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Limit of a real valued function

Example 1. limit of a constant function
For every k € R, lim,_,, k = k. (limit of a constant k is k )

Proof. Let k € R be arbitrary.

Let f: R — R be a function defined by f(x) =k for all € R.

Let a be an accumulation point of R.

Let € > 0 be given.

Let 6 = 1.

Let z € R such that 0 < |z — a] < 4.

Since |f(z) — k| = |k — k| = 0 < ¢, then the conditional if 0 < |z — a| < 0,
then |k — k| < € is trivially true.

Therefore, lim,_,, k = k. O

Example 2. limit of the identity function
For all ¢ € R, lim,_,, z = a.

Proof. Let f:R — R be a function defined by f(x) =« for all x € R.

Let a € R be given.

Since every real number is an accumulation point of R, then a is an accu-
mulation point of R, the domain of f.

Let € > 0 be given.

Let 6 =e.

Let z € R such that 0 < |z — a| < 4.

Then |f(z) —a| =]z —a| <d =¢,s0 |[f(z) —a] <e.

Therefore, lim,_,, x = a. O

Example 3. limit of the square function
2

For all @ € R, lim,_,q 2 = a?.
Proof. Let a be an arbitrary real number.

Let f : R — R be the function defined by f(x) = 2?2 for all z € R.

Since every real number is an accumulation point of R, then a is an accu-
mulation point of R, the domain of f.

We must prove lim,_,, 2 = a?.



Let € > 0 be given.

Let § = min{1, ﬁQIaI}
Thenéglandégm.

Since |a| > 0, then 2|a] > 0,s0 14 2|a] > 1 > 0.
Hence, 1+ 2]a| > 0, so 75701 > O-

Thus, § > 0.

Let z € R such that 0 < |z — a] < 4.

Since 0 < |z — a| < 4, then |z —a| < 4.

Since
|t +a| = |z—a+2qa
< |z —al 4[24
= |z —al+2ldl
< §+2la
< 14 2al,
then 0 < |z +a| < 1+ 2|al.
Hence,
2? —a®| = |(z—a)(z+a)
= |z —allx+a
< 6(1+2|a])
< %Ma\ (1 4 2]al)
= e
Therefore, |22 — a?| < ¢, as desired. O

Example 4. limit of the cube function

For all @ € R, lim,_q 23 = a>.

Proof. Let a be an arbitrary real number.
Let f: R — R be the function defined by f(x) = 2 for all z € R.
Since every real number is an accumulation point of R, then a is an accu-
mulation point of R, the domain of f.
We must prove lim,_,, 22 = a>.
Let € > 0 be given.
Let 6 = min{1, W}
Thenéglandégm.
Since |a| > 0, then

W >0,s00d > 0.
Let = € R such that 0 < |z — a] < 4.
Since

|(z —a) + a
|z — al +|a
0+ |al
1+ |al,

]
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then |z| <1+ |al.
Since

|22 + ax +d?| < |2 + az| + |af?
< 2> + lallz] + |af®
< (L+lal)® + lal(L + |a]) +|al?
= 1+ 3|a| + 3|al?,
then 0 < |22 + ax + a®| < 1 + 3|al + 3|al*.
Hence,
|28 —a®| = |(z —a)(z? + az + d?)|
|z — al|z? + ax + d?|
< 6-(1+3|al + 3lal?)
€
< —————— (1+3|a| +3a?
S Tr g (T Slal 3l
= e
Therefore, |f(x) — a®| < ¢, as desired. O
Example 5. limit of the reciprocal function
For all positive real a, lim,_,, % = %

Proof. Let a be a positive real number.

Then a € R and a > 0.

Let f: R* — R be the function defined by f(z) = % for all x € R*.

We first show that a is an accumulation point of R*, the domain of f.

Since a > 0, then a € (0, 00).

Since (0, 00) is an interval, then a is an accumulation point of (0, 00).

Since (0,00) C (—00,0) U (0,00) = R — {0} = R*, then a is an accumulation
point of R*.

To prove limzﬁaé = %, let € > 0 be given.
Let 6 = min{§, %<}

Thenéﬁ%andég‘%eand5>0.

Let z € R* such that 0 < |z —a| < 0.

Then 0 < |x — a| and |z — a| < 4.

Since z € R*, then z € R and z # 0, so |z| > 0.

Since |z —al < < g, then |z —a| < 3.

Since § > | —al > |a| — |z| = a — |z|, then § > a — |z|, so |z| > § > 0.
Thus,0<%<\x|,so()<|71‘<%.



