {1,3,5,7,9,11}.
Let D = {4,6,8}.
Compute AAB, AAC,and AA D.

Solution. Observe that
AAB = (A-B)U(B-4)

= {2,4}U{12}
{2,4,12}.
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Therefore, A A B = {2,4,12}.
Observe that

AANC = (A—C)U(C— A)

= {2,4,6,8,10}U{1,3,5,7,9,11}
= {1,2,3,4,5,6,7,8,9,10,11}

= AUC.
Therefore, AANC =AUC.
Observe that
AAD = (A-D)U(D-A)
= {2,10}U0
{2,10}.

Therefore, A A D = {2,10}.

We compute more examples: BA A, AN (BAC), and (AAB)AC.
Observe that

BAA = (B-A)U(A-B)

= {12} uU{2,4}
(2,4,12}.
Therefore, B A A = {2,4,12}.
Observe that
AN(BAC) = AA[(B-C)U(C—B)]

= ANA({6,8,10,12} U{1,3,5,7,9,11})
= ANA{1,3,5,6,7,8,9,10,11,12}
= {1,2,3,4,5,7,9,11,12}.

Therefore, AN (BAC)=1{1,2,3,4,5,7,9,11,12}.
Observe that

(AAB)AC

(A—B)U(B—A)AC
= ({2,4)u{12HAC
{2,4,12} AC
{1,2,3,4,5,7,9,11,12}.

Therefore, AN (BAC)=1{1,2,3,4,5,7,9,11,12}.
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We make some conjectures.
1. If A and B are disjoint sets, then AA B = AUB.
2. If BC A, then AA B= A — B for any sets A and B.
3. AA B=DBA A for any sets A and B.
4. A is associative: AN (BAC)=(AAB)AC.

Example 78. Let W = (—o0, 3).
Let X = (-3,5].
Let Y = [4, 00).
Compute WA X and WAY and X AY.

Solution. Observe that

WAX = (W-X)U(X-W)
= (—00,—3]UJ3,5].

Therefore, W A X = (—o0,—3] U3, 5].
Observe that

WAY = (W-Y)u(y -W)
= (—00,3)U[4,00)
WUY.

Therefore, W AY =W UY.
Observe that

XAY = (X-Y)U(Y - X)
(—3,4) U (5,00).

Therefore, X AY = (—3,4) U (5, 00).

Ordered pairs and the cartesian product

Example 79. Let A —{1,2,3}.
Let B = {w,x,y, z}.
Describe A x B by the roster method.
Compute B x A, A x A, and B x B.

Solution. Observe that A x B = {(1,w), (1,x), (1,y), (1, 2),
(2,w),(2,2),(2,9), (2, 2),
(3,w), (3,2), (3,¥), (3,2)}.

Observe that B x A = {(w, 1), (w, 2), (w, 3),
(z,1),(z,2),(x,3)
(1), (y,2), (y,3)
(2,1),(2,2),(2,3)}-

Observe that A x A ={(1,1),(1,2),(1,3),
(2,1),(2,2),(2,3)
(3,1),(3,2),(3,3)}.
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Observe that B x B = {(w,w), (w, z), (w,y), (w, ),
(@, w), (z, 2), (x,y), (, 2),
(v, w), (y,2), (y,) (Y, 2),
(z,w), (2,2), (2,9), (2,2)}- O

Example 80. Describe A x Bif A= B =R.
Describe geometrically the subset I x J of R x R, where I = [3,7] and
J=(-2,2).

Solution. Observe that R x R is the set of all ordered pairs of real numbers
and is the Euclidean plane with x and y axes perpendicular to each other,
intersecting at the origin (0, 0).

The cartesian product [3,7] x (—2,2) is the rectangular strip bounded by
and including the lines x = 3 and « = 7 (closed left and right), and bounded by
but excluding the lines y = —2 and y = 2 (open top and bottom). O

Example 81. Let L = {z : z is a student in Math 197}.
Let M = {x : x is a possible final grade in a course} = {A, B,C, D, E}.
Describe L x M.

Solution. The cartesian product L x M is the set of all ordered pairs (a,b),
where a is a student in Math 197 and b is the final grade of the student in the
course. O

Example 82. Let A = {1,2,3}.
Describe A x () and () x A.

Solution. The set A x () consists of all ordered pairs (a, b) such that a € A and
be.

Since there are no elements in (), then b € (), so there is no such pair (a, b)
contained in A x ().

Therefore, A x ) = 0.

The set () x A consists of all ordered pairs (a,b) such that a € ) and b € A.
Since there are no elements in @, then a & @, so there is no such pair (a, b)

contained in 0 x A.
Therefore, § x A = 0.

We conjecture that A x ) = () x A = ) for any set A. O

Chapter 1.2 Exercises

Exercise 83. Let U ={1,2,3,...,9,10}.
Let A ={1,7,9}.
Let B ={3,5,6,9,10}.
Let C' = {2,4,8,9}.
Compute the following:
a. BUB
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Solution. a. Observe that BU B = {3,5,6,9,10} = B.
b. Observe that C N C = {2,4,8,9} = C.
. Observe that AU A = {1,2,...,10} = U.
. Observe that BN B = (), since B and B are disjoint sets.
. Observe that (AU B) N A = {1,3,5,6,7,9,10} N {1,7,9} = {1,7,9}.
Observe that (BNC)UC ={9}U{2,4,8,9} = {2,4,8,9}.
. Observe that B = {3,5,6,9,10} = {1,2,4,7,8}.
. Observe that B = {1,2,4,7,8} = {3,5,6,9,10} = B.
i. Observe that A — A ={1,7,9} — {1,7,9} = 0.
j. Observe that B — B = {3,5,6,9,10} — {1,2,4,7,8} = {3,5,6,9,10} = B.
k. Observe that AAA=(A—A)UA-A)=0uUb=0.
1. Observe that

o Ao

= 0

CACT = (C-C)u(C-0)

({2,4,8,9} — {1,3,5,6,7,10}) U ({1,3,5,6,7,10} — {2,4,8,9})
= {2,4,8,9}U{1,3,5,6,7,10}

{1,2,3,4,5,6,7,8,9,10}

U.

