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Functions

Exercise 1. Let f: Q — Z be defined by f(a/b) = a.
What can we deduce about f7

Solution. We know f is a binary relation since f C Q x Z.
Is f a function?
We observe that 1/2 =2/4, but f(1/2) =1 and f(2/4) = 2.
Thus, f is not a function, by definition of function. O

Exercise 2. Let f: Q — Q be a relation defined by f(%) = %.
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Then f is not a function(map).

Proof. Since division by zero is not defined, then f (%) is undefined, so f is not
a function. O

Exercise 3. Let f: Q — Q be a relation defined by f(%) = g—f{.
Then f is a function.

Proof. Let %, L € Q such that %’ =c

Then f(5) = 58 = & = & = 35 = /(). 50 /(§) = /(3.
Therefore, f is a function. 0O

0

Exercise 4. Let f: Q — Q be a relation defined by f(%) pte
Then f is not a function.

Proof. Since f(3) = 42 = 2 and f(2) = 25! = 2, then f(3) # f(3), even
though % = %.
Therefore, f is not a function. O

Exercise 5. Let f: Q — Q be a relation defined by f(q
Then f is a function.
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Proof. Let ¢, 5 € Q such that § = £.
Then



Therefore, f is a function. O

Exercise 6. Let f: R — R be the function defined by f(z) = e®.
Then f is injective, but not surjective.

Proof. Let a,b € R such that f(a) = f(b).
Then e® = f(a) = f(b) = €*, so a = b.
Therefore, f is injective.

Since e* > 0 for all z € R, then e® # 0 for all x € R, so f(z) # 0 for all
rz eR.
Since 0 is a real number and f(x) # 0 for all x € R, then f is not surjective.

The range of f is the set {f(z):z € R} = {e”: x € R} = (0, 00).
Therefore, the range of f is the interval (0, c0). O

Exercise 7. Let f : Z — Z be the function defined by f(n) = n? + 3.
Then f is not injective and not surjective.

Proof. Observe that f(—1) = (=1)2+3=4=12+3 = f(1), so f(—1) = f(1).
Since —1 € Z and 1 € Z and —1 # 1 and f(—1) = f(1), then f is not
injective. O

Proof. We next prove f is not surjective.

Suppose there is an integer n such that f(n) = 5.

Then 5 = f(n) = n? + 3, so 2 = n?.

But, there is no integer whose square is 2, so we conclude there is no integer
n such that f(n) =5.

Hence, f(n) #5 for all n € Z.

Since 5 € Z and f(n) # 5 for all n € Z, then f is not surjective.



The range of f istheset {f(n) :n € Z} = {n®*+3:n € Z} = {3,4,7,12,19,28, ...}.

O

Exercise 8. Let f: R — R be a function defined by f(z) = sinzx.
Then f is not injective and not surjective.

Proof. Since f(m) =sinm =0 =sin0 = f(0), then f(7) = f(0).
Since r € R and 0 € R and 7 # 0 and f(7) = f(0), then f is not injective.

The range of f is the set {f(z):z € R} = {sinz: z € R} =[-1,1].
Therefore, the range of f is the interval [—1,1] and f is not surjective. [

Exercise 9. Let f : Z — Z be a function defined by f(n) = n?.
Then f is not injective and not surjective.

Proof. Since 1 € Z and —1 € Z and 1 # —1 and f(1) =12 =1 = (-1)? =
f(=1), then f is not injective.

Since n? > 0 for all n € Z, then n? > —1 for all n € Z, so n? # —1 for all
n € Z.
Hence, f(n) # —1 for all n € Z.
Since —1 € Z and f(n) # —1 for all n € Z, then f is not surjective. O

Exercise 10. Let f: Z — Q be a relation defined by f(n) = T.
Then f is a function and f is injective, but f is not surjective.

Proof. We first prove the relation f is actually a function.

Let a,b € Z such that a = b.
Then f(a) = ¢ =a=b=? = f(b), so f(a) = f(b).

Therefore, f is a function.

We next prove f is injective.
Let a,b € Z such that f(a) = f(b).
Then a =% = f(a) = f(b) =2 =b,s0a =b.
Therefore, f is injective.

We next prove f is not surjective.
Let b= 3 € Q.
Let a € Z be arbitrary.
Then f(a) =% =a+# 1 =b,s0 f(a) #b.
Therefore, f is not surjective. O

Exercise 11. Let g : Q — Z be defined by g(%) = p for % expressed in lowest
terms with a positive denominator.
Then the function g is surjective, but ¢ is not injective.

Proof. Let b € Z be arbitrary.
Since 2 € Q and g(2) = b, then g is surjective.



Observe that % € Q and % € Q and % #+ %, but g(%) =1= g(%)
Therefore, g is not injective. O

Exercise 12. Let f: R — R be a map defined by f(x) = z5.
Then f is injective.

Proof. Let x,y € R such that « # y.
To prove f is injective, we must prove x3 # 3.
Since = # y, then either x < y or x > y.
Without loss of generality, assume x < y.
Then either 0 <z <yor0=zx<yorz<0<yorz<O0=yorx<y<O.
We consider these cases separately.
Case 1: Suppose 0 < z < y.
Then 0 < 22 < 2, 50 0 < 23 < 33,
Hence, 2 < 13.
Case 2: Suppose 0 =z < y.
Since y > 0, then 3% > 0 = 23, so 23 < y3.
Case 3: Suppose ¢ < 0 < y.
Then z < 0 and y > 0, so 3 < 0 and 3% > 0.
Thus, 23 < 0 < y3, so 23 < y5.
Case 4: Suppose x < 0 =y.
Since z < 0, then 2% < 0 = y3, so 23 < .
Case 5: Suppose ¢ < y < 0.
Then —z > —y > 0, so 22 > y% > 0.
Hence, —23 > —¢y3 > 0, so —z® > —3°.
Thus, 22 < 3.
In all cases, 22 < 32, so 23 # y3, as desired. O

Exercise 13. Let f: [0,00) — R be defined by f(x) = 2 + 522
Then f is injective.

Proof. Let a,b € [0,00) such that f(a) = f(b).

Then a > 0 and b > 0 and a* 4+ 5a2 = b* + 5b2.

Since a* + 5a? = b* + 5b2, then a* — b* + 5a% — 562 = 0, so (a® — b?)(a® +
b%) + 5(a® — b?) = 0.

Hence, (a? — b%)(a® +b? 4+ 5) = 0, so either a> —b? =0 or a® + b* +5 = 0.

Since @ > 0 and b > 0, then a? > 0 and b* > 0, so a® + b% > 0.

Thus, a® + b2 +5>5>0,s0 a? +b>+5> 0.

Hence, a® + b% +5 # 0, so a® — b? = 0.

Therefore, a® = b2, so |a| = |b].

Since a > 0 and b > 0, then a = b, as desired. O

Exercise 14. Let f: R — R be defined by f(z) = 23 — x.
Then f is not injective.

Solution. Since 0 # 1 and f(0) =02 —0=0 =13 -1 = f(1), then f is not
injective. O



Exercise 15. Let f: A — B and g : B — C be functions.
If g o f is onto, then g is onto.

Proof. Suppose g o f is onto.
To prove g is onto, let ¢ € C'.
We must prove there exists b € B such that g(b) = c.
Since g o f is onto, then there exists a € A such that (go f)(a) = c.
Since f is a function, then there exists b € B such that f(a) = .
Thus,

c = (gof)a)
= 9(f(a))
= 9(b).
Therefore, g(b) = ¢, so g is onto. O

Exercise 16. Let f: A — B and g : B — C be functions.
If g o f is one to one, then f is one to one.

Proof. Suppose g o f is one to one.
To prove f is one to one, let ay,as € A such that f(a1) = f(a2).

Then g(f(a1)) = g(f(az2)), so (g o f)(a1) = (g f)(az).
Since g o f is one to one, then this implies a1 = as.
Therefore, f is one to one. U

Exercise 17. Let f: A — B and g : B — C be functions.
If go f is one to one and f is onto, then g is one to one.

Proof. Suppose g o f is one to one and f is onto.

To prove g is one to one, let by, by € B such that g(by) = g(b2).

We must prove b; = bs.

Since f is onto, then there exist aj,as € A such that f(a;) = b1 and f(az) =
bo.

Thus,

(g0 f)lar) = g(f(ar))
= g
= g
= g 2
= (9o f)(az).
Since g o f is one to one, then this implies a1 = as.

Hence,

by = f(a)



Therefore, by = by, so g is one to one, as desired. O

Exercise 18. Let f: A — B and g : B — C be functions.
If go f is onto and ¢ is one to one, then f is onto.

Proof. Suppose g o f is onto and g is one to one.
To prove f is onto, let b € B.
We must prove there exists a € A such that f(a) = b.
Since ¢ is a function, then there is a unique ¢ € C such that g(b) = c.
Since go f is onto, then there exists at least one a € A such that (gof)(a) = c.
Thus,

gb) = ¢
(go f)(a)
9(f(a)).

Hence, g(b) = g(f(a)).
Since g is one to one, then this implies b = f(a).

Thus, there exists a € A such that f(a) = b.
Therefore, f is onto. O

Exercise 19. Devise a bijection from S x T to T x S.