Observe that

|1 1| - ‘1 l|
a la =
B ‘m a‘
N ax
1 1
= — — |z —aq
a |z
1 2
< —-=-9
a a
2
< 2 a’e
- a? 2
= e
Therefore, |f(z) — 2| <'¢, as desired. O

Example 6. limit of the absolute value function
For all ¢ € R, lim,_,, |x| = |a.

Proof. Let a be an arbitrary real number.

Let f: R — R be the function defined by f(x) = |z| for all z € R.

Since every real number is an accumulation point of R, then a is an accu-
mulation point of R, the domain of f.

To prove lim,_,, |z| = |al, let € > 0 be given.

Let § =e.

Then 6 > 0.

Let = € R such that 0 < |z — a] < 4.

Then ||z| — |a|]| < |z —a| < 0 =€, so ||| — |a|| < €, as desired. O

Example 7. limit of the square root function
For all @ > 0, lim,_,, v/Z = \/a.

Proof. Let f:[0,00) = R be a function defined by f(z) = /x for all > 0.
Let a > 0 be given.
Either a > 0 or a = 0.
We consider each case separately.
Case 1: Suppose a = 0.
Observe that 0 is an accumulation point of the set [0, c0), the domain of f.
We must prove lim,_,o /2 = 0.
Let € > 0 be given.
Let § = €%
Then 6 > 0.
Let « > 0 such that 0 < |z| < 4.
Then 0 < z < 6, 50 0 < /T < /9.
Thus, |vz| = vVZ < V6 = V2 = |¢e| = ¢, 50 |\/7| < ¢, as desired.

Case 2: Suppose a > 0.



Observe that a is an accumulation point of the set [0, 00), the domain of f.
We must prove lim, ., & = \/a.

Let € > 0 be given.

Let § = e/a.

Since a > 0, then /a > 0.

Since € > 0 and /a > 0, then § > 0.

Let z € [0,00) such that 0 < |z — a| < 4.

Since z € [0, 00), then z > 0, so /x > 0.

Sincc\/Eannd\/E>O,thcn\/54—\/52\/5>0,s0ﬁ2\/5}r > 0.

D

1 1
ThuS,O<m§ﬁ.
Hence,
) Vit a
Va-al = e va) Y
_ T —a |
Vit va
1
= P m
1
5. —
S Va
= e
Therefore, |/ — v/a|] < €, as desired. O

Example 8. limit of f at a need not equal f(a), function with a re-
movable discontinuity
Let f: R — R be a function defined by

41 ifr £l
f(x)_{E) iz =1

Then lim, 1 f(x) = 2 and lim, 1 f(x) # f(1).

Proof. Since every real number is an accumulation point of R, then 1 is an
accumulation point of R, the domain of f.

We prove lim, 1 f(z) = 2.

Let € > 0 be given.

Let 6 =e.

Then § > 0.

Let x € R such that 0 < |z — 1| < 4.

Then 0 < |z — 1] and |z — 1| < 4.

Since |z — 1] > 0, then x — 1 # 0, so = # 1.

Thus,



[f(z) =2 = |(z+1) -2
= |z—1]
é

€.

N

Therefore, |f(z) — 2| < €, as desired.

Since lim, 1 f(x) =2 # 5 = f(1), then lim,_,1 f(x) # f(1). O

Example 9. function with a jump discontinuity
Let f: R — R be a function defined by

1 ifz>0
f(x)_{o if 2 <0

Then lim,_ f(x) does not exist in R.

Proof. Observe that 0 is an accumulation point of R, the domain of f.

We prove there is no real number L such that lim,_ f(z) = L by contra-
diction.

Suppose there is a real number L such that lim, o f(z) = L.

Then for every € > 0, there exists & > 0 such that for all z € R, if 0 < |z| < 6,
then |f(z) — L| < e.

Let e = %

Then there exists § > 0 such that for all z € R, if 0 < |z| < §, then
) — L < L.

Let 1 = g.
Since § > 0, then 0 < % = |g| < 4, s0 |f(g) —L| < %
Hence, |1 — L| < 3.
Let 2o = _75.
Since 0 < § = [$| = |
Since % > 0, then _7‘5
Thus, |L| < 3.
Observe that

|<67then0<|_76|<6, S0 |f(_75)—L|<%.

-0
2
<0,s0 [0—L| < 3.

1 = |01-L)+ L]
< 1= L+ |L]
< 1 n 1
3 3
_ 2
= 3
Therefore, 1 < %, a contradiction.
Thus, there is no real number L such that lim,_,o f(z) = L. O



Proof. Observe that 0 is an accumulation point of R, the domain of f.