Exercise 84. Let U = {1,2,3,...,9,10}.
Let A= {1,7,9}.
Let B ={3,5,6,9,10}.
Let C' = {2,4,8,9}.
Compute the following:
a. AnC
b. AnC
c. ANC
g

.C—-B
CNB
. (AuB)UC
h. An(BNCQC).

e

d. AuC
f.
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i. AU(BUC)

j- (AnB)NnC

k. (AuB)NC

L. (AuC)N(BUO)
m. (AUB)U (AU B)
n. (AnC)u(BNCQO)
.AU(CNA)

. (ANC)U(ANnO)
. BudCl

BUC

= 0" 0

Solution. a. Observe that ANC = {1,7,9} N {2,4,8,9} = {9}.

b. Observe that ANC = {9} = {1,2,3,4,5,6,7,8,10}.
c. Observe that ANC ={1,7,9}N{2,4,8,9} = {1,7,9}n{1,3,5,6,7,10} =

(1,7}

d. Observe that AUC = {L7,9) U2,4,8,9) = {2.3,4,5,6,8,10} U
{1,3,5,6,7,10} = {1,2,3,4,5,6,7,8,10}.

e. Observe that C — B = {2,4,8,9} — {3,5,6,9,10} = {2, 4, 8}.

f. Observe that CNB = {2,4,8,9}1{3,5,6,9, 10} = {2,4,8,9}N{1,2,4,7,8} =

{2,4,8}.
g. Observe that

(AuB)UC

h. Observe that

AN(BNC)

i. Observe that

AU(BUC)

j. Observe that

(ANB)NC

({1,7,9} U {3,5,6,9,10}) U {2,4,8,9}
{1,3,5,6,7,9,10} U {2,4,8,9}
{1,2,3,4,5,6,7,8,9,10}

U.

{1,7,9} N ({3,5,6,9,10} N {2,4,8,9})
{1,7,9} n {9}
{9}

{1,7,9} U ({3,5,6,9,10} U {2,4,8,9})
{1,7,9} U{2,3,4,5,6,8,9,10}
{1,2,3,4,5,6,7,8,9,10}

U.

({1,7,9} N ({3,5,6,9,10}) N {2,4,8,9}
{9} n{2,4,8,9}
{9}.
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k. Observe that

(AUB)NC = ({1,7,9}U({3,5,6,9,10}) N{2,4,8,9}
= {1,3,5,6,7,9,10} N {2,4,8,9}
{9}.
1. Observe that
(AuC)n(BUC) = ({1,2,4,7,8,9}n({2,3,4,5,6,8,9,10}
= {2,4,8,9}.

m. Observe that

(AUB)U(AUB) = {1,3,5,6,7,9,10} U ({1,7,9} U{1,2,4,7,8})
{1,3,5,6,7,9,10} U {1,2,4,7,8,9}
{1,2,3,4,5,6,7,8,9,10}

U.

n. Observe that (ANC)U (BNC) = {9} U {9} = {9}.
o. Observe that
Au(Cnd) = {1,7,9}U({2,4,8,91 N {2,3,4,5,6,8,10})
{1, 7, 9} U {2,4, 8}
= {1,2,4,7,8,9}.

p- Observe that

(ANCYu(AnC) = {9Yu({1,7,9Yn{1,3,5,6,7,10})

= {9}U{L,7}
= {1,7,9}.

q. Observe that BUC ={2,3,4,5,6,8,9,10} = {1, 7}.
r. Observe that

BuCl = {3,5,6,9,10}U{2,4,8,9}
= {1,2,4,7,8}U{1,3,5,6,7,10}
= {1,2,3,4,5,6,7,8,10}.

Exercise 85. Let U ={1,2,3,...,9,10}.
Let A ={1,7,9}.
Let B ={3,5,6,9,10}.
Let C' = {2,4,8,9}.
Compute the following:
a. AnNBNC
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b. AUBUC

c. (AUC)—(ANC)
d. AAC

e. BAU

f. AN(BAC)

g. (AAB)AC

h. C— (B— A)
i.(C-B)-A

i. (C=B)n(C — A)
k. C— (BUA)

L. AA(BUC)

Solution. a. Observe that

ANBNC = {1,7,9}N1{3,5,6,9,10} N {2,4,8,9}
= {91Nn{2,4,8,9}
{9}
= {1,2,3,4,5,6,7,8,10}.

b. Observe that

AUBUC = {1,7,9}U{3,5,6,9,10} U2, 4,8,9}
{2,3,4,5,6,8,10L U {1,2,4,7,8} U{1,3,5,6,7,10}
{1,2,3,4,5,6,7,8,10} U{1,3,5,6,7,10}
{1,2,3,4,5,6,7,8,10}.

c. Observe that (AUC) — (ANC)={1,2,4,7,8,9} — {9} = {1,2,4,7,8}.
d. Observe that
ANC = (A-C)u(C-A)
— (LT} U{2.4,8)
{1,2,4,7,8}.

e. Observe that

BAU = (B-U)U(U-B)
= Qu(U - B)
= QPuU{1,24,7,8}
= {1,2,4,7,8}.
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f. Observe that

AN(BAC)

AA((B=-C)U(C - B))

{1,7,9 A ({3,5,6,10} U {2,4,8})

= {1,7,9} A {2,3,4,5,6,8,10}

({1,7,9} — {2,3,4,5,6,8,10}) U ({2,3,4,5,6,8,10} — {1,7,9})
{1,7,9YU{2,3,4,5,6,8,10}

= {1,2,3,4,5,6,7,8,9,10}

= U

g. Observe that

(AAB)AC = (A-B)U(B-A)AC
({1,7YU{3,5,6,10}) A {2,4,8,9}
{1,3,5,6,7,10} A {2,4,8,9}
{1,3,5,6,7,10} U {2,4,8,9}
{1,2,3,4,5,6,7,8,9,10}

U.
h. Observe that
C—-—(B-A) = {2,4,8,9} —({3,5,6,9,10} — {1,7,9})
= {274a879} - {375a6710}
= {2747 87 9}
C.
i. Observe that
(C-B)—-A = ({2,4,8,9} —{3,5,6,9,10}) — {1,7,9}
= {27478} - {17779}
{2,4,8}.

j. Observe that (C — B)N(C — A) ={2,4,8} n{2,4,8} = {2,4, 8}.
k. Observe that C — (BU A) = {2,4,8,9} — {1,3,5,6,7,9,10} = {2,4,8}.
1. Observe that
AN(BUC) = {1,7,9} A {2,3,4,5,6,8,9,10}
= {1,7}U{2,3,4,5,6,8,10}
{1,2,3,4,5,6,7,8,10}.