Solution. Observe that S xT = {(s,t) :s€ S,t€Ttand T xS = {(t,s) : t €
T,se S}

Let ¢ : S x T — T x S be a function defined by ¢(z,y) = (y, ).

We can prove that ¢ is both 1-1 and onto.

We prove ¢ is injective.
Let (a,b),(c,d) € S x T.
Suppose ¢(a,b) = ¢(c,d).
Then (b,a) = (d, ).
Hence b = d and a = ¢ so (a,b) = (¢, d).
Therefore ¢(a,b) = ¢(c,d) — (a,b) = (¢,d) so ¢ is injective.

We prove ¢ is surjective.
Let (a,b) € T x S.
Thena € T and b € S so (b,a) € S xT.
Observe that ¢(b,a) = (a,b).
Hence ¢ is surjective.
Since ¢ is injective and surjective then ¢ is bijective.
Therefore ¢ is a one to one correspondence from S x T to T x S. O

Exercise 20. Let A = {a,b,c}.

Let f : A — Z be the function defined by f(a) = 1 and f(b) = 5 and
f(c) =5.

1. The image of f is the set {1,5}.



2. The pre-image of 5 is the set {b, c}.
3. The function f is not one to one.

Proof. The image of f is the set {f(x) € Z:x € A} = {1,5}.
The pre-image of 5 is the set {x € A: f(z) =5} = {b, c}.
Since b # c and f(b) =5 = f(c), then f is not one to one. O

Exercise 21. Let f: S — T be a surjective function.
Let {P,}acr be a partition of T.
Then {f~(P,) : a € I} is a partition of S.

Proof. Let T" = {P,}4cs for some index set I.

Then T” is a partition of T

Thus, 7" is a collection of nonempty subsets of T' such that T = U(P,)acr
and if P, # P, for a,b € I, then P, N P, = 0.

Since T’ is a partition of T', then there exists a subset of T"in T".

Hence, there exists a € I such that P, € T".

Since P, € T', then P, C T and P, # ().

Since P, is not empty, then there exists y € P,.

Since P, C T, theny € T.

Since f is surjective, then there exists « € S such that f(z) = y.

Hence, z € S and f(z) € P,, so x € f~1(P,).

Therefore, f~1(P,) # 0.

Let ' ={f"Y(P,) :a €I}.

Then S’ is a collection of nonempty sets f~1(P,) for some a € I.

We prove S’ is a partition of S.

We first prove Uf~1(P,) = S.

Let z € Uf~1(P,).

Then there exists a € I such that z € f=1(P,).

Thus, z € S.

Hence, z € Uf~1(P,) implies x € S, so Uf~1(P,) C S.

Let y € S.

Then f(y) € T.

Since T is a partition of T, then every element of T' is contained in some
set in T".

In particular, f(y) is contained in some set in T”.

Hence, there exists a € I such that f(y) € P, and P, € T".

Since y € S and f(y) € Py, then y € f~1(P,).

Thus, there exists a € I such that y € f~1(P,), so y € Uf~1(P,).

Therefore, y € S implies y € Uf~1(P,), so S C Uf~1(P,).

Since Uf~1(P,) € S and S C Uf~1(P,), then S = Uf~(P,).

Let a,b € I such that a # b.

Since T’ is a partition of T and P,, P, € T’, then P, # P,.

Hence, P, N P, = 0.

Since P, # Py, then f~'P, # f~1P,.



Observe that

PN THR) = fTH(PaNPy)
= 7'
0.

Therefore, if f~'P, and f~' P, are distinct, then f~'P, and f~!P, are disjoint.
Hence, S’ is a partition of S. O

Exercise 22. If f : A — B is a bijective function, then f~' : B = A is a
bijective function.

Proof. Let f: A — B be a bijective function.
Since f is bijective, then the inverse function f~!: B — A exists.
Hence, fo f~'=f1o f=id.

We prove f~! is injective.
Let a,b € B such that f~'(a) = f=1(b).
Since fo f~! =id, then (fo f~1)(x) = x for all x € B.
In particular, (fo f~1)(a) = a.
Thus,

Il
= =

I
S~
Q.
—~
S O
I
-
o=

= b

Hence, f~1(a) = f~1(b) implies a = b, so f~! is injective.

We prove f~1 is surjective.
Let a € A.
Since f is a function, then there exists b € B such that f(a) = b.
Observe that

/1) = ()

= (e f)la)
= id(a)
= a.
Therefore, f~' is surjective.
Hence, f~! is bijective. O

Exercise 23. Let f: R — R be defined by f(z) = 23 + .
Then f is injective.



Proof. Let a,b € R such that f(a) = f(b).

Then a® +a=0%+b,s0a®—b>+a—b=0.

Hence, (a — b)(a® + ab+b?) +a—b=0, so (a — b)(a® + ab+ b*> + 1) = 0.

Thus, either a —b=0or a? +ab+b*> +1=0.

Suppose a® + ab+b*> +1 = 0.

Then a? + ab + b? = —1.

Since a,b € R, then either a # 0 or a = 0 and either b # 0 or b = 0.

Thus, either a Z0and b#Oora#0andb=0ora=0and b#0ora =20
and b= 0.

Since a #0and b # 0iff a > 0ora <0 and b > 0 or b < 0, then either
a>0andb>0ora>0andb<0ora<0Oandb>0o0ra<0andbd<O0.

We consider these cases separately.

Case 1: Suppose a > 0 and b > 0.

Then a? > 0 and b2 > 0 and ab > 0, so a® + ab+ b% > 0.

Hence, —1 > 0, a contradiction.

Case 2: Suppose a > 0 and b < 0.

Since @ > 0, then a? > 0, so a®> +1 > 0.

Hence, f(a) =a®+a=a(a®+1) > 0.

Since b < 0, then b* > 0, so b> +1 > 0.

Thus, f(b) =b3+b="0b(b*+1) <0, s0 f(b) <0< f(a).

Hence, f(5) < f(a), s0 f(b) # f(a).

Thus, we have f(a) # f(b) and f(a) = f(b), a contradiction.

Case 3: Suppose a < 0 and b > 0.

Since a < 0, then a? > 0, so a® +1 > 0.

Hence, f(a) =a®+a=a(a®+1) < 0.

Since b > 0, then b% > 0, so b% +1 > 0.

Thus, f(b) =b>+b=>0b(b>+1) >0, s0 f(a) <0< f(b).

Hence, f(a) < f(b), so f(a) # f(b).

Thus, we have f(a) # f(b) and f(a) = f(b), a contradiction.

Case 4: Suppose a < 0 and b < 0.

Then a? > 0 and b? > 0 and ab > 0, so a? + ab + b* > 0.

Hence, —1 > 0, a contradiction.

Case 5: Suppose a # 0 and b= 0.

Then —1=a?>+ab+b>=a2+a0+02=a’>+04+0=0a?>>0,50 -1>0,a
contradiction.

Case 6: Suppose a = 0 and b # 0.

Then -1 =a2+ab+0>=024+00+0>2=04+0+b0>=052>>0,50 —1 >0, a
contradiction.

Case 7: Suppose a =0 and b= 0.

Then —1 =a?>+ab+b0> =0>°4+00+02=0+04+0=0,s0 -1 =0, a
contradiction.

Since a contradiction is reached in all cases, then a? + ab + b% + 1 # 0.

Therefore, a — b = 0, so a = b, as desired. O

Exercise 24. Let f: A — B and g: B — C be maps.
If g o f is injective and f is surjective, then g is injective.



Proof. Let go f : A — C be the map such that g o f is injective and f is
surjective.

To prove g is injective, let by, by € B such that g(b) = g(b2).

Since f is surjective and by € B, then there exists a; € A such that f(a;) =
b1.

Since f is surjective and by € B, then there exists as € A such that f(as) =
bs.

Observe that

(go f)lar) = g(f(a1))
= g(b1)
= g(
= ¢

= (go f)(az).

Since g o f is injective and (g o f)(a1) = (g o f)(az), then a; = as.

Since f is a function, then this implies f(a1) = f(a2).

Thus, by = f(a1) = f(az) = b, so by = bs.

Therefore, g is injective. O

Exercise 25. Let f: A — B and g : B — C be maps
If g o f is surjective and g is injective, then f is surjective.

Proof. Let go f : A — C be the map such that g o f is surjective and g is
injective.

To prove f is surjective, let b € B be arbitrary.

Since g o f is surjective and g(b) € C, then there exists a € A such that
(g0 f)(a) = g(b).

Thus, g(b) = (g0 f)(a) = g(f(a)).

Since ¢ is injective and g(f(a)) = g(b), then f(a) =b.

Therefore, there exists a € A such that f(a) = b, so f is surjective. O

Exercise 26. Let f : N — N be a function defined by f(n) = 2n — 1 for each
n € N.
Analyze f.

Proof. The domain of f is the set N.
The range of f is f(N) = {2n—1 : n € N}, the set of all odd natural numbers.

We prove f is not surjective.
Suppose there exists a € N such that f(a) = 2.
Then a € N and 2a — 1 = 2, so 2a = 3.
This implies 3 is even which contradicts the fact that 3 is odd.
Therefore, there is no a € N such that f(a) =2, so f(a) # 2 for each a € N.
Since 2 € N and f(a) # 2 for each a € N, then f is not surjective.
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We prove f is injective.
Let a,b € N such that f(a) = f(b).
Then 2a — 1 =2b— 1, so 2a = 2b.
Hence, a = b, so f is injective.

