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Sets

Exercise 1. Let S = {z : 2 < 30 and = = n? for some n € N}.

Then § = {1,4,9,16,25}.
Solution. Since S = {z : z < 30 and x = n? for some n € N}, then S = {n? :
n? < 30 for some n € N}.

Thus, S is the set of squares of natural numbers less than 30, so S =
{1,4,9,16,25}. 0

Proof. We prove {1,4,9,16,25} C S.
Since 1 € Nand 12 =1 < 30, then 1 € S.
Since 2 € Nand 22 =4 < 30, then 4 € S.
Since 3¢ Nand 32=9< 30, then9 € S.
Since 4 € N and 42 = 16 < 30, then 16 € S.
Since 5 € N and 5% = 25 < 30, then 25 € S.
Sincel € Sand4 € Sand 9 € Sand 16 € S and 25 € S, then {1,4,9,16,25} C

We prove n? ¢ S for every natural number n > 6.
Let n € N such that n > 6.
Then n? > 62 = 36 > 30, so n? > 30.
Since n € N and n? > 30, then n? ¢ S.
Thus, if n € N and n > 6, then n? € S, so if n € N and n? € S, then n < 6.

We prove S C {1,4,9,16,25}.

Since 1 € S, then S # (.

Let z € S.

Then z < 30 and z = n? for some n € N.

Since n € N, then n > 1.

Since n € N and n? € S, then n < 6.

Sincen > 1 and n < 6, then 1 <n < 6.

Sincen € Nand 1 <n <6, then eithern=1orn=2o0orn=3o0orn =4 or
n=>5.

We consider these cases separately.



Case 1: Suppose n = 1.

Since 12 = 1 < 30, then = = 1.

Case 2: Suppose n = 2.

Since 22 = 4 < 30, then = = 4.

Case 3: Suppose n = 3.

Since 32 =9 < 30, then z = 9.

Case 4: Suppose n = 4.

Since 42 = 16 < 30, then = = 16.

Case 5: Suppose n = 5.

Since 52 = 25 < 30, then 2 = 25.

Hence, either x = 1 orx =4 orax =9 orxz = 16 or x = 25, so x €
{1,4,9, 16, 25}.

Therefore, S C {1,4,9,16,25}.

Since S C {1,4,9,16,25} and {1,4,9,16,25} C S, then S = {1,4,9, 16,25},
as desired. O

Exercise 2. Let S = {x : = n+ 2 for some n € N such that n < 6 }.
Then S = {3,4,5,6,7}.

Solution. Since S = {z : x = n + 2 for some n € N such that n < 6 }, then
S ={n+2: there exists n € N such that n < 6 }.

If n e Nand n < 6, then n € {1,2,3,4,5}, son+2 € {3,4,5,6,7}.

Thus, S = {3,4,5,6,7}. O

Proof. We prove {3,4,5,6,7} C S.
Sincel€¢ Nand 1 <6 and 14+ 2 =3, then 3 € S.
Since 2e Nand 2 < 6and 2+ 2 =4, then4 € S.
Since 3e Nand 3 <6and 34+2=25,then5€ S.
Since4 e Nand 4 <6 and 44+ 2 =6, then 6 € S.
SincebeNand5<6and 5+2=7,then7 € S.
Since3 € Sand4 € Sand5 € Sand6 € Sand 7 € S, then {3,4,5,6,7} C S.

We prove S C {3,4,5,6,7}.
Since 3 € S, then S # 0.
Let z € S.
Then x = n + 2 for some n € N such that n < 6.
Since n € N, then n > 1.
Since n > 1 and n < 6, then 1 <n <6,son € {1,2,3,4,5}.
Hence, x =n+2 € {3,4,5,6,7}.
Since = € S implies x € {3,4,5,6,7}, then S C {3,4,5,6,7}.
Since S C {3,4,5,6,7} and {3,4,5,6,7} C S, then S = {3,4,5,6,7}. O

Exercise 3. Let S = {n%?+2:n € N}.
Let T = {3,6,11, 18,27, 33,38, 51}.
a. Find an element of S that is not in T'.
b. Find an element of T" that is not in S.