Exercise 86. Let U = {1,2,3,...,9,10}.
Let A={1,7,9}.
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{3,5,6,9,10}.
{2,4,8,9}.
Compute the following:

a. AxC

b. Cx B

g. (AxB)U((AxCQO)
h. BxC

Let C

c. UxB

d. AxU

e. Ax B

f. Ax (BUC)

i. (ANnB)xC

j. (AxC)N(B x C)
k. Bx (A-C)

. (BxA)—(BxC)

Let B
Solution. a. Observe that A x C = {(1,2),(1,4),(1,8),(1,9),
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(10,1),(10,7)}.

Exercise 87. Let U = {1,2,3,
and C ={2,9} and D = {1,4,6,10}.

Compute the following:

O

9,10} and A = {2,5,7,9} and B = {5,7}

Solution. a. Observe that (D —C)— B ={1,4,6,10} — {5,7} = {1,4,6,10} =

a. (D-C)-B
b. D — (C — B)
c. AAND

d. AUD

e. BU(A-B)
f. AN (BUD)
g. (AnB)UD
h. BU(C — B)
i. ANC

D.
b

. Observe that

o

AAD

d. Observe that AU D = {2,5,7,9} U{1,4,6,10} = {1,2,4,5,6,7,9,10}.
e. Observe that BU (A — B) ={5,7}U{2,9} ={2,5,7,9} = A.

f. Observe that
AN(BUD)

g. Observe that

(ANnB)U

h. Observe that BU (C — B) = {5,7} U {2,9} = {2,5,7,9} = A.

i. Observe that

AAC

{2,5,7,9} N ({5, 7} U {2,3,5,7,8,9})
{2,5,7,9}n{2,3,5,7,8,9}

(A= D)U (D — A)
{2,5,7,9} U{1,4,6,10}
{1,2,4,5,6,7,9,10}.

. Observe that D — (C — B) ={1,4,6,10} — {2,9} = {1,4,6,10} = D.

{27 57 77 9}

A.

D

(5,7} U{2,3,5,7,8,9}
12,3,5,7,8,9}

D.

(A—C)U(C - A)
{5,73U0
{5,7}

B.
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Exercise 88. Let U =R and A =[2,9) and B = (0,1] and C = [-1,4].
Express the following in interval notation.

ANC

AUuC

ANB

AUB

(AuB)-C

A-C

SETITER e an o

Solution. a. Observe that A ﬂ
. Observe that AUC = [2,9
c. Observe that AN B = [2,
d. Observe that AU B = |2,
e. Observe that (AU B) —C =

f. Observe that A — C' = [ ) )— [—
g L,

h.

o

i. Observe that BUC = (0, ]U 1,4 =[-1,4 =
j. Observe that C — A = [—1,4] — (—00,2) U [9, )
k. Observe that B — A = (0,1] — [2,9) = (0,1] = B.
1. Observe that B — C = (0,1] — [-1,4] = 0. O

Exercise 89. Let U =R and A = (—0,6] and B = (—3,00) and C' = (—4,1)U
(3,7).

Compute the following sets.

a. ANB
. AUB

b
c.
d
e
f.
g
h.
i
J-
k. (AnB)NnC
L (AAB)AC
m. AN(BACQC)
n. AA(BAC)
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o. (ANB)A(ANCQC)
Solution. a. Observe that AN B = (—o0,6] N (—3,00) = (-3, 6].

b. Observe that AU B = (—00,6] U (—3,00) = R.
c. Observe that A — B = (—00,6] — (=3, 00) = (—00, —3]
d. Observe that

AAB = (A-B)U(B-A4)

e. Observe that

ANC = (—00,6]0((—4,1)U (3,7))
= (=4,1)U(3,6].

f. Observe that

BNC = (=3,00)N((=4,1)U(3,7))
— (=3,1)U(3,6].

g. Observe that

AUC = (—00,6]U((—o0,—4]UI1,3]U[7,00))
= (—00,6]U[7,00).

j. Observe that

ANC = (6,00)N((—o0,—4]UI1,3]U[7,00))

k. Observe that

(AnB)NC = (-3,6]N((—4,1)U(3,7))

1. Observe that (A A B) AC = ((—o0, —3] U (6,00)) A C.
Let D = (—o0, —3] U (6, 00).
Then

(AAB)AC = DAC

- (D-C)U(C - D)
= (—o0,—4]U[7,00) U (C — D)

= (—o0,~4]U[7,00) U (=3,1) U (3,6]
= (—00,—4]U(~3,1)U(3,6] U7, o)



Therefore, (A A B) A C = (—o0, —4] U (=3,1) U (3,6] U [7,00).
m. Observe that
AN(BAC) = An((B-C)U(C-DB))
= An([1,3]U[7,00)U(C - B))
= (—00,6]N([1,3]U[7,00) U(—4,-3])
= (—00,0] =3]U[1,3]U[7,00))
= (—4,-3]
n. Observe that AA (BAC)=AA ([-4,-3] UL, 3] U[7,00)).
Let F = [—4,-3]U[1,3] U[7,c0).
Then
AAN(BAC) = AAE
= (A-E)U(E-A)
00, —4) U (=3,1)U(3,6) U (F — A)
00, —4] U (=3,1) U (3,6] U [7, 00).
)

(=

(=
Therefore, AN (BAC) = (—
o. Observe that (AN B) A (
Let F' = (—3,6] and G = (—
Then

00, —4] U (=3,1
ANC)
4,1)U

(3.6].
(ANB)A(ANC) = FAG
(F—G)U(G - F)
= [1.3]U(—4,-3]
= (-4,-3)U]L,3].

Therefore, (AN B) A (ANC)=(—4,-3)U[L,3]. O

Exercise 90. Let U = Z and A = {0,5,10,15,...} and B = {...,—10,—5,0}

and C = {...,—9,-6,-3,0,3,6,9,...} and D = {45,90,135, 180, ...}.
Compute the following sets:

ANB

BnNnD

DNnA

(AuB)NC

(AnCYu(BNC)

D-A

[(AUB)NCIND

DNA

i. (DNA)U(DNA)

F® e ao o
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Solution. a. Observe that AN B ={0,5,10,15,...} N {...,—10,-5,0} = {0}.

b. Observe that BN D = {...,—10,—5,0} N {45,90,135,180, ...} = 0.

c. Observe that DN A = (.

d. Since AU B is the set of all multiples of 5, and C' is the set of all multiples
of 3, then (AU B) N C is the set of all multiples of 15, so (AUB)NC =
{...,—45,-30,—15,0, 15,30, 45, ...}.

e. Since A is the set of all positive multiples of 5 and zero, and C' is the set
of all multiples of 3, then A N C is the set of all positive multiples of 15 and
zero, so ANC = {0,15,30,45,...}.