Since f is injective, then the inverse relation f~! is a function and domf~! =
rngf ={2n—1:n € N},
Since f~! is the inverse of f, then f(x ) y 1ff ( ) ==x.
+ _

Hence, 2x — 1 =y iff f~1(y) =2, 50 @ ! Hy) =

Let (z,y) € f.

Then f(z) =y, so f~(y) = z.

Thus, f~Hy) = = %1

Therefore, f~!(n) = 2L for each odd natural number n. O

Exercise 27. Define a function f: N — N that is surjective but not injective.

Proof. Let f: N — N be a function defined by

ntl  if g
f(n):{ 5 if n is odd

% if n is even

We prove f is surjective.
Let be N.
Then either b is even or b is odd.
If b is even, then f(b) =
If b is odd, then f(b) =
Therefore, f is surjective.

M+M\
o

We prove f is not injective.
Observe that f(1) =11 =1=2 = f(2).
Sincel € Nand 2 € Nand 1 # 2 and f(1) = f(2), then f is not injective. O

Exercise 28. Let f be a function defined on R by f(z) = zﬂ
Analyze f.
That is, compute the domain of f, the range of f and inverse of f and fo f~!
and f~1of.

Solution. Since division by zero is not allowed, then the domain of f is the set
domf =R — {1} and the range of f is the set rngf =R — {1}.

11



We prove f is injective.

Let a,b € domf such that f(a) = f(b).

Thena,beRanda#landb;élandg—i:gf—i.

Thus, (a+1)(b—1)=(a—1)(b+1),s0ab—a+b—1=ab+a—b—1.

Hence, —a +b=a —b, so 2b = 2a.

Therefore, b = a, so a = b.

Consequently, f is injective, so the inverse relation f~! is a function.

The domain of f~! is the set domf~! = rngf = R — {1} and the range of
f~1is the set rngf—t = domf =R — {1}.

We determine the formula for 1.
Since f and f~! are inverses, then f(x) =y iff f~1(y) = .
Let x € domf and y = f(x).
Then r € Rand z # land y € Rand y # 1 and y = f(x) = ZE so
yle—1)=x+1.
Hence, yr —y=z+1,soyr —x =y + 1.
Thus, z(y — 1) =y+1,s0z = g—ﬂ
Since f(z) =y and f(z) =y iff f~'(y) = z, then f~(y) = x = L1,
z+1

Therefore, f~!(z) = £4.

Let z € dom(fo f71).
Then (fo f~")(x) = f(f ' (2)) = f(55) = =.
Therefore, f o f~1 is the identity function I(x) = z on R — {1}.
Similarly, f~! o f is the identity function I(z) = x on R — {1}. O

Proposition 29. When is function composition commutative?

Solution. We need to determine necessary and sufficient conditions to guaran-
tee gof=fog.

Let f: A— B and g: B — C be functions.

Suppose go f = fog.

Then go f: A— C and f o g are functions.

By definition of equal functions we have domain(go f) = domain (f og) and
codomain(g o f) = codomain (f og) and (go f)(z) = (f o g)(x) for each z € A.

Since domain(g o f) = domain (f o g) then domain of f o g is A.

Since codomain(g o f) = codomain (f o g) then codomain of fogis C.

By definition of function composition for f o g, the domain of f is the
codomain of g.

Thus, A =C.

Hence, the codomain of g is A and the codomain of f is A.

By definition of function composition for g o f, the domain of g is the
codomain of f.

Thus, B = A.

Since A = B = C then function f is f : A+— A and function gis g: A — A.

Hence, function go fis go f: A+ A and function fogis fog: A— A.

12



Assume f and g are inverse functions.

Then (go f)(z) = (fog)(x) = I(x) = x for all z € A by definition of inverse
function.

Thus, go f = fog.

Moreover, every invertible function is bijective, so f and ¢ are bijections.

Since f: A~ A and g : A — A are bijective functions, then f and g are
permutation maps on A, by definition of permutation map. Hence, if f and g
are permutation maps such that g = f~! then go f = fog. O

Exercise 30. Let f : Z — Q be defined by f(n) = n/1.
What can we deduce about f? Is f a function? If so, is f one to one or
onto?

Solution. We know f is a binary relation from Z to Q since f C Z x Q.

For each n € Z, f(n) exists, so each element in the domain has at least one
image.

Let a € Z such that f(a) = b1 A f(a) = by with by, b2 € Q.

Then a/1 = by and a/1 = by, 80 by = bs.

Hence, each element in the domain has at most one image.

Since each element in the domain has at least one image and each element in
the domain has at most one image, then each element in the domain has exactly
one image.

Thus, f is a function, by definition of function.

Let a1, as € Z such that f(a1) = f(a2).

Then a1/1 = as/1, s0 a1 = as.

Hence f(a1) = f(ag) implies a1 = as.

Therefore, f is one to one(injective).

There is no integer k such that f(k) =1/2, so f is not onto Q.

Thus, f is not surjective. O

Exercise 31. Let f be the function defined on R by f(z) = ;%5.
Analyze f.

Solution. Since z € R, then f(z) e Riff ;75 e Riff z +2# 0iff z # 2.
Since f is a function, then f(x) € R iff  # —2.
Thus, if x # —2, then f(z) € R, so for every € R with z # -2, f(x) € R.
Therefore, the domain of f is the set domf =R — {-2}.

We prove the range of f is the set R — {1}.
Let y € rngf.
Then y = f(z) = ;75 and z € R— {2}, s0 v € R and = # 2.
Since z # —2, then x +2 # 0, s0 75 =y € R.
Suppose y = 1.
Then 1 = %&-2
Since x + 2 # 0, then « + 2 = z, so 2 = 0, a contradiction.
Therefore, y # 1.
Since y € R and y # 1, then y € R — {1}.
Hence, if y € rngf, then y € R — {1}, so rngf C R — {1}.
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Suppose t € R — {1}.
Then t € R and ¢ # 1.
Since t # 1, then t — 1 # 0, so ;Tzf eR.

Let x = %
Then z € R.

Since t — 1 # 0, then z(t — 1) = —2t, so ot —x = —2t1.

Hence, at + 2t = z, so t(z + 2) = x.

Suppose = + 2 = 0.

Then x = —2and z=¢-0=0, so x = —2 and z = 0, a contradiction.
Thus, z +2 # 0.

Since t(z +2) = x and  + 2 # 0, then t = _T5.

Since x + 2 # 0, then x # —2.

Since z € R and x # —2, then z € R — {—2}.

Therefore, there exists € R — {2} such that t = %5,
Hence, if t € R — {1}, then t € rngf, so R — {1} C rngf.
Since rngf C R — {1} and R — {1} C rngf, then rngf = R — {1}.
Therefore, rngf = R — {1}.

soterngf.

We prove f is injective.
Let a,b € R — {—2} such that f(a) = f(b).
Then a € Rand a # —2 and b € R and b # —2 and -%; = -2

s a+2 — b+2-
. . _ (a+2

Since a # —2, then a +2 # 0, so a = 5 5~.

Since b # —2, then b+ 2 # 0, so a(b+2) = (a + 2)b.

Hence, ab + 2a = ab + 2b, so 2a = 2b.

Therefore, a = b, so f is injective.

Since f is injective, then the inverse relation f~! is a function and domf~! =
rngf =R —{1}.
Since f~! is the inverse of f, then f(z) =y iff f~!(y) = z.
Hence, %5 =y iff f~'(y) = .

Let x € domf.

Then x € R and z # —2 and f(x) € rngf.
Let y = f(x).

Then y € rngf, soy = ;75 and y # 1.

Since x # —2, then x + 2 # 0.
Since y = 15, then (z +2)y = x, so zy + 2y = x.
Hence, 2y = 2 — zy = (1 — y).

Since y # 1, then 1 #y, so 1 —y # 0.

Thus, 2% = z.

1—y
Since 75 =y, then fFlly)=2= 1277
Thus, f~1(y) = f_—yy and y # 1.
Therefore, f~!(z) = {2 for each z # 1. O
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Exercise 32. Let 7 be a permutation defined on the set {1,2,3} by

(1 2 3
T™=\2 3 1

What is the inverse permutation 7?7

Solution. The inverse permutation 7~ is given by
1 (1 2 3
B2

Exercise 33. If f : A — B is an injective map, then f~! : rngf — A is an
injective map.

O

Proof. Suppose f: A — B is an injective map.

Then f is an injective function.

Hence, the inverse relation f~! is a function.

To prove f~! : rngf — A is a map, we must prove domf~! = rngf and
rngf~! C A.

We first prove domf~! = rngf.
Either f =0 or f # 0.
Case 1: Suppose f = 0.
Then f is the empty relation, so domf =0 = rngf.
Thus, f~! is empty, so f~! = 0.
Hence, domf~' =0 = rngf.
Case 2: Suppose f # 0.
Then f is a nonempty relation, so domf~! = rngf.
Therefore, in either case, domf~' = rngf.