Solution. a. Since 8 € N and 82 + 2 = 66, then 66 € S, but 66 ¢ T.
b. Observe that 33 € T', but 33 ¢ S.
We prove 33 ¢ S.
Suppose for the sake of contradiction 33 € S.
Then 33 = n? + 2 for some n € N, so n? = 31.
Hence, 31 = nn, so n|31.
Since 31 is prime, then either n =1 or n = 31.
We consider these cases separately.
Case 1: Suppose n = 1.
Then 31 = n? = 12 = 1, a contradiction.
Thus, n # 1.
Case 2: Suppose n = 31.
Then 31 = n? = 312, so 1 = 31, a contradiction.

Thus, n # 31.
Hence, neither n = 1 nor n = 31, so there is no n € N such that n? +2 = 33.
Therefore, 33 ¢ S. O

Exercise 4. The subset relation is not symmetric.

Solution. Let A = {a} and B = {a,b}.
Since a € A and a € B, then A C B.
Since b € B, but b ¢ A, then B ¢ A.
Since A C Band B ¢ A, then A C B does not imply B C A.
Therefore C is not symmetric. O

Exercise 5. Let A= {k € N:k <20}.
Let B = {3k —1:ke N}
Let C = {2k +1:k e N}.

Compute:

1. AnBnNC.
2. (AnB)-C.
3. (AnC) - B.

Solution. Observe that ANBNC = {5,11,17} and (ANB)—-C = {2,8,14,20}
and (ANC) — B = {3,7,9,13, 15,19}. O

Exercise 6. For any sets A and B, A C (AU B)N (AU B).

Solution. Let A and B be arbitrary sets.

To prove A C (AU B)N (AU B), we must prove that the statement Vz.[z €
A— 1z € (AUB)N(AUB)] is true.

Since this is a universally quantified statement, we assume z is an arbitrary
object in the domain of discourse.

We must prove z € A — z € (AU B) N (AU B) is true.

We use direct proof, so we assume x € A.

We must show that x € AUB and 2 € AU B.

We can work backwards from the conclusion to determine how to prove this.



Observe that z € (AUB)N(AUB) & (r € AUB)A(z € AUB) & (z €
AVvzeB)AN(z€AVreB)& (x€ A)V(r e BAx € B).

Thus, the condensed proof is:

r€A=>rcAV(@EBArEB)& (r€AVreB)A(z € AVr € B) &
(re AUB)A(z€ AUB) &z € (AUB)N(AUB). O

Proof. Let A and B be arbitrary sets.
To prove A C (AUB) N (AUB), let z € A.
We must prove z € AUB and z € AU B.
Since x € A, then either z € A or x € B.
Hence, v € AU B.
Similarly, since z € A, then z € A or z € B.
Hence, z € AU B.
Therefore x € AU B and 2 € AU B, as desired.

Solution. An alternate solution is to use algebraic properties of sets.

Proof. Let A and B be arbitrary sets.
Observe that (AUB)N(AUB)=AU(BNB)=AUD= A.
Since every set is a subset of itself, then A C A.
Hence, A is a subset of (AUB)N(AUB),s0 AC (AUB)N(AUB). O

Exercise 7. Let A, B be sets.
Then A — (B — A) = A.

Proof. We prove A — (B — A) C A.
Let z € A— (B — A).
Then z € A,so A—(B—A) C A.

We prove A C A— (B — A).
Let y € A.
Then either y € B or y € A.
Hence, it is not the case that y € B and y ¢ A.
Thus, y ¢ B — A.
Sincey € Aand y & B— A, theny € A— (B — A).
Hence, AC A— (B —A).

Since A— (B—A)Cc Aand AC A— (B — A), then A— (B—A) = A, as
desired. O

Lemma 8. Let A, B be sets.
Then A—(A—B)=ANB.

Proof. We prove A— (A—B) C AN B.
Let € A— (A— B).
Then zx € Aand x ¢ A — B.
Since x ¢ A — B, then either x ¢ A or z € B.
Since x € A, then we conclude =z € B.



Thus, z € Aand x € B,sox € ANB.
Hence, A— (A—B)C AnB.

We prove ANB C A— (A— B).

Let y € ANB.

Then y € A and y € B.

Since y € B, then either y € A or y € B.