Since B is the set of all negative multiples of 5 and zero, and C' is the set of
all multiples of 3, then BN C is the set of all negative multiples of 15 and zero,
so BNC = {0,—15,—30, 45, ...}.

Therefore, (ANC)U (BN C) = {0,15,30,45,...} U {0,—15,-30,—45, ...} =
{0, £15, £30, £45, ...} is the set of all multiples of 15, so (ANC)U(BNC) =
{0, £15, £30, £45, ...}.

f. Since D— A = {45,90,135,180, ...} —{0,5,10,15,...} = @, then D— A = 0.

g. Since (AU B) N C is the set of all multiples of 15, then (AU B)NC =
{0, +15, 430, £45, £60, ...}.

Observe that

[(AuB)NCIND = {0,415,4+30,+45,£60,...} N {45,90, 135,180, ...}
= {45,90,135,180,...}
D.

Therefore, [[AUB)NC]ND = D is the set of all positive multiples of 45.

h. Since D is the set of all positive multiples of 45, and A is the set of all
positive multiples of 5 and zero, then D N A is the set of all positive multiples
of 45.

Observe that

DNA = {45,90,135,180,..} n{0,5,10,15,...}
= {45,90,135,180,...}
D.

Therefore, DN A = D.

i. Since DNA=Dand DNA=, then (DNA)U(DNA)=DuUl=D.
Therefore, (DN A)U(DNA)=D.

j. Observe that

DNC = {45,90,135,180,..} n{...,—9,—6,-3,0,3,6,9, ...}
= {45,90,135,180,...}
- D.

Therefore, DN C = D.
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k. Observe that

DNB {45,90,135, 180, ...} N {..., =10, —5,0}
{45,90,135, 180, ...}

D.

Therefore, DN B = D.
l. Since B—D=Band D—B=D,then BAD=(B—-D)U(D-B) =
BUD ={...,—15,-10, 5,0, 45,90, 135,180, ...}. 0

Exercise 91. Let U = {1,2,3,4} and A = {1,3,4} and B = {3} and C =
{1,2}.

Compute all pairs of disjoint sets among the six sets A, 4, B, B,C, C.

Solution. Observe that A = U — A = {2} and B = U — B = {1,2,4} and
C=U-C={3,4}.

There are 6 - 6 = 36 possible pairs of sets among the sets 4, A, B, B,C, C.

We must compute the pairs of disjoints sets out of all these possible pairs.

Observe that ANA=Aand ANA=0and ANB =B and AN B = {1,4}
and ANC = {1} and ANC = C.

Observe that ANA=0and ANA=Aand ANB=0and ANB = A and
ANC=Aand AnC = 0.

Observe that BN A= B and BNA=(and BNB =B and BNB = () and
BNC=0and BNC = B.

Observe that BN A = {1,4} and BNA=Aand BNB=0and BNB=B
and BNC = C and BNC = {4}.

Observe that CN A= {1} andCNA=Aand CNB=0and CNB =C
and CNC =Cand CNC = .

Observe that CNA=C and CNA=0and CNB = B and CNB = {4}
and CNC =0 and CNC =C.

The disjoint pairs are shown below.

ANA=10
ANC =10
BnA=19
BNnB=10
BNnC=10
cnC =10 O

Exercise 92. Compute the solution set as a union of intervals of the below
inequalities.
a. |3z —23| >4
b. 222 —4x — 96 >0
o5
5—x
d. |4z —17] >0
3x2 —27

3wt
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Solution. The universal set is R.
Part a.
Let z € R.
Observe that |3z — 23| > 4 iff 3z —23 > 4 or 3z —23 < —4iff x > 9 or

19 19 19
x < 3 iff x € [Q,OO)U(—OO,E] iff x € (—OO,E]U[9,OO).

19
Therefore, the solution set is (—oo, 3] U9, 00).

Part b.

Let x € R.

Observe that 222 — 4x — 96 = 2(2? — 22 — 48) = 2(x — 8)(z + 6) > 0 iff
r=—-6,orr=8 orx—8>0andx+6>0,orz—8<0and z+6 < 0 iff

x=—-6,orx=8 orx>8and x > —6,or x <8 and x < —6 iff x = —6, or
r=8,orx>8 orzr<—06.
Hence, the solutions to the inequality are either x = —6 or x = 8 or = > 8

or x < —6, so either x < —6 or z > 8.
Therefore, the solution set is (—oo, —6] U [8, 00).

For part c.
Let « € R such that x # 5.
. T —5 T —95 .
Since z — 5 = —(5 — x), then = = —1 < 0 is always true.

5—x —(x—0>5)
Since = € R and z # 5, then either < 5 or « > 5, so either z € (—o0, 5) or
z € (5,00).
Therefore, the solution set is (—o0,5) U (5, 00).

For part d.
Let x € R. 17
Observe that |4z — 17| > 0 iff 40 — 17 > 0 or 4o — 17 < 0 iff > T
1 17 17 17 17
orz < - iff x € (—,00) orz € (_OO’Z) iff z € (Z7OO) u (—OO,Z) iff
17 17
x € (—oo, Z) U (Z7m).
. . 17 17
Therefore, the solution set is (—oo, Z) U ( 1 ,00).
For part e.
Let x € R.
Observe that 322 — 27 = 3(2? — 9) = 3(z — 3)(z + 3).
2
_9 _
Hence, 3z ! = Sa=3)w+3) =3>0,ifx #3 and = # —3.

(x—=3)(z+3) (z—-3)(x+3)
Since x € R and « # —3 and z # 3, then either x < =3 or =3 <z < 3 or
x>3,80x € (—00,—3)U(—=3,3) U (3,00).
Therefore, a solution set is (—oo0, —3) U (—3,3) U (3, 00). O
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Exercise 93. Solve simultaneously the pairs of inequalities.
|z| > 1 and 2% — 4 < 0.