To prove there is no real number L such that lim,_, f(z) = L, we prove for
every real number L, lim,_,o f(x) # L.

Let L be an arbitrary real number.

To prove lim,_,o f(x) # L using the sequential characterization of a function
limit, we must prove there exists a sequence (z,,) of points in R — {0} = R* such

that lim,—eo ©n, = 0 and lim, o f(2n) # L.

Let (z,,) be a sequence defined by z,, = #

We first prove x,, # 0 for all n € N.
Let n € N be given.
=ttt
Then |z,| = [*——] = >0, so |z,| > 0.
Thus, x, # 0, so x,, # 0 for all n € N.
Therefore, (z,,) is a sequence of real numbers in R — {0} = R*.

for all n € N.

We next prove lim,, s ,, = 0.
Since —|z,| < @, < |z,| for all n € N, then —1 <z, <1 for all n € N.
Since limy, o %1 =0=lim,_ %, then by the squeeze rule for sequences,
lim,,_yo0 2y, = 0.

We next prove lim,, o f(z,) # L.
Let n € N be given.
Then either n is even or n is odd. )
If n is even, then f(x,) = F(E20) = f(=L) = 0.

1,77;,«#1

If n is odd, then f(z,) = f(FL) = (L) =1.

Thus, the sequence (f(x,)) consists of the terms 1,0,1,0,1,0,....

The even subsequence is the constant sequence with terms 0,0,0,0,..., so
the even subsequence converges to 0.

The odd subsequence is the constant sequence with terms 1,1,1,1, ..., so the
odd subsequence converges to 1.

Therefore, the sequence (f(x,)) is divergent, so (f(x,)) is not convergent.

Hence, there is no real number L such that lim, . f(z,) = L.

Therefore, for every real number L, lim,,_, f(z,) # L.

Since L is an arbitrary real number, then we conclude lim, o f(z,) #
L. O

Example 10. unbounded function, infinite discontinuity
Show that lim,_.q % does not exist in R.

Proof. Let f:R* — R be the function defined by f(z) = 2 for all z € R*.
Observe that 0 is an accumulation point of R* = R — {0}, the domain of f.
We prove there is no real number L such that lim, ¢ % =L.

Observe that



~AL e B)(lim f(z) = L)
~

(3L e R)(Ve > 0)(35 > 0)(Vx e R*)(0 < |z] < 6 = |f(x) — L] <€)
(VL € R)(Je > 0)(V6 > 0)(3z e R*)(0 < |z| < S A |f(x) — L] > ¢).

Thus, we prove (VL € R)(3e > 0)(V§ > 0)(3z # 0)(0 < |z| < SA|L —L[ > ).
Let L be an arbitrary real number.

Let e = |L| + 1.

Since |L| > 0, then e = |L|+1>1>0, so € > 0.

Let § > 0 be given.

We must prove there exists  # 0 such that 0 < |z| <& and | — L| > €.

Letm:min{g,lLll+€}

ThenJc<2andx<|L|+ \Llﬁ

Since |L| > 0 and € > 0, then |L| +¢ > 0, s0ﬁ>0.

Since § > 0, then % > 0.

Sinceeitheraczg01rac:|L1+ and7>0and‘| > 0, then x > 0,

x # 0.

Since6>0and0<x:|x|§%<5,then0<|x|<6.

and either x = g orxr =

Since z < |L\+e and |L| + € > 0, then z(|L| +¢€) < 1.
Since z > 0, then \L|+e§%—|7—|1|

Thus, e<|1|—|L|

Therefore, |2 — L| > |X| — |L| > €, 50 |1 —L| > e.

Thus, there exists # 0 such that 0 < |x| < dand |2 —L| > ¢ asdesired. O

Example 11. oscillating function
Show that lim,_,q sm( ) does not exist in R.

Proof. Observe that 0 is an accumulation point of the set R — {0}, the domain
of f.

Suppose lim,_,o f(x) does exist in R.

Then there is a real number L such that lim,_q sin( 1) L.

Thus, for every € > 0, there is § > 0 such that for every x # 0, if 0 < |z| < 4,
then |sm( )— L] <e.

Let e = %

Then there is 6 > 0 such that for every = # 0, if 0 < |z| < §, then |sin(1) —
LI<1i

Let M = max{zts — 1, 525 — 3}.

Since 6 > 0, then M € R, so by the Archimedean property of R, there exists
n € N such that n > M.