Hence, it cannot be the case that y € A and y € B,soy ¢ A — B.
Sincey € Aand y ¢ A— B, then y € A — (A — B).

Thus, ANBC A— (A— B).

Since A—(A—B) C ANBand ANB C A—(A—B), then A—(A—B) = ANB,

as desired.

Proof. Observe that

A—(A-B) = A-(ANDB)

Exercise 9. Let A, B be sets.
Then (AN B) — B =1.

Proof. Observe that

(AnNB)-B = (ANB)NB
= AN(BNB)
= AN0

0.

Proof. Suppose (AN B) — B # .
Then there exists t € (ANB) —B,sox € AN B and z € B.
Since x € AN B, then x € A and x € B.

But, we have x € B and = ¢ B, a contradiction.
Therefore, (AN B) — B = 0.

Exercise 10. Let A, B be sets.
Then (AUB)— B=A— B.

O



Proof. Observe that

(AUB)—-B = (AUB)NB
= (AnB)u(BNB)
= (ANnB)UD
= ANB
= A-B
O
Exercise 11. Under what conditions does A — (A — B) = B?
Solution. Let A, B be sets.
We just proved that A — (A — B) = AN B.
So, when does AN B = B?
We know that A C B iff An B = A.
Hence, BC Aiff BNA=B.
Thus, BCAif B=BNA=ANB=A-(A-B).
Therefore, BC Aiff B=A— (A — B).
Hence, A — (A— B) = B iff B C A. O

Exercise 12. Under what conditions does A — (A — B) = B?

Solution. We let A, B be various sets to determine when the condition is true.
Based on examples, we conjecture the statement is true when B C A. Thus,
if BC A, then A—(A—- B)=B.
We shall prove this to be true. O

Proof. Let A, B be sets such that B C A.
We prove A— (A— B) =B.

We first prove A — (A — B) C B.

Let z € A— (A— B).

Then x € Aand x ¢ A — B.

Sincex €c A-Bifrec Aandae € B, thenx g A—-Bifft ¢ Aor x € B.
Hence, z ¢ A or x € B.

But, z € A, so it follows that x € B.

Therefore, x € A — (A — B) implies € B, so A— (A— B) C B.

We next prove B C A — (A — B).

Let y € B.

Since B C A, then y € A.

Since y € Aand y € B, theny ¢ A — B.

Hence,yec Aandy¢ A— B,soy€ A— (A— B).

Therefore, y € B impliesy € A — (A— B),so BC A— (A— B).



Since A— (A—B)C Band BC A—(A—B), then A— (A—-B) =B, as
desired. O

Exercise 13. Let A, B be sets.
Then AN (B —A) =0.

Proof. We prove by contradiction.
Suppose AN (B — A) # 0.
Then there exists t € AN(B—A),sox € Aand xz € B— A.
Since x € B— A, then v € B and x ¢ A.
Thus, ¢ € A and x € A, a contradiction.
Therefore, AN (B — A) = (), as desired. O

Exercise 14. Let A, B be sets.
Then (A—B)N (B —A) =0.

Proof. Observe that

(A-B)n(B—A) = (ANnB)N(BNA)
= AN(BNB)NA
= (AnA)N(BnB)
= (AnA)N(BNB)
= 0no

0.

Exercise 15. For arbitrary sets A, B, and C, AN(BUC) C (ANB)UC.

Solution. To prove AN (BUC) C (AN B)UC, we must prove that Vz.[z €
AN(BUC) =z € (AN DB)UC(]is true.

To prove this universal quantified statement, we assume z is an arbitrary
object in the domain of discourse.

To prove z € AN(BUC) =z € (AN B)UC, we use direct proof.

Hence, we assume x € AN (B UCQC) is true.

We must prove x € (AN B)UC.

To prove z € (AN B)UC, we must prove z € ANB or x € C.

Observe that t € (ANB)UC @z € (ANB)VzeC e (x € ANz €
B)vVize(C)e (e AVve e C)A(z e BVez e ()& (1€ AUC)A(x €
BUuC)sxze(AUuC)Nn(BUCQ).

Now, our assumption is that + € AN (B U C) which differs from z € (AU
c)n(BUQO).

Somehow, we must deduce z € AU C from x € A.

We do this by disjunction introduction.