Solution. Let z € R.

Observe that |z| > 1iff x > 1ora < —1iff x € [1,00) or & € (—o0, —1] iff
x € [1,00) U (—00,—1] iff z € (—o0, —1] U (1, c0).

Therefore, the solution set to |z| > 1 is the set A = (—o0, —1] U (1, 00).

Observe that 22 —4 < 0 iff (z — 2)(x + 2) < 0 iff either z = £2, or 2 — 2 > 0
and xt4+2 < 0,orx —2 < 0and z+ 2 > 0 iff either z = +2, or z > 2 and
r< -2, orx<2and x> —2iff either z = +2, or 2 <z <2iff -2 < <2
iff x € [-2,2].

Therefore, the solution set to 2% —4 < 0 is the set B = [~2,2].
To solve the pairs of inequalities simultaneously, we must compute A N B.
Observe that AN B = [-2,—-1]U[1,2]. O

Exercise 94. Solve simultaneously the pairs of inequalities.
|4z + 8] < 12 and 22 + 62 + 8 > 0.

Solution. Let x € R.
Observe that

[z + 8| < 12 —12 <4z +8<12

=

& —20<4x <4
& —h<zx<l1
& xze[-51].

Therefore, the solution set to the inequality |4z + 8| < 12 is the set A =
[—5,1].

Observe that 22+ 6x+8 > 0 iff (z+4)(x+2) > 0iff z+4 > 0 and 2 +2 > 0,
orx+4<0andx+2<0iffx > —-4and x > =2, or x < —4 and z < —2 iff
z>-2o0rzx<—4iff x € (—2,00) or z € (—o0, —4) iff z € (-2, 00) U (—00, —4)
iff z € (—o0, —4) U (-2, 00).

Therefore, the solution set to the inequality z? 4+ 6z + 8 > 0 is the set
B = (—o00,—4) U (-2, 00).

To solve the pairs of inequalities simultaneously, we must compute AN B.

Observe that ANB = [—5,1]N((—o00, —4)U(—2,0)) = [-5,—4)U(-2,1]. O

Exercise 95. Let U be the set of all functions having R as domain and range
a subset of R.

Let A= {f: f is continuous at each z € R}.

Let B = {f : f is differentiable at each x € R}.

Let C ={f: f'(z) = 2z + 3 for each z € R}.

Let D = {f : f is a quadratic polynomial}.

Let E={f: f(0) =0}.
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Let F = {f: f is a linear polynomial}.

a. List all subset relationships between pairs of these six sets.
b. List all pairs of disjoint sets among these six sets.
c. Describe, as precisely as possible, the following sets:
i.CNE

ii. A-B

iii. DNF

iv. AnND

v. AUD

vio C — F

vii. FF— A

viii. FNA

ix. ENF

x. BNFE

Solution. Part a.
TODO: Start here.

O
TODO: Finish exercises in 1.2 section.
Chapter 1.3 Algebraic Properties of Sets
Why an Algebra of Sets?
Example 96. Let U = R.
Let A = (—00,4) U (7, 00).
Let B = [-2,11].
Compute (ANB)U(ANB)U(ANB)U (AN B).
Solution. Observe that
(ANB)U(ANB)U(ANB)U(ANB) = (AUANBU(ANB)U(ANB)
= (UNB)U(ANB)U(ANB)
= BU(ANB)U(ANB)
= BU[(AUA)N B
= BU({UNB)
= BUB
= U
= R
Therefore, (ANB)U(ANB)U(ANB)U(ANB)=R. O
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Elementary Properties of Sets

Example 97. Let U = {1, 2,3, ...,9,10}.
Let A=1{1,3,5,7,9}. -
Compute AUA and ANAand A and AU A and AN A.

Solution. Since A = {2,4,6,8,10}, then AUA = {1,3,5,7,9,2,4,6,8,10} = U.
Observe that AN A = (.
Observe that A = {2,4,6,8,10} = {1,3,5,7,9} = A.
Observe that AUA ={1,3,5,7,9} = A.
Observe that AN A={1,3,5,7,9} = A. O

Example 98. Let U ={1,2,3,...,9,10}.
Let B = {1,2,3}. 3
Compute BUB and BN B and B and BU B and BN B.

Solution. Since B = {4,5,6,7,8,9,10}, then BUB = {1,2,3,4,5,6,7,8,9,10} =
U.

Observe that BN B =0.

Observe that B = {4,5,6,7,8,9,10} = {1,2,3} = B.

Observe that BU B = {1,2,3} = B.

Observe that BN B ={1,2,3} = B. O

Example 99. Let U = {1,2,3,...,9,10}.
Let C = {3,4,6,8}. B
Compute CUC and CNC and C and CUC and C N C.

Solution. Since C = {1,2,5,7,9,10}, then CUC = {3,4,6,8,1,2,5,7,9,10} =
U.

Observe that CNC = 0.

Observe that C'={1,2,5,7,9,10} = {3,4,6,8} = C.

Observe that CUC = {3,4,6,8} = C.

Observe that CNC = {3,4,6,8} = C.

Commutativity and Associativity

Example 100. Let U = {1,2,3,...,9,10}.
Let A =1{2,3,5,8}.
Let B ={1,2,5,6,7,10}.
Let C ={2,3,4,9,10}.
Compute:
(ANB)NC and AN (BNC)
ANBand BN A
BUC and CUB
AU(BUC)and (AUB)UC.
What conjectures can be made based on these computations and drawing
associated Venn diagrams?
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Solution. Observe that (AN B)NC ={2,5}N{2,3,4,9,10} = {2}.

Observe that AN (BN C) ={2,3,5,8} Nn{2,10} = {2}.

Therefore, (AN B)NC ={2} = An(BNCQC).

We draw some Venn diagrams of both (AN B)NC and AN (BNC) and
observe more evidence that (ANB)NC = AN(BNC) for any sets A, B, and C.
We still would have to prove this statement to raise its status from conjecture
to theorem.

Observe that AN B ={2,5} = BN A.
We draw some Venn diagrams of both A N B and B N A and observe more
evidence that AN B = BN A for any sets A and B. This is a conjecture until
proved.

Observe that BUC = {1,2,3,4,5,6,7,9,10} = C U B.
We draw some Venn diagrams of both BU C' and C U B and observe more
evidence that BUC = C' U B for any sets B and C. This is a conjecture until
proved.