We next prove rngf~—! C A.
Suppose b € rngf~1.
Then there exists a € domf~! such that (a,b) € f~1.
Since f~! is the inverse of f, then (b,a) € f, so b € domf.
Since domf = A, then b € A.
Hence, rngf~1 C A.

Since f~' is a function and domf~! = rngf and rngf~' C A, then f':
rngf — A is a map.
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To prove f~! is injective, let by, by € domf~! such that f=1(by) = f~1(b2).

Since by,by € domf~! and domf~! = rngf, then by,by € rngf, so there
exist a1, as € domf such that f(a;) = by and f(asz) = bs.

Since f~! is the inverse of f, then f=1(by) = a; and f~1(b2) = as.

Hence, a; = f~(b1) = f~1(b2) = a2, s0 a1 = as.

Since f is a function and a; = as and f(a1) = b1 and f(a2) = be, then
b1 = bs.

Therefore, f~! is injective. O

Exercise 34. Let A be a set and X C A.
Then the inclusion map i : X — A is injective.

Proof. Let a,b € X such that i(a) = i(b).
Since i(x) = x for all x € X and a,b € X, then i(a) = a and i(b) = b.
Therefore, a = b, so i is injective. O

Exercise 35. Restriction of an injective map is injective.
Let f: A— B beamapand S C A.
If f is injective, then the restriction f|g: S — B is injective.

Proof. Suppose f is injective.
Let a,b € S such that f|s(a) = f|s(b).
Since a,b € S, then f|g(a) = f(a) and f|s(b) = f(b).
Thus, f(a) = fls(a) = f]s(b) = /().
Since f is injective and f(a) = f(b), then a = b, so f|g is injective. O

Exercise 36. Provide an example of two functions f and g such that fog = gof.

Solution. Let f = {(173)a (477)7 (9,8)} and g = {(1,9), (378)a (47 1)3 (773)}
Then f and g are functions and fog = {(1,8),(4,3)} =go f. O

Exercise 37. Composition of linear functions is a linear function

Let M,B,N,C € R.

Let f: R — R be a map defined by f(z) = Mz + B.

Let g : R — R be a map defined by g(x) = Nz + C.

I. Then g o f is a linear map with slope M N and f o g is a linear map with
slope M N.

ILIEB(N—-1)=C(M —1), then fog=go f.

III. Provide an example of two linear functions f and g such that fog = gof.

Proof. We prove 1.

Since f : R - R and g : R — R are maps, then go f : R — R is a
map and (go f)(z) = g(f(x)) for all z € R and fog: R — R is a map and
(fog)(z) = f(g(x)) for all x € R.

Let x € R.

Then (go f)(z) = g(f(x)) = g(Mz+B) = NMx+B)+C =NMz+NB+
C=MNz+ (NB+C).

Hence, (go f)(x) = MNz+ (NB + C), so go f is a linear map with slope
MN.
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Let z € R.

Then (fog)(z) = f(g(x)) = f(Nz+C) = M(Nz+C)+B = MNz+MC+
B=MNz+ (MC + B).

Hence, (fog)(z) = MNxz + (MC + B), so f o g is a linear map with slope
MN. O

Proof. We prove II.

Suppose B(N — 1) =C(M —1).

Then BN - B=CM —C,so BN +C =CM + B.

Thus, NB+C = MC + B.

The domain of g o f is R which is the same as the domain of f o g and the
codomain of g o f is R which is the codomain of f o g.

Let z € R.
Then
(fog)lx) = MNz+ (MC+ B)
= MNz+ (NB+C)
= (90 f)(=).
Thus, (fog)(z) =(go f)(z) forallz € R, so fog=go f. O

Solution. III.

Let f: R — R by given by f(z) = 3z +5.

Let g : R — R by given by g(x) = 7z + 15.

Let x € R.

Then (go f)(z) = g(f(x)) =g(Bx+5)=7Bx+5)+15 =21z +35+ 15 =
212450 and (fog)(z) = f(g(z)) = f(Tx+15) = 3(Tz+15)+5 = 21z +45+5 =
21z + 50.

Thus, (go f)(z) =21z + 50 = (f o g)(z). O

Exercise 38. Let f and g be functions such that f # () and g # 0.
If rngf Ndomg = 0, then go f = 0.

Proof. Suppose rngf Ndomg = 0.
Since f and g are functions, then g o f is a function.
We prove g o f = () by contradiction.
Suppose go f # 0.
Then there exists an ordered pair (a,b) € go f.
Since f # () and g # 0, then there exists ¢ such that (a,c) € f and (¢,b) € g.
Since (a,c) € f, then ¢ € rngf.
Since (¢, b) € g, then ¢ € domyg.
Thus, ¢ € rngf and ¢ € domg, so ¢ € rngf N domyg.
Hence, rngf N domg # .
Thus, we have rngf Ndomg = O and rngf N domg # B, a contradiction.
Therefore, go f = (. U
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Exercise 39. Let f and g be functions such that rngf C domg.
Let E C domf.

Then (go f)(E) = g(f(E)).
(

Proof. We prove g(f(E)) C (go f)(E).
Let b € g(f(E)).
Then b = g(a) for some a € f(E).
Since a € f(E), then a = f(x) for some x € E.
Thus, b = g(a) = g(f(z)) = (g o f)(z) for some z € E, s0o b € (go f)(E).
Hence, g(f(E)) C (g0 f)(E).

We prove (go f)(E) C g(f(E)).

Let z € (go f)(E).

Then x = (g o f)(y) for some y € E.

Since y € E and E C domf, then y € domf, so f(y) € f(E).

Since E C domf, then f(E) C rngf, so f(y) € rngf.

Since rngf C domg, then f(y) € domg.

Thus, g(f(y)) € g(f(E)), so (9o f)(y) € g(f(E)).

Hence, z € g(f(E)), so (go f)(E) C g(f(E)).

Since g(f(E)) C (g0 £)(E) and (g 0 N)(E) C g(f(E)), then (g0 f)(E) =
9(f(E)). =

Exercise 40. Let f : A — B be a map.
Let I4 be the identity map on A and Ig be the identity map on B.
1. If f is injective, then f~1o f = I4.
2. Let X C A.
Let 4 be the inclusion map of X into A.
Let f|x be the restriction of f to X.
Then fOiX = f|X

Proof. We prove 1.

Suppose f is injective.

Then the inverse relation f~! is a function.

Since f is a function, then f~! o f is a function and domf~lo f = {z €
domf : f(x) € domf=1} and (f~Lo f)(z) = f~1(f(z)) for all z € domf~t o f.

We prove domf~lo f = A.

Since domf = A, then domf~lof ={x € A: f(x) € domf~'},so domf~1o
fCA

Let a € A.

Then a € domf, so f(a) € rngf.

Since rngf = domf~!, then f(a) € domf~!.

Since a € domf and f(a) € domf~!, then a € domf~tof,s0 A C domf~to

Thus, domf~tof C Aand A C domf~1o f, sodomf~lof=A.
Hence, (f~'o f)(z) = f~1(f(z)) for all x € A.
Let z € A.

Let b= (f""o f)(z) = [~ (f(2)).
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Since f~! is the inverse of f, then f=1(f(x)) = b iff f(b) = f(x).

Thus, f(b) = f(x).

Since f is injective, then b = x.

Hence, Ia(z) =2z =b= (f"to f)(x),s0 Ia(x) = (f Lo f)(x) for all x € A.
Therefore, I4 = f~'o f. O

Proof. We prove 2.

Since ¢ is the inclusion map of X into A, then ¢ : X — A is a map defined
by i(x) =z for all z € X.

Since f|x is the restriction of f to X, then f|x : X — B is a map defined
by flx(z) = f(x) for all z € X.

Since i: X — Aisamap and f: A — B is amap, then foi: X — Bisa
map and (f oé)(z) = f(i(z)) for all z € X.

We prove the maps f oi and f|x are equal.

Observe that dom foi =X = domf|x and the codomain of f o is B which
is the codomain of f|x.

Let x € X.

Then (f 0 #)(z) = f(i(x)) = f(z) = flx(@), o (f 0 i)(@) = flx(x) for all
reX.

Therefore, foi= f|x. O

Exercise 41. i. Give an example of maps f: A — B and g : B — C such that
g o f is injective, but g is not injective.

ii. Give an example of maps f : A — B and g : B — C such that f is
injective, but g o f is not injective.

Solution. Let A ={1,2,3,7} and B = {3,4,5,8,9} and C = {5,6,7,10}.
i. Here is an example such that g o f is injective, but g is not injective.
Let f: A — B be a map given by f = {(1,3),(2,5),(3,4),(7,8)}.
Let g : B — C be a map given by g = {(3,6), (4,7), (5,10),(8,5),(9,6)}.
Since g(3) = 6 and g(9) = 6, then g is not injective.
Observe that g o f = {(1,6),(2,10),(3,7),(7,5)} is injective.
ii. Here is an example such that f is injective, but g o f is not injective.
Let f: A — B be a map given by f = {(1,3),(2,5),(3,4),(7,8)}.
Then f is injective.
Let g : B — C be a map given by g = {(3,6), (4,7), (5,10),(8,6),(9,2)}.
Then go f = {(1,6),(2,10),(3,7),(7,6)} is not injective since (go f)(1) =6
and (go f)(7) =6. O

Exercise 42. Let f: A — B and g: C — D be maps.
If rngf C C, then dom(go f) = A and rng(go f) C D.