Since x € A, thenx € AvezeC,sox e AUC. O



Proof. To prove AN(BUC) C(ANB)UC,let z € AN(BUC).
We must prove z € (AN B)UC.
Observe that

reAN(BUQ) (xe A)A(zx € BUC)

(e AV eC)AN(ze BUC)
(reAVeeCO)N(xeBVzel)
(xe ANz eB)V(xel)
r€ANB)V(xel)

ze(ANB)UC

te ool

Proof. An alternate proof follows.

The proof is based on the tautology: p — (¢V r) < (p A—q) — 7.

This is the case because p — (¢Vr) & -pV(gVr) < (-pVq Vr &
“(pAmg)Vr e (pADg) =T

To prove AN(BUC) C (ANB)UC, we assume z € AN (BUCOC).

We must prove x € ANBorzeC.

Suppose z ¢ C.

Since z € AN(BUC), thenz € Aand z € BUC.

Since x € BU C, then either x € B or x € C.

Since z ¢ C and either x € B or x € C, then by disjunctive syllogism, x € B.

Since x € A and x € B, then x € AN B. O

Exercise 16. A— B = A if and only if AN B = 0.

Proof. We prove AN B = () implies A — B = A.

To prove A — B = A, we assume AN B = ().

To prove A — B = A, we prove both A— B C Aand AC A— B.

We prove A C A — B.

Let a € A.

We must prove a € A — B.

Since AN B = B, then there is no x such that x € AN B.

Hence, =(3z)(z € AN B).

Observe that =(3z)(z € ANB) < —(3z)(x € ANz € B) & (Vo)(x € AVe &
B).
Thus, for every x, either x ¢ A or x &€ B.

In particular, if we let x = a, then either a ¢ A or a ¢ B.
Since a € A, and either a ¢ A or a ¢ B, then by disjunctive syllogism,
a ¢ B.

Hence, a € A and a &€ B, so a € A — B, as desired.

We prove A — B C A.

To prove this, we assume a € A — B.

We must prove a € A.

Since a € A — B, then a € A and a ¢ B.



Hence, a € A, as desired.
Since A— BC Aand A C A— B, then A— B = A, as desired.

Conversely, we prove A — B = A implies AN B = 0.
To prove this, we assume A — B = A.
To prove AN B = (), we use proof by contradiction.
Suppose AN B # (.
Then there exists an element in AN B.
Let = be an arbitrary element in AN B.
Then x € AN B.
Hence, z € A and z € B.
Since t € A and A=A — B, thenz € A— B.
Therefore, x € Aand z &€ B, so z ¢ B.
Thus, we have z € B and = ¢ B, a contradiction.
Hence, AN B = ().

Lemma 17. Let A, B be sets.
Then AUB=(A-—B)U(ANB)U (B - A).

Proof. Observe that

(A-B)U(ANB)U(B—A) = (ANB)U(ANB)U(BNA)
= (ANn(BUB))U(BNA)
= (ANU)uU(BNA)
= AU(BNA)
= (AuUuB)N(AUA)
= (AUB)NU
= AUB

Exercise 18. Let A and C be subsets of a set U.
Then
1. U-AUC=A-C=A-AnC.
2. (C-ANU=C-A=C-AnC.

Proof. We prove 1: (U —-A)UC=A-C=A—-AnC.
Observe that

U—-A)UuC =

Hence, (U —-A)UC=A-C.



Observe that

A-ANnC = AnANC

Thus, A—ANC=A-C.
Therefore, (U —A)UC=A—-C=A—-AnNC.

Proof. We prove 2: (C—A)NU=C—-A=C-AnC.
Observe that

(C—A)nU = C
= C—
= C
Therefore, (C — A)NU=C—A=C—AnC.

Exercise 19. Let A, B, C be sets.
Then A — (BUC)=(A-B)N(A-0C).

Proof. Observe that

A-—(BuC) = An(BuUC
= An(BnC

1
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= (ANB)N(ANC0O)

Proposition 20. Let A, B,C be sets.
Then AN(B—C)=(ANB)—(ANCQC).
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Proof. Observe that

(ANB)—(ANnC) = (ANnB)NANC

(ANB)N(AuC)

= (ANBNA)UANBNCO)
(ANANB)U(ANBNC)
@NBY)UANBNC)

= PUANBNO)

= ANBNC

= AN(BNC)

= An(B-0)

Exercise 21. Let A, B,C, D be sets.
Then (AUB)N(CND)=(ANnCND)u(BNCND,).