Let 1 = m.

Since n € N, then n > 0, so 4n+1 > 0.

Thus, 21 > 0, so 1 # 0.



: 1 1
Slncen>MandM> thenn>m—1.

Thus, 4n > = 1so4n—|—1>
Hence, 0(4n —|— 1)> 2,806 > W(4n+1) > 0.
Therefore, 0 < Tr(4n+1) = |7r(4n+1)| |z1| < 0.

Since z1 # 0 and 0 < |z1| < 6, then |sin(X =) — Ll <1

Let 2o = m.

Since n € N, then n > 0, so 4n + 3 > 0.

Thus, xo > 0, so x3 # 0.

Since n > M and M > 215 % then n > 27”; %.
Thus, 4n > 6 -3, so4n—|—3> 2

Hence, 6(4n+3) > 2,s0 0 > 5 > 0.

Therefore, 0 < (4n+3) = | (4n+3)| |za| < 0.

Since 2 # 0 and 0 < |z2| < 4, then |sin(-L -) — Lj <i

7r(4n+3

Observe that

2 = [1-(=1)
= |sin(g + 2mn) — sin(?)?7T + 27n)|
4
_ |Sin(7r+47m)—sin(?m+ 7m)|
2 2
= |sm( (14+4n)) — sm( (34 4n))|

(4n+1) . (4n+3)
g ) )

. 1
2 )78111( 2 )‘
7(4n+1) w(4n+3)
o1 1
= Jsin(—) —sin(-)|
[sin(—) = L+ L — sin(—)|
= |sin(—) — — —
1 €2

= |sin(

= | sin(

Thus, we have 2 < 1, a contradiction.
Therefore, lim,_,o f(x) does not exist in R.



Proof. Let f:R* — R be a function defined by f(z) = Sin(%) for all x # 0.

Observe that 0 is an accumulation point of R* = R — {0}, the domain of f.

To prove lim,_,q sin(%) does not exist in R, we must prove lim,_,o f(x)
does not exist in R, so we must prove there is no real number L such that
lim, o f(z) = L.

Thus, we prove for every real number L, lim,_,o f(z) # L.

Let L be an arbitrary real number.

To prove lim, o f(x) # L, we use the sequential criterion for a function
limit.

Thus, we must prove there exists a sequence (x,,) of points in domf — {0}
such that lim,, o z, = 0 and lim,,_,, f(z,) # L.

Let (x,,) be a sequence in R defined by x,, =
We first prove x,, # 0 for all n € N.
Let n € N be given.
Then n > 1 and z,, = ﬁ
Sincen > 1, then 2n >2,s02n—1>1> 0.
Hence, 1 > ﬁ > 0, so 2n1_1 > 0.
Thus, ﬁ > 0, so ﬁ # 0.
Therefore, x, # 0, so x, # 0 for all n € N.
Thus, z, € R — {0} = R* = R* — {0} for each n € N, so (z,,) is a sequence
of points in domf — {0}.

ﬁ for all n € N.

We next prove lim,, s z,, = 0.
Let n € N be given.
Then n > 1 and z,, = (anl)ﬂ and 2n1_1 > 0.
Sincen >1,then2n>n+1,s02n—1>n>1>0.
1 1
Thus,2n2—1272>0,50522n71>20. )
) nw > 2n—1)m >0,800< @Cn—1)7 = nz*

Therefore, 0 < ﬁ <Zforalln €N, so0 <z, <-Z forallneNl.

Hence

Since hmn—)oo % = %(hmn—>00 %) - % 0=0= hmn_mo 0and 0 < In S %

for all n € N, then by the squeeze rule for convergent sequences, lim,,_, o, z, = 0.

Lastly, we prove lim,, o f(x,) # L.
Let (a,) be the sequence defined by a,, = f(z,) for all n € N.
We must prove lim,,_, a,, # L.

Let n € N.
Then a, = f(xn) = Sin(i) = sin(@).
Thus, a, =1 if n is odd and a, = —1 if n is even.

Let (b,,) be the odd subsequence given by b, = azp_1.
Then b, =1 and (b,) converges to 1.

Let (c,) be the even subsequence given by ¢, = agy,.
Then ¢, = —1 and (¢,) converges to —1.

10



Since (by,) and (c,) are convergent subsequences of (a,) and lim, . b, =
1# —1 =1lim, 00 Cn, then we conclude that (a,,) is divergent.
Therefore, (a,,) is not convergent, so (a,) cannot converge to L. O
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