Proof. Suppose rngf C C.

Since f : A — Band g : C — D are maps, then f and g are functions, so go f
is a function and domgo f = {x € domf : f(x) € domg} and (go f)(z) = g(f(z))
for all x € domg o f.

Since domf = A and domg = C, then domgo f = {x € A: f(x) € C}, so
domgo f C A.
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Let a € A.

Then a € domf, so f(a) € rngf.

Since rngf C C, then f(a) € C

Since a € A and f(a) € C, then a € domgo f, so A C domgo f.

Since domgo f C A and A C domgo f, then dom(go f) = A, so (go f)(z) =
g(f(x)) for all z € A.

Let y € rng(go f).

Then there exists x € domg o f such that (go f)(z) = y.

Thus, there exists x € A such that g(f(z)) = y.

Since = € A, then f(z) € rngf.

Since rngf C C, then f(z) € C

Since g : C' — D is a map, then g(f(x)) € D, soy € D.

Therefore, rng(go f) C D, as desired. O

Exercise 43. Let f: R — R and g : R — R be maps.

Let f V g be a map from R into R defined by (f V g)(x) = max{f(z), g(z)}
for all z € R.

Let f A g be a map from R into R defined by (f A ¢)(z) = min{f(z), g(z)}
for all x € R.

Provide an example to show that f and g can be one to one, yet fV g is not
one to one.

Provide an example to show that f and g can be one to one, yet f A g is not
one to one.

Solution. Let f(x) =e® and g(z) = e for all x € R.
Then f and g are one to one functions.
Sincee>1,then1>é,soe>1>%.
Thus, e > %, SO % <e.
Since f(—1) = et =1 <e=el =e (=D = g(—1), then f(—1) < g(-1),
o(fvg)(-1)= maX{f(—1)7 (= 1)} =g(-1) = 6
Since f(1) = e > 1 g(1), then f(1) > g(1), so (f vV g)(1) =

€

max{f(1),g(1)} = f(1) = e.

Thus, (fVg)(—1) =e=(fVg)(1),so fVgis not one to one.

Since f(—1) = e ' =1 <e=el =e (=D = g(—1), then f(—1) < g(-1),
o (fAg)(-1) = min{f( 1),9(=1)} = f(-1) = ;.

Since f(1) = e > 1 =71 = g(1), then f(1) > g(1), so (f Ag)(1) =
min{f(1),9(1)} = g(1) = %

Thus, (fAg)(—=1) === (f Ag)(1), so f A g is not one to one. O

Exercise 44. Let f: A — B and g : C' — D be maps.
a. f ANC =0, then fUg: AUC — BUD is a map.
b. If ANC =BND=0and f and g are injective, then f U g is injective.
c. f ANC =10, then (fUg)la=fand (fUg)lc =g
Proof. We prove a.
Suppose ANC = 0.

To prove fUg: AUC — BUD is a map, we must prove fU g is a function
and dom(fUg) = AUC and rng(fUg) C BUD.
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Since f: A — B and g: C — D are maps, then f and g are functions, so f

and g are relations.

Thus, f U g is a relation.

To prove f U g is a function, let (a,b) € fUg and (a,b') € fUg.

Then either (a,b) € f or (a,b) € g, and either (a,b’) € f or (a,b’) € g.

Hence, either (a,b) € f and (a,b’) € f or (a,b) € f and (a,b’) € g or
(a,b) € g and (a,b’) € f or (a,b) € g and (a,b’) € g.

Suppose (a,b) € f and (a,b’) € g or (a,b) € g and (a,b’) € f.

Then a € domf and a € domg, so a € A and a € C.

Hence, a € ANC, s0 ANC # 0.

This contradicts the assumption AN C = (.

Thus, it cannot be the case that (a,b) € f and (a,b’) € g or (a,b) € g and
(a,b') € f.

Hence, either (a,b) € f and (a,b’) € f or (a,b) € g and (a,b’) € g.

We consider these cases separately.

Case 1: Suppose (a,b) € f and (a,b’) € f.

Since f is a function, then b = b'.

Case 2: Suppose (a,b) € g and (a,V’) € g.

Since ¢ is a function, then b = ¥'.

Thus, in all cases, b = b, so f U g is a function, as desired.

We prove dom(fUg)=AUC.

Let z € dom(f U g).

Then there exists y such that (z,y) € fUg, so either (z,y) € f or (z,y) € g.

Hence, either z € domf or x € domg, so z € domf U domyg.

Thus, z € AUC, so dom(fUg) C AUC.

Let ye AUC.

Then either y € A or y € C, so either y € domf or y € domg.

We consider these cases separately.

Case 1: Suppose y € domf.

Then there exists z; such that (y,z1) € f.

Since f C fUg, then (y,21) € fUg.

Thus, there exists z; such that (y,z1) € fUg.

Case 2: Suppose y € domg.

Then there exists zo such that (y,z2) € g.

Since g C fUg, then (y,22) € fUg.

Thus, there exists z5 such that (y,22) € fUg.

Hence, in all cases, there exists z such that (y,2) € fUg, soy € dom(fUg).

Hence, AUC C dom(f U g).

Since dom(fUg) C AUC and AUC C dom(fUg), then dom(fUg) = AUC,
as desired.

We prove rng(fUg) C BUD.
Let b € rng(f Ug).
Then there exists a such that (a,b) € fUg, so either (a,b) € f or (a,b) € g.
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We consider these cases separately.

Case 1: Suppose (a,b) € f.

Since f: A — B is a map, then b € B.

Case 2: Suppose (a,b) € g.

Since g : C — D is a map, then b € D.

Thus, either be Borbe D,sobe BUD.

Therefore, rng(f U g) C BU D, as desired. O

Proof. We prove b.
Suppose ANC = BN D = and f and g are injective.
We must prove f U g is injective.
Since ANC =), then fUg: AUC — BUD is a map.
To prove f U g is injective, let a,b € AUC such that (fUg)(a) = (fUg)(d).
We must prove a = b.
Let y = (f Ug)(a).
Then (a,y) € fUg, so either (a,y) € f or (a,y) € g.
Since a € AU C, then either a € A or a € C.
We consider these cases separately.
Case 1: Suppose a € A.
Since ANC = (), then a & C, so a & domyg.
Hence, (a,y) € g.
Since either (a,y) € f or (a,y) € g, then this implies (a,y) € f.
Thus, f(a) =y = (fUg)(a) = (fUg)(b), soy = (fUg)D).
Hence, (b,y) € f U g, so either (b,y) € f or (b,y) € g.
Since b € AU C, then either b€ Aor b e C.
Case la: Suppose b € C.
Since ANC =), then b A, so b & domf.
Thus, (b,y) & f.
Since either (b,y) € f or (b,y) € g, then this implies (b,y) € g.
Since (a,y) € f and f: A — B is a map, then y € B.
Since (b,y) € g and g : C' — D is a map, then y € D.
Thus, y € Bandy € D,soy € BND.
Hence, BN D # (.
But, this contradicts the hypothesis BN D = ().
Therefore, it is not possible that a € A and b € C.
Case 1b: Suppose b € A.
Since ANC =0, then b ¢ C, so b & domg.
Thus, (b,y) € g.
Since either (b,y) € f or (b,y) € g, then this implies (b,y) € f.
Hence, f(b) =y = f(a).
Since f(a) = f(b) and f is injective, then a = b.
Case 2: Suppose a € C.
Since ANC =), then a € A, so a & domf.
Hence, (a,y) & f-
Since either (a,y) € f or (a,y) € g, then this implies (a,y) € g.
Thus, g(a) =y = (fUg)(a) = (fUg)(b), soy = (f U g)(b).

22



Hence, (b,y) € f U g, so either (b,y) € f or (b,y) € g.

Since b € AU C, then either be Aor b e C.

Case 2a: Suppose b € A.

Since ANC =0, then b € C, so b & domg.

Thus, (b,y) € 9.

Since either (b,y) € f or (b,y) € g, then this implies (b,y) € f.
Since (a,y) € g and g : C' — D is a map, then y € D.

Since (b,y) € f and f: A — B is a map, then y € B.

Thus, y€e Bandy€ D,soy € BND.

Hence, BN D # (.

But, this contradicts the hypothesis BN D = ().

Therefore, it is not possible that a € C' and b € A.

Case 2b: Suppose b € C.

Since ANC =), then b A, so b & domf.

Thus, (b,y) & f.

Since either (b,y) € f or (b,y) € g, then this implies (b,y) € g.
Hence, g(b) =y = g(a).

Since g(a) = g(b) and g is injective, then a = b.

Thus, we conclude a = b, so f U g is injective, as desired. O

Proof. We prove c.

Suppose ANC = 0.

Then fUg: AUC — BUD is a map.

Since fUg: AUC — BUD is amap and A C AU C, then the restriction
(fUg)la:A— BUD is amap, so (fUg)|a is a function.

We prove (fUg)|la = f.

Since the domain of (f U g)|a is A and the domain of f is A, then the
functions (f U g)|a and f have the same domain.