Proof. Observe that

(AuUB)N(CND) = (CnD)Nn(AUB)

((C mD)mA) ((CNnD)NB)
(An(CnNnD))U(Bn(CND))
(A

NCND)U(BNCND)

Exercise 22. Let A, X,Y be sets.
Let ANX CANY and AUX CAUY.
Then X CY.

Solution. Our hypothesis is A, X, Y are sets such that AN X C ANY and

AuX C AUY.
To prove conclusion X C Y, we let z € X.
We must prove x € Y.
How can we use the hypotheses to prove z € Y7
If we know x € ANY, then z € Y.
Thus, we assume x € A.
But x is either in A or not.
In other words, x € A or € A, but not both.

This establishes a mutually exclusive, yet exhaustive cases to consider.

Proof. Let A, XY be sets such that ANX CANY and AUX C AUY.

To prove X C Y, let x € X.

We must prove x € Y.

Either = € A or € A, but not both.
We consider these cases separately.

11

O



Case 1: Suppose z € A.

Since x € A and z € X, then x € AN X.

Since ANX CANY,thenz e ANY.

Hence, z € Y, as desired.

Case 2: Suppose = € A.

Then z &€ A.

Since x € A, then either x € Aorxz € X,soz € AU X.

Since AUX C AUY, thenz € AUY.

Hence, either z € Aorz €Y.

But, x € A, so z € Y, as desired. O

Exercise 23. Let A, B, X be sets.
IfAUX CBUXand AUX C BUX, then A C B.

Proof. Let A, B and X be arbitrary sets such that AUX C BUX and AUX C
BUX.
To prove A C B, let x € A.
‘We must prove xz € B.
Since x € A, then either x € Aor x € X.
Hence, x € AU X.
Since AUX C BUX, thenz € BUX.
Similarly, since x € A, then x € A or x € X.
Hence, z € AUX.
Since AUX C BUX, then z € BU X.
Either 2 € X or 2 € X, but not both.
We consider these cases separately.
Case 1: Suppose x € X.
Then z ¢ X.
Since x € BU X, then either z € Bor z € X.
Since =z ¢ X, then we conclude x € B, as desired.
Case 2: Suppose x € X.

Then z ¢ X. o o
Since x € BU X, then either z € B or z € X.
Since x ¢ X, then we conclude = € B, as desired. O

Exercise 24. Let A, B, X be subsets of a universal set U.
fANX=BnNnXand ANX =BNX, then A = B.

Solution. To prove A = B, we assume ANX =BNX and ANX =BnX.

We can use set identities to prove elegantly.

We just play around with various set identities, such as set distributivity
and observe that X UX = U.

We could also prove A C B and B C A, although that is a longer, less
elegant proof. O

12



Proof. Let A, B, and X be arbitrary subsets of a universal set U such that
ANnX=BNXand ANX =BnX.
Then

A = AnU
AN(XUX)

= (AnX)u(4AnX)
(BNX)U(BNX)
BN(XUX)
BNU

B

Proposition 25. Let A, B,C be sets.
Then (AUB)NC C AU(BNC).

Solution. There are multiple approaches to prove this.

Let x € (AUB)NC.

To prove z € AU (BN C), we must prove either z € Aor z € BNC.

Since this is a statement of the form P — QV R, we can prove PA—-Q — R.

Let P:z € (AUB)NC.

Let Q:xz € A.

Let R:x € BNC.

Then the statement form to prove is: P — Q V R.

Since we know P - Q V R & (P A —-Q) — R, then we can assume = ¢ A
and prove z € B and x € C.

Thus,

Let R : x € B.

Let Ry : x € C.

Let P': P A Q.

We now must prove: P’ — (Ry A Ry).

We know that P’ — (R1 A Ry) < (P’ — R1) A (P’ — R2).

Thus, we must divide into cases:

One case to prove x € B and a separate case to prove x € C.

Thus, we assume = ¢ A and prove x € BN C.

Thus, we prove both x € B and x € C separately.

