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Darboux Integral of a real valued function

Exercise 1. Let f : [0,3] — R be the function defined by

f(x):{Z fo<z<1

3 ifl<ax<3

Then fJf = [ =i f=8.

Proof. We prove f is a bounded function.
Let x € domf.
Then either 0 <x <lorl<z<3.
We consider these cases separately.
Case 1: Suppose 0 <z < 1.
Then |f(z)|=12| =2 < 3.
Case 2: Suppose 1 <z < 3.
Then |f(z)| = |3] = 3.
Thus, in all cases, |f(z)] < 3.
Hence, |f(x)| < 3 for all z € domf, so f is bounded.

Therefore, the upper Darboux integral f03 f and the lower Darboux integral
fog f exist and the upper Riemann sum U(f, P) and lower Riemann sum L(f, P)

exist for every partition P of the interval [0, 3].
Let S = {L(f,P) : P is a partition of [0, 3]}.
Let T = {U(f,P) : P is a partition of [0, 3]}.

Then fogf = SupS and fOBf =inf T and fosf < Tg’f

Proof. Let P, = {0,1,3} be a partition of [0, 3].
The upper Riemann sum is



2
U(f,P) = Y sup f(Ix)Ay
k=1

= sup f([1)A1 +sup f(I2)Az

sup f([0,1])(1 = 0) +sup f([1,3])(3 = 1)
= sup{2}(1) +sup{2,3}(2)

= 2(1)+3(2)

= 8.

Since P is a partition of [0,3] and U(f, P2) =8, then 8 € T.
Since fogf is a lower bound of 7" and 8 € T', then fogf <8. O

Proof. We prove for every e if 0 < e < 2, then 8 —e € S.

Let € be an arbitrary real number such that 0 < e < 2.

Since 0 < e <2, then 1 <1+4+€< 3.

Since 0 <1< 1+€<3,let P.={0,1,1+¢,3} be a partition of the interval
[0, 3].

The lower Riemann sum is

3
L(f,P) = Y inf f(Ix)A
k=1
= Hlff(]l)Al +1fo([2)A2 +1Hff([3)A3
= inf £([0,1])(1 — 0) + inf F([L, 1+ )[(1 +€) — 1] +inf £([L + € 3])[3 — (1+¢)]
= inf{2}(1) + inf{2,3}e + inf{3}(2 — ¢)
= 2x1+4+2+3(2—¢)
= 8—e

Since P. is a partition of [0,3] and L(f, P.) =8 —¢, then 8 —e € S.
Therefore, 8 — € € S for every € such that 0 < e < 2. O

Proof. We prove sup .S > 8.

Suppose sup S < 8.

Then 8 —sup S > 0, so % > 0.

Let € = %.

Then € > 0.

Since supS > inf f*x (3 —0) = 2% (3 —0) = 6 > 4, then supS > 4, so
sup S > 8 — 4.

Hence, 4 > 8 —sup S, so 2 >

Thus, 2 > e.

Since 0 < € and € < 2, then 0 < € < 2.

Hence, 8 — ¢ =8 — st;ps = Sup23+8 es.

8—sup S
— -




Therefore, w es.

Since sup S < 8, then 2sup S < sup .S+ 38, so supS <

Thus, w is an element of S that is greater than the least upper bound
of S.

This contradicts the fact that sup S is an upper bound of S.

Hence, sup S > 8, so fogf > 8. O

sup S+8
- -

Proof. Since 8 < f03f < fof < 8, then 8 < f03f and f03f < 8and 8 < TO?’f and

3
If<s
Since fogf <8and 8 < f03f, then f03f = 8.
Since fogf <8and 8 < fogf, then fogf =8.
Therefore, f is Darboux integrable and the integral of f over [0, 3] is fOS f=

fogf =8= fogf' Cl

Exercise 2. Let f:[0,1] — R be the function defined by f(z) = z.