Observe that AU(BUC) = {2,3,5,8}U{1,2,3,4,5,6,7,9,10} = {1,2,3,4,5,6,7,8,9,10} =
U and (AUB)UC = {1,2,3,5,6,7,8,10}U{2,3,4,9,10} = {1,2,3,4,5,6,7,8,9,10} =
U.
Therefore, AU(BUC)=U = (AUB)UC.
We draw some Venn diagrams of both AU (BUC) and (AU B) U C and
observe more evidence that AU (BUC) = (AU B) UC for any sets A, B, and
C. O

Distributivity

Example 101. Let U = {1,2,3,...,9,10}.
Let A ={2,3,5,8}.
Let B = {1,2,5,6,7,10}.
Let C = {2,3,4,9,10}.
Let D = {8}.
Compute:
(ANB)UD and AN (BUD)

Solution. Observe that (ANB)UD = {2,5}U{8} = {2,5,8} and AN(BUD) =
{2,3,5,8} U{1,2,5,6,7,10,8} = {2,5,8}.
Therefore, (ANB)UD ={2,5,8} = AN (BUD,).
Is(XNY)UZ=XnN((YU?Z) for any sets X,Y, and Z?
Let’s compute (AN B)UC and AN (BUC).
Observe that (AN B)UC ={2,5}U{2,3,4,9,10} = {2,3,4,5,9,10}.
Observe that AN (BUC) ={2,3,5,8} n{1,2,3,4,5,6,7,9,10} = {2,3,5}.
Therefore, (AN B)UC = {2,3,4,5,9,10} # {2,3,5} = AN (BUC(C), so
(ANB)UC #AN(BUCQ).
We conclude (X NY)UZ =X N (Y UZ) for any sets X,Y, and Z is false.
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We compute AN (BUC) and (ANB)U(ANC).

Observe that AN (BUC) = {2,3,5,8} N {1,2,3,4,5,6,7,9,10} = {2,3,5}
and (ANB)U(ANC)={2,5}U{2,3} ={2,3,5}.

Therefore, AN (BUC) ={2,3,5} = (ANB)U(ANC),so AN(BUC) =
(ANB)U(ANCQC).

We also draw Venn diagrams of both AN (BUC) and (ANB)U(ANC) and
see more evidence of the truth of the conjecture AN(BUC) = (ANB)U(ANC)
for any sets A, B, and C.

We compute AU (BN C) and (AUB)N(AUC).

Observe that AU (BNC) = {2,3,5,8} U{2,10} = {2,3,5,8,10} and (AU
B)N(AUC) = {1,2,3,5,6,7,8,10} N {2,3,4,5,8,9,10} = {2,3,5,8, 10}.

Therefore, AU(BNC) = {2,3,5,8,10} = (AUB)N(AUC), so AU(BNC) =
(AUB)N(AUCQC).

Is AU(BNC) = (AUB)N(AUCQC) true in general for any sets A, B, and C?

We draw Venn diagrams for both AU(BNC) and (AUB)N(AUC) and see
more evidence of the truth of the conjecture AU (BNC)=(AUB)N(AUC)
for any sets A, B, and C. O

De Morgan’s laws

Example 102. Let U = {1,2,3,...,9,10}.
Let A =1{2,3,5,8}.
Let B ={1,2,5,6,7,10}.
Let C ={2,3,4,9,10}.
Compute and draw Venn diagrams and formulate any conjectures.
AUBand AUB
ANBand ANB
AUC and AUC
ANCand ANC

Solution. Observe that AU B = {1,2,3,5,6,7,8,10} = {4,9} and AUB =
{1,4,6,7,9,10} U {3,4,8,9} = {1,3,4,6,7,8,9, 10}.

Observe that AN B = {2,5} = {1,3,4,6,7,8,9,10} and ANB = {1,4,6,7,9,10}N
(3,4,8,9) = {4,9}.

Observe that AU C = {2,3,4,5,8,10} = {1,6,7} and AUC = {1,4,6,7,9,10}U
{1,5,6,7,8} = {1,4,5,6,7,8,9,10}.

Observethat ANC = {2,3} = {1,4,5,6,7,8,9,10} and ANC = {1,4,6,7,9,10}N
{1,5,6,7,8) = {1,6,7}.

Observe that AUB = {4,9} = AN B,so AUB = ANB.

Observe that AN B = {1,3,4,6,7,8,9,10} = AUB,so ANB = AUB.

Observe that AUC = {1,6,7} = ANC,s0o AUC =ANC.

Observe that ANC = {1,4,5,6,7,8,9,10} = AUC,s0 ANC = AUC.

We conjecture X UY = X NY forany sets X and Y, and XNY =X UY
for any sets X and Y.
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We draw the Veng diigrams of each set and see more evidglce ;uhat the
conjectures X UY = X NY for any sets X and Y, and X NY = X UY for any
sets X and Y are true. O

Theorems involving a conditional

Example 103. Let U = {1,2,3,...,9,10}.
Let A = {2,3,5,8).
Let B = {1,2,5,6,7,10}.
Let D = {8}.
Explain why (AN B)UD = AN (BUD,).

Solution. Observe that (ANB)UD = {2,5}U{8} = {2,5,8} and AN(BUD) =
{2,3,5,8} U{1,2,5,6,7,10,8} = {2,5,8}.
Therefore, (ANB)UD = {2,5,8} = AN (BUD).

We observe that D C A.

We conjecture if X C A for any subset X of A, then (ANB)UX = AN(BUX).

We compute the power set of A to obtain each of the 16 subsets X of A.

For each X C A, we compute (AN B)U X and AN (B U X) and see if they
are equal.

We use Sage to compute these results for each of the 16 subsets X of A and
find that in all cases (ANB)UX = AN (BUX).

So we now have more evidence that the conjecture is true: for any sets A
and B, if X is any subset of A, then (ANB)UX = AN (BUX).

We now prove this conjecture.

Let A and B be arbitrary sets.
Let X be any subset of A.
Then X C A.

We prove (AN B) U X is a subset of AN (BUX).
Let ae (ANB)U X.

Thena€ ANBoracX.

We consider these cases separately.

Case 1: Suppose a € AN B.

Then a € A and a € B.

Since a € B, thena € Bora € X,s0a € BUX.
Since a € A and a € BUX, thena € AN (BUX).
Case 2: Suppose a € X.