Let z € A.

Let y = (f Ug)la(z).

Since z € A, then (fUg)|a(z) = (fUg)(z), soy = (fUg)(z).

Hence, (z,y) € fUg, so either (z,y) € f or (z,y) € g.

Since z € A and ANC =0, then z ¢ C, so x & domg.

Thus, (,9) & 9, 50 (2,3) € /.

Since f is a function, then f(z) = y.

Hence, (fUg)|a(z) = (fUg)(x) =y = f(x), so (fUg)la= [.

Since fUg: AUC — BUD is amap and C C AU C, then the restriction
(fug)le: C — BUD is amap, so (fUg)|c is a function.

We prove (fUg)lc = g.
Since the domain of (f U g)|¢ is C and the domain of g is C, then the
functions (f U g)|c and g have the same domain.
Let x € C.
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Let y = (fUg)lc(z).

Since z € C, then (fUg)|c(z) = (fUg)(x), soy = (fUg)(x).

Hence, (x,y) € fUg, so either (x,y) € f or (z,y) € g.

Since z € C and ANC =0, then z € A, so x & domf.

Thus, (z,y) € f, so (z,y) € g.

Since ¢ is a function, then g(z) = y.

Hence, (fUg)lc(z) = (fUg)(x) =y =g(x),so (fUg)lc =g. O

Exercise 45. A map ¢g: C' — B is an extension of amap f: A — Biff f Cg.

a. If amap ¢g: C — B is an extension of a map f: A — B, then A C C.

b. If f: A— Bandg:C — D are maps such that AN C = 0, then
fUg: AuC — BUD is an extension of both f and g.

c. If amap ¢g: C' — B is an extension of a map f: A — B, then g|4 = f.

d. Find an extension of the map f: R — {-5} — R given by f(z) = 1;125
whose domain is R and that is continuous on R.

e. Let f: R — C be a map defined by f(z) = e®.

Let z =z + yi for z,y € R.

Let g : C — C be defined by g(z) = e®(cosy + isiny) for all z € C.

Then g is an extension of f.

Proof. We prove a.
Suppose a map g : C — B is an extension of a map f: A — B.
Then f C g.
Let a € A.
Since A = domf, then a € domf, so (a, f(a)) € f.
Since f C g, then (a, f(a)) € g, so a € domg.
Since domg = C, then a € C, so A C C, as desired. O

Proof. We prove b.
Suppose f: A— Band g: C — D are maps such that AN C = (.
Then, by a previous exercise, fUg: AUC — BUD is a map.
Since f: A — B is a map, then f is a function, so f is a relation.
Hence, f is a set.
Since g : C' — D is a map, then g is a function, so g is a relation.
Hence, g is a set.
Since f C fUg, then fU g is an extension of f.
Since g C fUg, then fU g is an extension of g. O

Proof. We prove c.

Suppose a map g : C — B is an extension of a map f: A — B.

Then f C g and A C C.

Since f : A — B is a map, then f is a function.

Since g : C — B is a map, then g is a function.

Since g : C' — B is a map and A C C, then the restriction g|4 : A — B is a
map.

Observe that dom g|la = A = domf.

Let a € A be arbitrary.
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Then (g]a)(a) = g(a).

Since @ € A and f is a function, then (a, f(a)) € f.

Since f C g, then (a, f(a)) € g.

Since g is a function, then g(a) = f(a).

Thus, (gl4)(a) = g(a) = £(a), 50 (g]4)(a) = f(a) for all a € A,

Therefore, g|4 = f, as desired. O

Proof. We solve d.
Let g : R — R be a map defined by g(z) = 2 — 5.
Then g is a function and domg = R.
Since g is a polynomial function, then g is continuous, so ¢ is continuous on

We prove g is an extension of f.

Let x € domf be arbitrary.

Then (z, f(z)) € f.

Since x € domf and domf = R — {5}, then x € R — {-5}, so € R and
x # —b.

Since z +5 =0 iff z = =5 and = # —5, then = 4+ 5 # 0.

Thus, g(x) =2 -5 = (z —5) - L2 = 2225 f(z), so g(x) = f(x).

T+5 x+5
Since ¢ is a function, then (z,g(x)) € g, so (z, f(z)) € g.
Hence, f C g.
Therefore, g is an extension of f. O

Proof. We prove e.

Let r € domf.

Then r € R and f(r) = €.

Since f is a function, then (r, f(r)) € f.

Since r € R, then r = r4+0 =7 +14-0, so g(r) = e"(cos0 + isin0) =
e"(l+0)=¢€"-1=¢"= f(r).

Thus, g(r) = f(r), so r € domg.

Since g is a function, then (r, g(r)) € g, so (r, f(r)) € g.

Thus, (r, f(r)) € f implies (r, f(r)) € g, s0 f C g.

Therefore, g is an extension of f. O

Exercise 46. a. Give an example of maps f: A — B and g : B — C such that
g o f is surjective, but f is not surjective.

b. Give an example of maps f : A — B and g : B — C such that g is
surjective, but g o f is not surjective.

c. Give an example of maps f : A — B and g : B — C such that f is
surjective, but g o f is not surjective.

Solution. Let A ={1,2,3,4} and B = {5,6,7,8,9} and C' = {10,11,12,13}.
a. Let f = {(1,5), (2,6),(3,7), (4,8)} and g = {(5,10), (6, 11), (7,12), (8,13), (9, 10)}.
Then f and g are functions.
Since f is a function and domf = A and rngf = {5,6,7,8} C B, then
f+A— Bisamap.
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Since g is a function and domg = B and rngg = C C C, then g : B — C'is
a map.

Since f: A — B and g : B — C are maps, then go f: A — C is a map and
go f=1{(1,10),(2,11),(3,12), (4,13)}.

Since rng(go f) = C, then g o f is surjective.

Since 9 € B, but 9 & rngf, then rngf # B, so f is not surjective.

We know that if g o f is surjective, then g is surjective.

Since g o f is surjective, then g is surjective.

Since rngg = C, then g is surjective, as predicted by theory.

b. Let f = {(1,5),(2,6),(3,7),(4,8)} and g = {(5,10), (6,11), (7,12), (8,12),(9, 13)}.

Then f and g are functions.

Since f is a function and domf = A and rngf = {5,6,7,8} C B, then
f+A— Bisamap.

Since g is a function and domg = B and rngg = C C C, then g : B — C'is
a map.

Since f: A— B and g : B — C are maps, then go f : A — C is a map and
go f=1{(1,10),(2,11),(3,12), (4, 12)}.

Since rngg = C, then g is surjective.

Observe that rng(g o f) = {10, 11,12}.

Since 13 € C, but 13 & rng(g o f), then rng(go f) # C, so go f is not
surjective.

We know that if f and g are surjective, then g o f is surjective, so if go f is
not surjective, then either f is not surjective or g is not surjective.

Since g o f is not surjective, then either f is not surjective or g is not sur-
jective.

Since g is surjective, then this implies f is not surjective.

Since 9 € B, but 9 € rngf, then rngg # B, so f is not surjective, as
predicted by theory.

Let A=1{1,2,3,4} and B = {5,6,7,8} and C = {10,11,12,13}.

c. Let f ={(1,5),(2,6),(3,7),(4,8)} and g = {(5,10), (6,11),(7,12), (8,12)}.

Then f and g are functions.

Since f is a function and domf = A and rngf = B C B, then f: A — B is
a map.

Since g is a function and domg = B and rngg = {10,11,12} C C, then
g: B — Cis a map.

Since f: A — B and g : B — C are maps, then go f: A — C is a map and
go f=1{(1,10),(2,11),(3,12), (4,12)}.

Since rngf = B, then f is surjective.

Observe that rng(go f) = {10,11,12}.

Since 13 € C, but 13 & rng(g o f), then rng(go f) # C, so go f is not
surjective.

We know that if f and g are surjective, then go f is surjective, so if go f is
not surjective, then either f is not surjective or g is not surjective.
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Since g o f is not surjective, then either f is not surjective or g is not sur-
jective.

Since f is surjective, then this implies g is not surjective.

Since 13 € C, but 13 € rngg, then rngg # C, so g is not surjective, as
predicted by theory. O

Exercise 47. Let f: A — B and g : B — C be maps such that f is surjective.
Then go f: A — C is a surjection iff g is surjective.

Proof. Since f: A— B and g: B — C are maps, then go f: A — C is a map.
We must prove g o f is surjective iff g is surjective.
Suppose g o f is surjective.
Then g is surjective.

Conversely, suppose g is surjective.

Since f is surjective and g is surjective, then the composition g o f is surjec-
tive. O

Exercise 48. Let f: A — B and g : B — C be maps such that g is injective.
Then go f: A — C is an injection iff f is injective.

Proof. Since f: A — B and g: B — C are maps, then go f : A — C is a map.
We must prove g o f is injective iff f is injective.
Suppose g o f is injective.
Then f is injective.

Conversely, suppose f is injective.
Since f is injective and g is injective, then the composition go f is injective.
O

Exercise 49. Give an example of maps f: A — B and g : B — C such that:
1. go f: A — C is a bijection, but f is not onto and g is not one to one.
2. f is bijective, but g o f is not bijective.
3. g is bijective, but g o f is not bijective.