Then fol xdxr = folx = % = folx.

Proof. Let x € [0,1].

Then0<z<1,s00<z=f(z) <1

Hence, 0 < f(z) <1, so f is bounded.

Therefore, the upper Darboux integral folac and the lower Darboux integral
folx exist and the upper Riemann sum U(f, P) and lower Riemann sum L(f, P)
exist for every partition P of the interval [0, 1].

Let S = {L(f, P) : P is a partition of [0,1]}.

Let T={U(f,P): P is a partition of [0,1]}.

Then folx =sup S and folx = inf T and folx < Tolx. O
Proof. Let P, = {0, %, %, ey "7_17 1} be a partition of [0, 1] for each n € Z*.

For each k = 1,2, ...,n the k' subinterval is I), = [kgl, %] and its length is
Ap=1.

Hence, for each k = 1,2, ..., n the direct image of I, is f(Ix) = f([%21,
[

Since f is an increasing function, then sup f(I;) = £ and inf f(I;) = £
and Ay = % for each £ =1,2,...,n.

3=

I)=



For every positive integer n the lower Riemann sum is

L(f, Py)

k=1
1 n n
= k-
k=1 k=1
1 n(n+1)
= ﬁ[ B) —n
_ on-—1
N 2n

Therefore, L(f, P,) = %= for all n € Z7.

Let A={L(f,P,):neZt}.

Then A = {%1 :n € ZT}, so A is the range of the sequence (a,,) defined
1

- 2n
by an, = %5~
Let z € A.

Then « = L(f, P,,) for some positive integer n.

Since P, is a partition of [0,1], then z € S.

Hence, A C S.

Let n € Z* be given.

Then a, = "2—;1 € A.

Since A C S, then a,, € S.

Since sup S is an upper bound of S, then a,, <supS.

Since n is arbitrary, then a, < supS for all n € Z™, so sup S is an upper
bound of A.

Since lim,,_ o0 "2—;1 = %, then (a,,) is a convergent sequence, 8o % = lim,, 00 "2—;1 <
sup S.
1 1
Hence, § < fi x. O



Proof. For every positive integer n the upper Riemann sum is

U(f,Pa) = Y _sup f(Ir)A

Therefore, U(f, P,) = %t for all n € Z7T.
Let B={U(f,P,):n€Z"}.

Then B = {%tl : n € ZT}, so B is the range of the sequence (b,,) defined

by bn:”TJ;Ll.
Let y € B.

Then y = U(f, P,,) for some positive integer n.

Since P, is a partition of [0, 1], then y € T.

Hence, B CT.

Let n € Z* be given.

Then b, = %t € B.

Since B C T, then b, € T.

Since inf T" is a lower bound of T', then inf T < b,,.

Since n is arbitrary, then inf T' < b, for all n € ZT, so inf T is a lower bound
of B.

Since lim,,_o0 "2—21 = %, then (b,) is a convergent sequence, so inf7 <
lim,, oo "2—";1 = %

Since inf T' < %7 then 701,73 < % O
Proof. Since % SLOI:U andﬁx §E&c andfT)lx < %, then % giolx §Em < %,
soﬁxﬁ%and%ﬁ?&x.

Sinceﬁx < % and % SLle, thenﬁm: %

Since Tola: < % and % < 701% then fT)lx = %

Therefore, f is Darboux integrable and the integral of x over [0, 1] is fol T =
folx =1= fT]l:r. O



Exercise 3. Let f :[0,1] — R be the function defined by f(z) = 2.

22 12 1_ 12
Thenf0 dx—i =3 0 X

Proof. Let z € [0,1].

Then 0 <2 <1,500<2?=f(z) <1.

Hence, 0 < f(z) <1, so f is bounded. o

Therefore, the upper Darboux integral f01x2 and the lower Darboux integral
f01x2 exist and the upper Riemann sum U(f, P) and lower Riemann sum L( f, P)
exist for every partition P of the interval [0, 1].