Since X C A, then a € A.

Since a € X, thena € Bora € X,soa € BUX.
Since a € A and a € BUX, thena € AN (BUX).
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Hence, in all cases, a € AN (BUX).
Therefore, a € (AN B)U X impliesa € AN(BUX),s0 (ANB)UX is a
subset of AN (BUX).

We prove AN (BUX) is a subset of (ANB)UX.

Let be AN(BUX).

Thenbe Aandbe BUX,sobe A,andbe Borbe X.

Hence, either b€ A and b€ B,or b€ A and b € X, so either b€ AN B or
be X.

Thus, be (ANB)UX.

Therefore, b € AN (BUX) impliesb € (ANB)UX,s0 AN(BUX) is a
subset of (ANB)U X.

Since (AN B)U X is a subset of AN (BUX), and AN (BUX) is a subset of
(ANB)UX, then (ANB)UX equals AN(BUX), so (ANB)UX = AN(BUX).

Therefore, we have proved the statement: for any sets A and B, if X is a
subset of A, then (ANB)UX = AN (BUX).
In our example, we have A = {2,3,5,8} and B = {1,2,5,6,7,10} and
D = {8}.
Since D C A, then we conclude (ANB)UD =AN(BUD). O

Chapter 1.3 Exercises

Exercise 104. Let U = {1,2,3,...,9,10}.

Find specific subsets A, B, C, and/or X of U that contradict the conjectures
listed here.

For any subsets A, B,C, and X of U:

a. A—-(B-C)=(A-B)-C
b.A—-B=A-B

c. A—-(BuC)=(AUuB)-C

d AAB=AUB

e. BU(A-B)=A

. IfANCCBNC,then ACB

g f X CA then XUANB)=(XUA)NB
h. fAx B=AxC, then B=C

Solution. Part a.

Let A=1{1,2,3,5,7,8,9} and B = {2,5,8} and C = {2, 7}.

Observe that (A—B)—C ={1,3,7,9}—{2,7} ={1,3,9} and A—(B-C) =
{la 2,3,5,7, 8} - {53 8} = {]-a 2,3, 779}

Therefore, (A — B) — C = {1,3,9} # {1,2,3,7,9} = A — (B — (), so
(A—B)—-C#A—-(B-0).
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Part b.
Let A = {1,4,6,8,9} and B = {1,2,7,8}.
Observe that A — B = {1,4,6,8,9} — {1,2,7,8} = {4,6,9} = {1,2,3,5,7,8, 10}.
Observe that A—B = {1,4,6,8,9}—{1,2,7,8] = {1,4,6,8,9}—{3,4,5,6,9,10} =
{1,8}. B B
Therefore, A— B ={1,2,3,5,7,8,10} # {1,8} = A—B,so A— B # A— B.

Part c.
Let A =1{2,4,6,7,8,9,10} and B ={2,6,7,9} and C = {1,2,6,8,10}.
Observe that
A—(BuC) = {2,4,6,7,8,9,10} — ({2,6,7,9} U{1,2,6,8,10})
= {2,4,6,7,8,9,10} — ({1, 3,4,5,8,10} U {1,2,6,8,10})
{2,4,6,7,8,9,10} — {1,2,3,4,5,6,8,10}

{7,9}.
Observe that
(AuB)-C = ({2,4,6,7,8,9,10}U{2,6,7,9}) — {1,2,6,8,10}
= {2,4,6,7,8,9,10} — {1,2,6,8,10}
= {4,7,9}.

Therefore, A— (BUC) = {7,9} # {4,7,9} = (AUB) - C,s0 A— (BUC) #
(AUB)-C.

Part d.
Let A=1{2,4,6,7,9} and B = {1,2,3,5,7,9}.
Observe that
AAB = ({2>4767 739} - {1»273757 7a9}) U ({1a273»57779} - {2’4767779})
= {4,6}U{1,3,5}
= {1,3,4,5,6}.
Observe that AU B = {2,4,6,7,9} U{1,2,3,5,7,9} = {1,2,3,4,5,6,7,9}.

Therefore, AAB ={1,3,4,5,6} # {1,2,3,4,5,6,7,9} = AUB,s0o AAB #
AUB.

Part e.

Let A=1{1,2,3,5,8,9} and B ={2,3,8,10}.

Observe that

BU(A_B) = {233787 1O}U({132737578a9} - {233787 10})

{2,3,8,10} U {1,5,9}
{1,2,3,5,8,9,10}
# {1,2,3,5,8,9}
A.
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Therefore, BU (A — B) # A.

Part f.
Let A ={1,3,6,8} and B = {1,5,7,8,9} and C = {1,5,8,9}.
Since ANC ={1,8} € {1,5,8,9} = BNC, then ANC C BNC.
Since 3 € A, but 3 ¢ B, then A ¢ B.
Hence, ANC C BNC and A Z B,so ANC C BNC does not imply A C B.
Therefore, the conjecture ‘if ANC C BN C, then A C B’ is false.

Part g.
Let X = {1,2,3} and A4 = {1,2,3,5,6,10} and B = {2,6,10}.
Since {1,2,3} C {1,2,3,5,6,10}, then X C A.
Observe that

XU(AnB) = {1,2,3}U({1,2,3,5,6,10} N {2,6,10})
= {1,2,3}uU{2,6,10}
= {1,2,3,6,10}.
Observe that
(XuA)nB = ({1,2,3}uU{1,2,3,5,6,10}) N {2,6,10}
= {1,2,3,5,6,10} N {2,6,10}
= {2,6,10}.

Hence, X U(ANB) = {1,2,3,6,10} # {2,6,10} = (X UA)N B, so X U (AN
B)# (XUA)NB.

Thus, X C Aand XU (ANB) # (XUA)NB, so X C A does not imply
XU(ANB)=(XUA)NB.

Therefore, the conjecture ‘if X C A, then X U(ANB) = (XUA)NB is
false.

Part h.
Let A= 0 and B ={2,5} and C = {1,2,5}.
Since Ax B=0x{2,5} =0=0x{1,2,5} = Ax C,then Ax B=AxC.
Since B = {2,5} # {1,2,5} = C, then B # C.
Hence, Ax B=AxC and B # C,so Ax B = AxC does not imply B = C.
Therefore, the conjecture ‘if A x B = A x C, then B = (" is false. O

Exercise 105. Let U = {1,2,3,...,9,10}.

a. Try to find subsets A, B, and X of U with A and B distinct(i.e., A # B)
such that AUX =BUX and ANX =BnNX.