To prove z € C:

Sincez € (AUB)NC,thenz € AUB and z € C,s0 z € C.

To prove = € B:

Since x € (AUB)NC, thenx € AUB and z € C, so x € AU B.

Hence, either x € A or z € B.

By assumption, = ¢ A, so x € B. O

13



Proof. Let x € (AUB)NC.
To prove z € AU (BN (), we must prove either x € A or x € BNC.
Suppose = ¢ A.
To prove z € BN C, we prove x € B and x € C.
Case 1: We prove z € C.
Since z € (AU B) N C, then z € C.
Case 2: We prove = € B.
Since © € (AU B)NC, then x € AU B.
Hence, either x € A or z € B.
By assumption, z & A, so x € B. O

Exercise 26. For any sets A, B,C,if A C B, then C — B C C — A.
Is the converse true?
That is, does C — B C C — A imply A C B?
If not , provide a counterexample.

Proof. Let A, B,C be sets such that A C B.
To prove C — B C C — A, let x € C — B.
To prove € C' — A, we must prove z € C' and x € A.
Since x € C' — B, then x € C and = ¢ B.
To prove z ¢ A, we prove by contradiction.
Suppose = € A.
Since A C B, then x € B.
Hence, we have x € B and = ¢ B, a contradiction.
Therefore, x ¢ A.
Since z € C' and x € A, then z € C' — A, as desired. O

Solution. The converse is false.
That is, C — B C C' — A does not imply A C B.
Here is a counterexample.
Let A ={2,4} and B = {1,2} and C = {1,2,3}.
Then C —B={3}and C —A={1,3} and C — B C C — A.
However, A ¢ B since 4 € A, but 4 ¢ B. O

Proposition 27. Let set A be a subset of a universal set U that has the property
that A C B for all BCU.
Then A = 0.

Solution. We can try an example, say let U = {1, 2, 3}.

We compute all subsets of U, ie, the power set of U.

Thus, 2V = {0, {1}, {2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}.

If B is an arbitrary set in 2V, what set must be contained in all such sets
B?

WEell, it is obvious that the only set that satisfies this is the empty set.

Now, let’s prove this.

The hypothesis is: for all sets B in U, A C B.

The conclusion is: A = (.

14



Since the conclusion is simple and the hypothesis is complicated, let’s try
proof by contrapositive, since direct proof leads nowhere.

Thus, we assume the negation of the conclusion.

Hence, we assume A # ().

We prove the negation of the hypothesis.

Thus, we prove there exists some set B in U such that A ¢ B.

Since A # (), then A is not empty.

Hence, there is some element a in A.

To prove A ¢ B, we must prove there exists some element in A that is not
in B.

Now, which set should B be?

B must be a subset of U and not contain a.

A good choice, in fact the only choice, is B must be the empty set.

This is because the empty set is a subset of every set.

So, in particular, @ C U.

Therefore, let B = (.

Since B is empty, then there is no element in B.

Hence, a cannot be in B, so a ¢ B.

Thus,a € Aand a € B,so A ¢ B. O

Proof. We prove by contrapositive.

Suppose A is not empty.

We must prove there is some set B in U such that A ¢ B.

Since the empty set @) is a subset of every set, then in particular, the empty
set is a subset of U.

Let B = 0.

Then B is a subset of U.

Since A # (), then there is some element a in A.

Since B = (), then there is no element in B.

Hence, a cannot be in B.

Thus, a € Aand a € B,so A ¢ B. O

Exercise 28. The power set of the empty set is the set {0}.

Proof. Let A be the power set of the empty set () and let B = {0}.
Then A ={X : X C 0}.
We must prove A = B.

We first prove B C A.
Since () € B and () C (), then ) € A, so B C A.

We next prove A C B.
Let X € A.
Then X C 0.
The only subset of the empty set is the empty set itself.
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Thus, the empty set is a subset of itself and no other set is a subset of the
empty set.

Thus, X =0, so X € B.

Since X € A implies X € B, then A C B.

Since A C B and B C A, then A = B, as desired. O

Proposition 29. If A, B are sets such that (ANB)U(BNA) = B, then A = 0).

Solution. We note that this is symmetric difference of A and B.