Let S = {L(f,P) : P is a partition of [0,1]}.

Let T'= {U(f, P) : P is a partition of [0, 1]}. o

Then f01x2 =sup S and f01x2 =infT and fo < fol 2, O

Proof. Let P, = {0, % %, ..., =11} be a partition of [0,
For each k = 1,2, ...,n the k** subinterval is I}, = |
Ap =1
Hence, for each k = 1,2, ..., n the direct image of I is f(I)) = f([:2, £]) =
[(E=1)2(£)2], so sup f(I)) = ( )% and inf f(I;;) = (£21)? and Ay, = 2 for each
k=1,2,...,n

For every positive integer n the lower Riemann sum is

1] for each n € Z*.
—1 k] and its length is

n
1
n

n

> inf f(Ir)A

k=1

L(f, Py)

k=1
1 n
E[ k2 o 77,2}
k=
( 1(2n+1)
T [ 6 —n’]
_ 2n? —3n+1
n 6n2 '

Therefore, L(f, P,) = Q"G’A for alln € Z*.
Let A={L(f,P,):neZ"}.
Then A = {2” gn32"+1 :n € ZT}, so A is the range of the sequence (ay,)

defined by a,, = %



Let x € A.

Then x = L(f, P,,) for some positive integer n.

Since P, is a partition of [0,1], then z € S.

Hence, A C S.

Let n € Z* be given.

Then a, = % € A.

Since A C S, then a, € S.

Since sup S is an upper bound of S, then a,, < supS.

Since n is arbitrary, then a, < supS for all n € Z™, so sup S is an upper
bound of A.

Since lim,,_, 2"2’% = %, then (a,) is a convergent sequence, so % =
lim,, o0 2”267% <supS.

1
Hence, % < fo x2, O

Proof. For every positive integer n the upper Riemann sum is

U(f,Pa) = D _sup f(Ik)Ay
k=1

- Y
n’ n
k=1
- 1
_ 2
= D K=
k=1
1 &<y
k=1
1 n(n+1)2n+1)
 (n+1)(@2n+1)
a 6n2
_ 2n2+3n+1
a 6n2 '

Therefore, U(f, P,,) = % for alln € Z*.
Let B={U(f,P,):n€Z"}.
Then B = {M :n € Z*'}, so B is the range of the sequence (by,)

6n2
defined by b, = 20243041,
Let y € B.
Then y = U(f, P,,) for some positive integer n.
Since P, is a partition of [0, 1], then y € T.
Hence, B C T.
Let n € Z™* be given.
Then b, = 20°43+1 ¢ B,
Since B C T, then b,, € T'.



Since inf T" is a lower bound of T', then inf T' < b,,.
Since n is arbitrary, then inf T' < b, for all n € ZT, so inf T is a lower bound
of B.

. . 2 . .

Since limy, o0 222341 = L then (b,,) is a convergent sequence, so inf 7' <
: 2n243n+1 1
e 228350 =

. . 1 1 o 1

SlncelnfTSS,thenfOx <3 O

. 1 1 9 1 9 1 o 1 o 1 1 1.2

Proof. Since 3 < fox and fox < fox and fox < 3, then 3 < fox <

Lo _1 .l 2_1 1 1 o
Joz Sg,sofioa: <z and 3 < [j2°
: 1 2 1 2 1 2 1
Slncefiox < Sfiox,thenfiox =3

1

< Tolx2, then fTJl:r?

and

Wl Wl
W= W=

T,
Since fox < i and 5.

Therefore, f is Darboux integrable and the integral of 2 over [0, 1] is fol % =
fole =3= ole' -

Exercise 4. Let f : [0,2] — R be the function defined by f(z) =1 if z # 1 and
(1) =o.
Then f02 f=2

Proof. Let x € [0, 2].

Then 0 < x < 2, so either x =1 or x # 1.