Solution. 1. We give an example such that g o f is bijective and f is not onto
and g is not one to one.

Let A =1{1,2,3,4} and B = {10, 20, 30,40, 50} and C = {3,5,7,9}.

Let f ={(1,10),(2,20),(3,30), (4,40)}.

Let g = {(10, 3), (20, 5), (30, 7), (40,9), (50,9)}.

Since f is a function and domf = A and rngf = {10, 20, 30,40} C B, then
f:A— Bisamap.

Since 50 € B, but 50 € rngf, then rngf # B, so f is not onto B.
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Since g is a function and domg = B and rngg=C C C, then g: B — C is a
map.

Since g(40) = 9 = ¢(50), but 40 # 50, then g is not one to one.

Since f : A — B is a map and g : B — C is a map, then the composition
gof:A— Cisamapandgo f=1{(1,3),(2,5),(3,7),(49)}

Clearly, g o f is one to one and onto, so g o f is bijective. O
Solution. 2. We give an example such that f is bijective and g o f is not
bijective:

Let A =1{1,2,3,4} and B = {10,20,30,40} and C = {3,5,7,9}.

Let f = {(L 10)3 (27 20)7 (Sa 30)v (47 40)}

Let g = {(10, 3), (20,5), (30,7), (40,7)}.

Since f is a function and domf = A and rngf = B C B, then f: A — B is
a map.

Clearly, f is one to one.

Since rngf = B, then f is onto, so f is bijective.

Since g is a function and domg = B and rngg = {3,5,7} C C, theng: B — C

is a map.

Since f : A — Bisamap and g : B — C is a map, then the composition
gof:A— Cisamapandgo f=1{(1,3),(2,5),(3,7),(4,7)}.

Since (go f)(3) =7=(go f)(4), but 3 #4, then go f is not one to one, so
g o f is not bijective. O
Solution. 3. We give an example such that g is bijective and g o f is not
bijective:

Let A ={1,2,3,4} and B = {10, 20, 30,40} and C = {3,5,7,9}.

Let f = {(1,10),(2,20),(3,30),(4,30)}.

Let g = {(10,3), (20,5), (30,7), (40,9)}.

Since f is a function and domf = A and rngf = {10,20,30} C B, then
f:A— Bisamap.

Since ¢ is a function and domg = B and rngg=C C C, theng: B — C is a

map.

Clearly, g is one to one.

Since rngg = C, then ¢ is onto.

Hence, g is bijective.

Since f : A — Bis amap and g : B — C is a map, then the composition
gof:A— Cisamapandgo f=1{(1,3),(2,5),(3,7),(4,7)}

Since (go f)(3) =7=(go f)(4), but 3 # 4, then go f is not one to one, so
g o f is not bijective. 0

Exercise 50. Let f: X - Y and g: Y — Z be maps.
If g o f is injective, then f is injective.
Prove this statement using the left cancellation property of injective maps.

Proof. Suppose g o f is injective.
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To prove f is injective using the left cancellation property of injective maps,
let W be a set and let h : W — X and k : W — X be maps such that
foh=fok.

We must prove h = k.

Since g o f is injective, then by the left cancellation property of injective
maps, if h : W — X and k: W — X are maps such that (go f)oh = (go f) ok,
then h = k.

Since f, g, h are functions, then (go f)oh = go(foh) = go(fok) = (gof)ok.

Since h : W — X and k : W — X are maps and (go f)oh = (go f) ok,
then we conclude h = k, as desired. O

Exercise 51. Let f: X - Y and g: Y — Z be maps.
If g o f is surjective, then g is surjective.
Prove this statement using the right cancellation property of surjective maps.

Proof. Suppose g o f is surjective.

To prove g is surjective using the right cancellation property of surjective
maps, let W be aset and let h: Z — W and k : Z — W be maps such that
hog=kog.

We must prove h = k.

Since go f is surjective, then by the right cancellation property of surjective
maps, if h: Z — W and k : Z — W are maps such that ho (go f) = ko(go f),
then h = k.

Since f, g, h are functions, then ho(go f) = (hog)of = (kog)of = ko(go f).

Since h: Z — W and k : Z — W are maps and ho(go f) = ko (go f), then
we conclude h = k, as desired. O

Exercise 52. Let f: X — Y and ¢g: Y — Z be maps.
If f and g are injective, then g o f is injective.
Prove this statement using the left cancellation property of injective maps.

Proof. Suppose f and g are injective.

Since f: X - Y and g: Y — Z are maps, then go f: X — Z is a map.

To prove g o f is injective using the left cancellation property of injective
maps, let W be a set and let h : W — X and k : W — X be maps such that
(gof)oh=(g0f)ok.

‘We must prove h = k.

Since g is injective, then by the left cancellation property of injective maps,
if foh:W =Y and fok: W — Y are maps such that go (foh) =go (fok),
then foh = fok.

Since h: W — X and f: X — Y are maps, then foh: W — Y is a map.

Since k: W — X and f: X — Y are maps, then fok: W — Y is a map.

Since f, g, h are functions, then go(foh) = (go f)oh = (go f)ok = go(fok).

Since foh: W — Y isamap and fok: W — Y isamap and go (foh) =
go (fok), then we conclude foh = fok.

Since f is injective, then by the left cancellation property of injective maps,
ifh: W — X and k: W — X are maps such that foh = fok, then h = k.
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Since h : W — X and k: W — X are maps and foh = fok, then we
conclude h = k, as desired. O

Exercise 53. Give an example of a map f : X — Y and subsets A, B of X
such that A C B, but f(A) = f(B).
Solution. Let f: R — R be the map defined by f(z) = sinz.

Let A=10,%] and B = [0,7].

72

Then A C B.
Observe that

f(4) = {f(x):z €A}
= {sinz:z €0,
= {sinz:0<z<
= [071}

{sinz:0 <z <7}

{f(z) 2z €[0,n]}

{f(z):2 € B}

= f(B).

Exercise 54. Let f: X — Y be a map.
Let A and B be subsets of X.
If f(A) = f(B) and f is one to one, then A = B.

Proof. Suppose f(A) = f(B) and f is one to one.

We first prove A C B.
Let a € A.
Then f(a) € f(A).
Since f(A) = f(B), then f(a) € f(B).
Hence, there exists b € B such that f(a) = f(b).
Since f is one to one, then a = b.
Since b € B, then a € B.
Thus, A C B.

We next prove B C A.
Let b € B.
Then f(b) € f(B).
Since f(B) = f(A), then f(b) € f(A).
Hence, there exists a € A such that f(b) = f(a).
Since f is one to one, then b = a.
Since a € A, then b € A.
Thus, B C A.
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Since A C B and B C A, then A = B, as desired. O

Exercise 55. Let f: A — B be a map.
Let Y C B.
Then f(f~1(Y)) =Y if Y C rngf.

Proof. We must prove f(f~1(Y)) =Y iff Y C rngf.

We first prove if f(f~1(Y)) =Y, then Y C rngf.
Suppose f(f~1(Y)) =Y.
To prove Y C rngf,let be Y.
Since Y = f(f~1(Y)), then y € f(f~1(Y)).
Hence, y = f(x) for some z € f~1(Y).
Since x € f~1(Y), then x € A and f(z) €Y.
=Y

Thus, there exists « € A such that f(x) so y € rngf, as desired.

Conversely, we prove if Y C rngf, then f(f~1(Y)) =Y.

Suppose Y C rngf.

We first prove Y C f(f~1(Y)).

Letye Y.

Since Y C rngf, then y € rngf, so there exists x € A such that f(z) = y.

Thus, there exists € A such that f(z) € Y, soz € f~1(Y).

Hence, there exists x € f~1(Y) such that y = f(z), so y € f(f~1(Y)).

Therefore, Y C f(f~1(Y)).

Since f(f~1(Y)) CYand Y C f(f~1(Y)), then f(f~1(Y)) =Y, as desired.
O

Exercise 56. Let f: A — B be a map.

Let X C A.

Then f~1(f(X)) = X iff the restriction of f to the subset f~(f(X)) of A
is one to one.

Proof. We must prove f~(f(X)) = X iff the restriction of f to the subset
f7LH(f(X)) of A is one to one.

We first prove if f~1(f(X)) = X, then the restriction of f to the subset

f7LH(f(X)) of A is one to one.

Suppose f~1(f(X)) = X.

Then f is one to one.

Let f|x : X — B be the restriction of f to X defined by f|x(z) = f(x) for
all z € X.

To prove f|x is one to one, let a,b € X such that f|x(a) = f|x(b).

Then f(a) = f(b).

Since f is one to one, then a = b.