Do not try any more than five combinations of the three sets.

b. Suppose that the three sets described in (a) are impossible to find(i.e. do
not exist).

Can you formulate an elegant statement of a theorem asserting this fact?

Note: If A = B, then surely AUX = BUX and ANX = BN X for any set
X.
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Solution. Part a.
Let A= {1} and B = {2} and X = {1,2}.
Then A # B,and AUX = {1,2} = BUX, and ANX = {1} # {2} = BN X.

Let A= {1,2} and B = {2} and X = {1,2}.
Then A # B, and AUX = {1,2} = BUX, and ANX = {1,2} # {2} = BNnX.

Let A={1} and B=0 and X = {1}.

Then A # B, and AUX = {1} U{1} = {1} = U {1} = BU X, and
ANX ={1}n{1} ={1} #0=0n{1} =BnX.

Let A= {1} and B =0 and X = 0.

Then A # B, and AUX = {1} U0 ={1} #0 =0U0 = BUX, and
ANX ={1}nb=0=0n0d=BnNX.

Let A=0 and B = {1} = X.
Then A # B, and AUX = QU {1} = {1} = {1} U{1} = BU X, and
ANX=0n{1}=0#{1} ={1}n{1} =BnX.

Part b.
We conjecture that the statement ‘there exist subsets A, B, X of universal
set U such that A # Band AUX = BUX and ANX = BN X’ is false.
Hence, for any subsets A, B, X of universal set U, it’s impossible that A # B
and AUX =BUXand ANX =BnNX.
Thus, for any subsets A, B, X of universal set U, if AUX = BU X and
ANX =BNX, then A= B.

We prove the statement: for any subsets A, B, X of universal set U, if AUX =
BUX and ANX =BnNJX, then A = B.
Let A, B, and X be any subsets of a universal set U.
Suppose AUX =BUX and ANX =BnNX.
We must prove A = B.

Let z € A.

Thenx € Aorz € X, sor e AUX.

Since AUX = BU X, then z € BU X, so either x € B or x € X.
We consider these cases separately.

Case 1: Suppose x € B.

Since x € A and z € B, then x € A implies x € B, so A C B.
Case 2: Suppose = € X.

Since x € Aand x € X, then x € AN X.

Since ANX =BNX,thenz e BNX,soxé€ B.

Since x € A and z € B, then x € A implies x € B, so A C B.
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Therefore, in all cases, A C B.

Let y € B.

Thenye Borye X,soy € BUX.

Since BUX = AU X, then y € AU X, so either y € Aor y € X.
We consider these cases separately.

Case 1: Suppose y € A.

Since y € B and y € A, then y € B implies y € A, so B C A.
Case 2: Suppose y € X.

Since y € B and y € X, then y € BN X.

Since BN X =ANX,theny € ANX,soy € A.

Since y € B and y € A, then y € B implies y € A, so B C A.

Therefore, in all cases, B C A.

Since A C B and B C A, then A = B. O

Exercise 106. Let U = {1,2,3,...,9,10}.

a. Try to find subsets A, B, and X of U with A and B distinct such that
ANnX=BNnXand ANX =BnX.

Do not try any more than five combinations of the three sets.

b. Suppose that the three sets described in (a) are impossible to find(i.e. do
not exist).

Can you formulate an elegant statement of a theorem asserting this fact?

Note: If A= B, then ANX =BNX and ANX = BN X for any set X.

Solution. Part a.
Let A={1,2} and B={1,2,3} and X = {1,2,7}.
Then A # Band ANX ={1,2} =BnNnX.
Observe that

ANnX = {1,2}n{3,4,5,6,8,9,10}
=0

{3}

{1,2,3}N{3,4,5,6,8,9,10}

= BnNnX.

RN

Let TODO: Finish this exercise.

TODO: Continue working on the 1.3 exercises

Chapter 7.1
TODO: Work on chapter 7 and 8.
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Chapter 8.1

Exercise 107. Let f1 = {(2,3),(3,5),(4,7),(5,9}.
Analyze f;.

Solution. Since f; is a set of ordered pairs, then f; is a relation.

The domain of f; is the set {2,3,4,5}.

The range of f is the set {3,5,7,9}.

Since no two distinct ordered pairs have the same first element, then f; is a
function. O

Exercise 108. Let fo = {(a,2),(b,y), ..., (y,0), (z,a)}.
Analyze fs.

Proof. Since fs is a set of ordered pairs, then f5 is a relation.

The domain of fs is the set {a,b, ¢, ...,y, z}, the set of all lower-case letters
of the English alphabet.

The range of f is the set {a,b, ¢, ...,y, 2}, the set of all lower-case letters of
the English alphabet.

The domain of f5 equals the range of fs.

Since no two distinct ordered pairs have the same first element, then f5 is a
function. O

Exercise 109. Let f3 = {(1,1),(2,2),...,(100,100)}.
Analyze f3.

Solution. Since f3 is a set of ordered pairs, then f3 is a relation.

The domain of f3 is the set {1,2,3,...,99, 100}, the set of all integers between
1 and 100, inclusive.

The range of f3 is the set {1,2,3,...,99,100}, the set of all integers between
1 and 100, inclusive.

The domain of f3 equals the range of f3.

Since no two distinct ordered pairs have the same first element, then f3 is a
function. O

Exercise 110. Let Ry = {(1,a), (1,b),...,(1,2)}.
Analyze R;.

Solution. Since R; is a set of ordered pairs, then R; is a relation.

The domain of R; is the singleton set {1}.

The range of R is the set {a,b,c, ..., 2z}, the set of all lower-case letters of
the English alphabet.

Since (1,a) € Ry and (1,b) € Ry and a # b, then R; is not a function. [

Exercise 111. Let Ry = {(1,1), (1, 1), (4,2), (4, —2), (9,3), (9, —3)}.
Analyze Rs.

Solution. Since Rs is a set of ordered pairs, then R is a relation.
The domain of Ry is the set {1,4,9}.
The range of Ry is the set {1,-1,2,—2,3— —3}.
Since (1,1) € Ry and (1,—1) € Ra, but 1 # —1, then Ry is not a function.
U
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