We consider these cases separately.

Case 1: Suppose z = 1.

Then f(z) = f(1) =0.

Case 2: Suppose x # 1.

Then f(x)=1.

Hence, either f(x) =0 or f(z) = 1, so the range of f is the set {0,1}.

Since {0, 1} is finite, then f is bounded.

Therefore, the upper Darboux integral f02 f and the lower Darboux integral
f02 f exist and the upper Riemann sum U(f, P) and lower Riemann sum L(f, P)
exist for every partition P of the interval [0, 2].

Let S = {L(f,P) : P is a partition of [0,2]}.

Let T ={U(f,P) : P is a partition of [0, 2]}.

Then [} f =supS and [; f = infT. O

Proof. Let Py = {0,2} be a partition of the interval [0, 2].
The upper Riemann sum is U(f, Py) = sup f([0,2])(2 — 0) = sup{0,1}(2) =
1(2) =2,s02€T.

Since inf T is a lower bound of T', then inf T < 2, so fof < 2. O
Proof. We prove for every €, if 0 < e < 2, then 2 —e € S.

Let € be an arbitrary real number such that 0 < e < 2
Then 0 < € and € < 2.



Since € < 2, then § <1,500<1—5and 1+ § < 2.

Since 0 <e¢, then 1 -1 < §+ 5,501 -5 <1+3.

Since0 <l-gand1—-§5 <1+§Fand 1+§<2,then0<1-5 <145 <2.
Let P. = {0,1— 5,1+ §,2} be a partition of [0, 2].

The lower Riemann sum is

3
L(f,P) = ) inf f(I})A
k=1
= 1nff( )Al —|—1fo( )AQ‘FIfo(Ig)Ag
= b f([0.1 = SN = 5) +inf F([L = 5.1+ SDe+inf F([1+ 5. 2)(1 - 3)

= inf{1}(1 - 5) +inf{0,1}e + inf{1}(1 — 2)

= 10-5)+0)+1(1-3)

= 2—e

Since P, is a partition of [0,2] and L(f,P.) =2 —¢, then 2 —c € S.
Therefore, if 0 < € < 2, then 2 —€e € S. O

Proof. We prove sup S > 2.
Suppose sup S < 2.
Then 2 —sup S > 0, so
Let € = %.

Then € > 0.
Since supS > inf f % (2 —0) = inf{0,1} % (2) = 0% 2 = 0 > —2, then

supS > —2,sosupS > 2 —4.
Hence, 4 > 2 —sup S, so 2 >
Thus, 2 > e.

Since 0 < € and € < 2, then 0 < € < 2.
Hence, 2 —e =2 — 2_S;ps = 2+S;ps = Supf” €s.

2— supS > 0.

2— supS

Therefore, % €Ss.

Since sup S < 2, then 2sup S < sup S + 2, so sup .S <

Thus, W is an element of S that is greater than the least upper bound
of S.

This contradicts the fact that sup S is an upper bound of S.

Hence, sup S > 2, so f02f > 2. O

sup S+2
—s -

Proof. Since 2 < fOQf < fT)Qf < 2, then 2 < fOQf and f02f <2and?2< fT?f and
Iys =2
Since fo f<2and 2 < fo f, then fo

Since fo f<2and 2 < fo f, then fo
Therefore, f is Darboux integrable and the mtegral of f over [0,2] is f02 f=

fo 727]0 O



Exercise 5. Let f:[0,1] — R be the function defined by

Then fy f= fyf= [y f="4.

Proof. We prove f is a bounded function.
Let z € [0,1].
TheneitherOSxS%or%<x§1.
We consider these cases separately.
Case 1: Suppose 0 <z < %
Then |f(z)| =0 =0 < 1.
Case 2: Suppose % <z <1
Then |f(z)| = 1] = 1.
Thus, in all cases, |f(x)] < 1.
Hence, |f(x)] <1 for all x € [0,1], so f is bounded.