Therefore, f|x is one to one, as desired.
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Conversely, we prove if the restriction of f to the subset f~1(f(X)) of A is
one to one, then f~1(f(X)) = X.
Suppose the restriction of f to the subset f~(f(X)) of A is one to one.
Let g : f~1(f(X)) — B be the restriction of f to f~1(f(X)) defined by
9(z) = () for all '€ f1(F(X)).
Then g is one to one.
We first prove f~1(f(X)) C X.
Let a € f~1(f(X)).
Then a € A and f(a) € f(X).
Since f(a) € f(X), then f(a) = f(b) for some b € X.
Since b € X and X C A, then b € A.
Since f(b) = f(a) and f(a) € f(X), then f(b) € f(X).
Thus, b € A and f(b) € f(X),sobe f1{f(X)).
Hence, g(a) = f(a) = f(b) = g(b).
Since g is one to one and g(a) = g(b), then a = b.
Since b € X, then a € X.
Therefore, f~1(f(X)) C X.
Since f~1(f(X)) € X and X C f~}(f(X)), then f~1(f(X)) = X, as de-
sired. O

Exercise 57. Let f: A — B be a map.
Let X C Aand Y C B. Then
1. f7Y(B-Y)=A—fLY).
2. f(X)CYiff X C f7YY).
3. If f is bijective, then f(X) =Y iff f~}(YV) = X.

Proof. We prove 1.
We must prove f~1(B—-Y)=A— f71(Y).

We first prove f~Y(B-Y)C A— f~1(Y).
Letz € f~1(B-Y).
Then x € A and f(xz) e B-Y.
Since f(z) € B—Y, then f(z) € B and f(z) €Y.
Since x € A and f(z) €Y, then x & f~1(Y).
Since x € Aand z € f~1(Y), then x € A — f~1(Y).
Thus, f~1(B—Y) C A— f-1(Y).

We next prove A — f~Y) C f~4(B -Y).
Lety € A— f71(Y).
Theny € Aand y & f~1(Y),s0 f(y) €Y.
Since y € A and f: A — B is a map, then f(y) € B.
Since f(y) € B and f(y) €Y, then f(y) € B-Y.
Hence, y € Aand f(y) e B—Y,soy € f~1{(B-Y).
Thus, A — f~1(Y) C f~Y(B-Y).
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Since f"Y(B-Y) Cc A— f~}Y)and A— f~Y(Y) C fY(B -Y), then
fFUB-Y)=A—f7H(Y). =

Proof. We prove 2.
We must prove f(X) C Y iff X C f~1(Y).

We first prove if f(X) C Y, then X C f~1(Y).
Suppose f(X)CY.
To prove X C f~1(Y), let v € X.
Then f(x) € f(X).
Since f(X) C Y, then f(z) €Y.
Since x € X and f(x) € Y, then xz € f~1(Y).
Thus, X C f~1(Y).

Conversely, we prove if X C f~1(Y), then f(X) C Y.
Suppose X C f~1(Y).
To prove f(X) C Y, let y € f(X).
Then there exists € X such that y = f(z).
Since # € X and X C f~1(Y), then z € f~1(Y), so f(x) €Y.
Thus, y €Y, s0 f(X)CY. O

Proof. We prove 3.
We prove if f is bijective, then f(X) =Y iff f~1(Y) = X.
Suppose f is bijective.
Then f is injective and surjective.
We must prove f(X) =Y iff f~1(Y) = X.

We first prove if f(X) =Y, then f~}(V) = X.
Suppose f(X) =Y.
Then f(X) CY,s0 X C f~1(Y).
Let z € f71(Y).
Then z € A and f(x) €Y.
Since Y = f(X), then f(z) € f(X).
Hence, there exists a € X such that f(x) = f(a).
Since f is injective, then z = a.
Thus, z € X, so f1(Y) C X.
Since f~1(Y) C X and X C f~1(Y), then f~1(Y) = X, as desired.

Conversely, we prove if f~1(Y) = X, then f(X) =Y.
Suppose f~1(Y) = X.
Then X C f~1(Y), s0 f(X)CY.
Letye Y.
Since Y C B, then y € B.
Since f is surjective, then there exists z € A such that f(z) =y, so f(z) € Y.
Since # € A and f(z) € Y, then z € f~1(Y).
Since f~1(Y) = X, then z € X, so f(x) € f(X).
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Hence, y € f(X), so Y C f(X).
Since f(X) CY and Y C f(X), then f(X) =Y, as desired. O

Exercise 58. image of a difference
Let f: X - Y be a map with A, B C X. Then
1. f(4)— f(B) C f(A-B).
2. If f is injective, then f(A — B) = f(A) — f(B).

Proof. We prove 1.

We prove f(A) — f(B) C f(A— B).

Let y € f(A) — f(B).

Then y € f(A) and y & f(B).

Since y € f(A), then y = f(a) for some a € A.

Since y € f(B) iff a € B and f(a) = y, then y ¢ f(B) iff either a & B or
fla) #y.

Since y € f(B), then either a € B or f(a) # y.

Since f(a) = y, then we conclude a & B.

Since a € A and a ¢ B, then a € A — B.

Thus, there exists a € A — B such that f(a) =y, soy € f(A— B).

Therefore, f(A) — f(B) C f(A— B). O

Proof. We prove 2.
We prove if f is injective, then f(A — B) = f(A) — f(B).
Suppose f is injective.

We first prove f(A — B) C f(A) — f(B).
Let y € f(A— B).
Then there exists a € A — B such that f(a) = y.
Since a € A — B, then a € A and a ¢ B.
Since y = f(a) and a € A, then y € f(A).
Suppose for the sake of contradiction y € f(B).
Then there exists b € B such that f(b) = v.
Thus, f(a) = y = /(b).
Since f is injective and f(a) = f(b), then a = b.
Since b € B and b = a, then a € B.
Thus, we have a € B and a ¢ B, a contradiction.
Hence, y & f(B).
Since y € f(A) and y & f(B), then y € f(A) — f(B).
Therefore, f(A— B) C f(A) — f(B).

Since f(A—B) C f(A)—f(B) and f(A)—f(B) C f(A—B), then f(A—B) =
f(A) = F(B). 0
Exercise 59. inverse image of a difference equals difference of inverse
images

Let f: X - Y beamap with C;D CY.
Then f~1(C' = D) = f~1(C) — f~H(D).
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Proof. We must prove f~1(C — D) = f~%C) — f~4(D).

We first prove f~Y(C-D)cf ) - f~YD).
Let z € f~1(C — D).

ThenxeXandf() (C - D).

Since f(z) € (C — D), then f( )€ C and f(x) &
SlncexeXandf( )€ C, thenx € f~ ( )-
Since z € X and f(z) ¢ D, then z ¢ f~1(D).

Thus, z € f~1(C) and x ¢ f~1(D), so x € f~1(C) — f~Y(D).
Hence, f~1(C — D) C f~Y(C) — f~Y(D).

We next prove f~1(C) — f~1(D) c f~%(C — D).
Let a € f~1(C) — f~YD).
Then a € f~1(C) and a ¢ f~1(D).
Since a € f~1(C), then a € X and f(a) € C
Since a € X and a ¢ f~1(D), then f(a) € D.
Thus, f(a) € C and f(a) € D, so f(a) € (C —
Since a € X and f(a) € (C — D) then

D).
a€ f~HC—D).
Hence, f~1(C) — f~(D) c f~1(C — D).

Since f~H(C = D) C f~1(C) = f~1(D) and f~H(C) - f~H(D) C f~HC - D),

then f~H(C' — D) = f~1(C) — f~1(D).

Exercise 60. Let f : A — B and g : B — C be maps.
Let S C C.

Then (go f)~H(S) = fH(g7'(9))-

O

Proof. Since f: A— B and g: B — C are maps, then go f : A — C is a map.

Let x € (go f)~1(S).
Then x € A and (go f)(x) € S.
Since z € A and f: A — B is a map, then f(x) € B.

Since (g f)(z) = g(f(x)) and (g f)(x) € S, then g(f(x)) € .

Since f(z) € B and g(f(z)) € S, then f(z) € g~*(S).
Since € A and f(z) € g7 *(S), then z € f~1(g7(9)).
Therefore, (g0 f)~(S) C /- (g~1(5)).

Let y € f~(g7(9)).
Then y € A and f(y) € g~ 1(9).
Since f(y) € g~*(S), then f(y) € B and g(f(y)) € S.
Since g(f(y)) = (9o f)(y) and g(f(y)) € S, then (go f)(y) € S.
Since y € A and (go f)(y) € S, then y € (go f)~1(9).
Therefore, f~1(g71(S)) C (go f)~1(S).
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Since (g o f)7'(S) € fH(g7"(S)) and f~'(g7'(S)) C (go f)~'(S), then
(go f)~1(S) = f~1(g~1(S)), as desired. 0

Proposition 61. Let f: X — Y be a function with A1, Ay C X and By, Bs C
Y.
Then fﬁl(Y — Bl) =X - fﬁl(Bl).

Solution. We can use the definition of pre-image under a function.

We know for any B C Y, the pre-image of B under f is the set f~1(B) =
{aeX: f(la) e B} CX.

Thus,

FUB) = {a€ X : f(a) € Bi}

f_l(Y— Bl) = {CL e X: f(a) S Y—Bl}

We use the definition of set equality to prove this. O
Proof. We know that f~1(B1) ={a € X : f(a) € By} and f~}(Y —By) ={a €
X : f(a) €Y — By}.

Observe that

FUY —B) = {ae€X:fla)eY — B}
{a€ X [(@)eY Al ¢ B)
{a e X :TAf(a) € B1}

fa€ X : fla) & Bi}

= {aeX:ag fT'(B)}
{a:ae X Nag f1(B)}

= X—f(B)

36



