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Darboux Integral of a real valued function

Example 1. The constant function is Darboux integrable.
Let k£ € R be fixed.
Then fab k=k(b—a).

Proof. Let f : [a,b] — R be the function defined by f(x) = k.

Let = € [a,b].

Then |f(z)| = |k|, so | f(x)| = |k| for all z € [a,]].

Hence, f is a bounded function, so the upper and lower Darboux integrals
exist.

Let P ={a,z1,...,xn—1,b} be a partition of [a, b].

Since f is a bounded function, then the upper Riemann sum is U(f, P) =
i sup f(I;)A; and the lower Riemann sum is L(f, P) = Y., inf f(L;)A;
where I; = [z;_1,2;] and A; = x; — x;_1 for each i = 1,2,...,n.

Let i € {1,2,...,n}.

Then f(I;) = f([xi—1,2:]) = {k}, so sup f(I;) = sup{k} = k and inf f(I;) =
inf{k} = k.

Thus, sup f(I;) = k and inf f(I;) = k for each i = 1,2, ..., n.

Observe that

U(f,P) > " sup f(1)A,
=1

i=1

= kY A
=1

= kZ(azl - 331'_1)
i=1

= k(x, —x0)
= k(b-a).

Therefore, U(f, P) = k(b — a).



Since P is an arbitrary partition, then U(f, P) = k(b—a) for every partition
of [a, b].

Let S = {U(f, P) : P is a partition of [a,b]}.

Then S = {k(b—a)}.

The upper Darboux integral is

b
/ f = inf{U(f,P): P is a partition of [a, b]}

= inf S
= inf{k(b—a)}
= k(b—a).

Observe that

LEP) = St fn)a,
=1
i=1
= kzn:Ai
1=1

= kY (wi—wio1)
i=1

= k(z, — o)
= k(b—a).

Therefore, L(f, P) = k(b — a).

Since P is an arbitrary partition, then L(f, P) = k(b— a) for every partition
of [a, b].

Let T = {L(f,P) : P is a partition of [a,bl]}.

Then T = {k(b—a)}.

The lower Darboux integral is

/s

sup{L(f, P) : P is a partition of [a, b]}

= supT
— sup{k(b— 0)}
= k(b—a).
Since fabf =k(b—a) = Ef, then f is Darboux integrable on [a,b], so the
Darboux integral of f over [a, ] is f; k=k(b—a). O



Example 2. Dirichlet function is not Darboux integrable
Let f:]0,1] — R be a function defined by

0 if z is irrational

1 if x is rational
-

Then f is not integrable on [0, 1].

Proof. Since the range of f is the finite set f([0, 1]) = {0, 1}, then f is a bounded
function, so the upper integral fol f and lower integral fol f exist.

Let P be an arbitrary partition of [0, 1].

Then there exists a positive integer n such that P = {0, z1, ..., 2,1, 1} and
ro=0and x, =1 and xx_1 <z for k=1,2,...,n.

Let I, = [xp—1, %) and A = 2 — x_ for each k =1,2,...,n.

Since Ij, is a subinterval of the partition P, then I C [0,1] for each k =
1,2,...,n.

Let k € {1,2,...,n}.

Then Iy, = [xx—1,2%) and xx_1 < xp and I C [0,1] and Ay =z — T_1.

Since Q is dense in R and xj_1 < g, then there exists a rational s such that
Tp—1 < 8 < Tg.

Hence, s € [xg_1,2k], S0 s € If.

Since I, C [0,1], then s € [0, 1].

Since s is rational, then f(s) = 1.

Since R — Q is dense in R and x;_1 < xg, then there exists an irrational ¢
such that zp_1 <t < 2.

Hence, t € [xg_1, 2], sO t € If.

Since I}, C [0,1], then ¢ € [0, 1].

Since t is irrational, then f(t) = 0.

Since f(s) =1 and f(¢t) =0, then 0 € f(I}) and 1 € f(Ix), so {0,1} C f(Ix).

Since I, C [0,1], then f(Ix) C f([0,1]).

Since f(I) C f([0,1]) and f([0,1]) = {0,1}, then f(I}) C {0,1}.

Since f(Ix) € {0,1} and {0,1} C f(Ix), then f(I;) = {0,1},sosup f(I;) =1
and inf f(I}) = 0.

Hence, inf f(Ik)Ak = OAk =0 and sup f(Ik)Ak =1- Ak = Ak

Since k is arbitrary, then inf f(Ix)Ar = 0 and sup f(Ix)Ar = Ay for each
k=1,2,...,n.

The upper Riemann sum is



The lower Riemann sum is

L(f,P) = ) inf f(Ix)As

S0
k=1

= 0.

Therefore, U(f, P) = 1 and L(f, P) = 0 for any partition P of [0,1].
The upper Darboux integral is

[

inf{U(f, P) : P is a partition of [a, ]}

= inf{1}
= 1

The lower Darboux integral is

|1

sup{L(f, P) : P is a partition of [a,b]}

= inf{0}
= 0.

Since folf =0<1= fT)lf, then f is not Darboux integrable on [0, 1].

Riemann Integral of a real valued function

Example 3. Let k£ € R be fixed.
Then [ kda = k(b — a).



Proof. Let f : [a,b] = R be the function defined by f(z) =

Let € > 0 be given.

Let 6 = 1.

Let P = {([xi_1,zi],t;) : i € ZT,1 <i < n} be an arbitrary tagged partition
of [a, b] with ||P]] < 1.

Since P is a partition, then x¢g = @ and x,, = b.

Observe that

IS(f;P) —k(b—a)] = |Zf i — 1) — k(b — a)|

n

= |Zk i —xi1) — k(b—a)|

n

= |kz i —xi—1) — k(b—a)]
= |k(17n — o) — k(b —a)|

= [k(b—a)—k(b—a)

- 0

< €.

Therefore, f: kdx = k(b — a). O