Therefore, the upper Darboux integral fol f and the lower Darboux integral

fol f exist and the upper Riemann sum U(f, P) and lower Riemann sum L(f, P)

exist for every partition P of the interval [0, 1].
Let S = {L(f,P) : P is a partition of [0,1]}.
Let T = {U(f,P) : P is a partition of [0, 1]}.

Then ! f = sup S and [ f =inf T and [}/ < [1f.

Proof. Let P, = {0, 3,1} be a partition of [0, 1].

The upper Riemann sum is

2
U(f, P2) > sup f(In) Ay
k=1

= sup f(I1)Ar +sup f(I2)As

1.1 1
= sup f([0, 5])(5 —0) +sup f([i’ 1))(

= sup{O}(%) + sup{0, 1}(%)

Since P, is a partition of [0,1] and U(f, P2) = %, then % eT.
Since folf is a lower bound of T and % € T, then folf <1l O

10



Proof. We prove for every € if 0 < € < , then 2 5 — €€ S

Let € be an arbitrary real number such that 0 < e < 5

S1nce0<e< 1 then7< +e<1

Since 0 < 1 < +e<1 then0< l+e<l,solet P.={0,3+¢1} bea
partition of the 1nterval [0, 1].

The lower Riemann sum is

L(f,P) = Y inf f(I)A
=1

= 1f;ff( )Al—l—inff(IQ)Az

inf f([0, -l-e])(;-l— )—i—lnff([ +61])[1 —

inf{0, 1}(% o+ inf{l}(§ _ )

~ (3 +e)

1 1
= 0(§+6)+1(§—6)
1
= ——e
2
Since P is a partition of [0,1] and L(f,P.) = 1 — e then § —e € S.
Therefore, = — e € S for every € such that 0 < ¢ < 5 U

Proof. We prove sup S > 1 5-
Suppose sup S < %

1_
Then % —supS >0, so 2 sQupS > 0.

Let € = w.

Then € > 0.

Since sup.S > inf f* (1 —0) = 0% (1 —0) = 0 > 3L, then sup S > 3, so
sup S > l—1

s
Hence, 1>7—supS sof> z S;p .
Thus, >6
SinceO<eande<%,then0<6<%.
1 1
1 1 s—supS _ supS+3
Hence, 5 —e =5 — 2—; = 2> €8.

S4+1
Therefore, SuP2+2 es.

1
Since sup S < %, then 2sup S < sup S + %, so sup S < %.

1
Thus, ™2 §+2 is an element of S that is greater than the least upper bound
of S.

This contradicts the fact that sup S is an upper bound of S.
Hence, sup S > 1, so folf > 1 O

Proof. Since 1 < fol F</f

and [1f <1

(SIS

,then%ﬁﬁ andf0f<fand% T(Jlf

11



N[

Since folf <land i< fo f, then fo =1
l

Since fT)lf <land i< fo f, then fo
Therefore, f is Darboux integrable and the integral of f over [0, 1] is fol f=

Ihf=3=1J1 -

(SIS

Riemann Integral of a real valued function

Exercise 6. Let k € R be a fixed.
Then [ kdx = k(b — a).

Proof. Let f:[a,b] = R be a function defined by f(z) =

Let € > 0 be given.

Let 6 = 1.

Let P = {([wi—1,2;),t;) : 4 € ZT,1 <1 < n} be an arbitrary tagged partition
of [a,b] with ||P]| < 1.

Since P is a partition, then zg = a and x,, = b.

Observe that

n

|S(f.P)—k(b—a)| = \Zﬂm(mi—xi_l)—k(b—a)l

= \Zk 2 —xi_1) — k(b—a)|

= D) ko)
= \k(xn —x9) — k(b —a)|

= |k(b—a)—k(b—a)

=0

< €.

Therefore, f: kdx = k(b — a). O
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