Thus, we're trying to prove AAB = B implies A = ().

In other words, we wish to show 0 is a left identity element for A.

Hypothesis is: (AN B)U (BN A) = B.

Conclusion is: A = ().

Using direct proof doesn’t lead anywhere, so try indirect proof.

In this case, let’s try proof by contradiction.

Suppose A # (.

Then there is some element in A, so let z € A.

Since (ANB)U(BNA) = B, then x € (ANB)U(BNA) if and only if z € B.

We can divide into mutually exhaustive cases.

We know either x € B or x ¢ B.

Note that we cannot divide the proof into the cases Either € AN B or
x € BN A because we’re not guaranteed that these are exhaustive and cover all
scenarios.

We consider these cases separately.

Case 1: Suppose = € B.

Since x € B if and only if z € (AN B) U (B N A), then this implies either
r€ANBorxzeBNA.

Suppose € AN B.

Then z € A and x € B.

Since x € B, then = ¢ B.

But, we have x € B and = € B, a contradiction.

Therefore, x ¢ AN B.

Suppose € BN A.

Then x € B and z € A.

Since x € A, then = ¢ A.

But, we have x € A and = ¢ A, a contradiction.

Therefore, x ¢ BN A.

Hence, z is neither in AN B nor in BN A, so z € (AN B)U (BN A).

Since € (AN B) U (BN A) if and only if z € B, then this implies = ¢ B.

Therefore, we have x € B and x ¢ B, a contradiction.

Thus,  cannot be in B.

Case 2: Suppose x € B.

Since x € B, then z € B.

Since x € A and = € B, then x € AN B.

Since # ¢ B and x € B if and only if x € (ANB)U (BN A), then this implies
r¢ (ANB)U(BNA).
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Thus, z is neither in Afﬂ? nor in B QZ, so,z ¢ ANB and z ¢ BN A.
But, we have t € AN B and = ¢ AN B, a contradiction.
Therefore, z cannot be in B. O

Proof. We use proof by contradiction.

Suppose A # ().

Then there is some element in A, so let z € A.

Either x € B or x ¢ B.

We consider these cases separately.

Case 1: Suppose = € B.

Since x € B if and only if # € (AN B) U (B N A), then this implies either
r€ANBorxzc BNA.

Since x € B, then = ¢ B.

Hence, = cannot be in AN B.

Therefore, x € BN A.

Thus, z € A.

Hence, x € Aand z € A, so x € AN A.

But, AN A =0, soz €0, a contradiction.

Therefore, z cannot be in B.

Case 2: Suppose = ¢ B.

Since z € B, then z € B.

Since x € A and z € B, then x € AN B.

Since AN B C (AN B)U (BN A), then this implies z € (AN B) U (BN A).

Since (AN B)U (BN A) = B, then x € B.

Since € B and x € B, then z € BN B.

But, BN B =0, so € 0, a contradiction.

Therefore, z cannot be in B.

Therefore, in all cases, a contradiction is reached, and so A = (). O

Proposition 30. For any sets A and B, if (A— B)U (B — A) = AU B, then
ANB=19.

Solution. We note that this is symmetric difference of A and B.

Thus, we're trying to prove AAB = AU B implies AN B = ().

Direct proof doesn’t seem to lead anywhere, so let’s try indirect proof. We
try proof by contradiction. O

Proof. Let A and B be sets such that (A — B)U(B—A) = AU B.

To prove AN B = (), we use proof by contradiction.

Suppose AN B # (.

Then A N B is not empty, so there exists at least one element in AN B.

Let = be an element of AN B.

Then x € A and x € B.

Since PAQ = PV Q is a tautology, where P : x € A and @ : x € B, then
x € Aorz € B.

Hence, x € AU B.

Since z € A and x € B, then x ¢ A — B.
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Since z € B and z € A, then x ¢ B — A.

Thus, t ¢ A— B and x € B— A, so x is not in either A — B or B — A.

Therefore, x & (A — B)U (B — A).

Hence, t € AUB and = ¢ (A — B)U (B — A), so there is an element in
AU B, but not in (A — B)U (B — A).

Therefore, AUB # (A— B)U (B — A).

Thus, we have (A— B)U(B—A)=AUB and (A—B)U(B— A) # AU B,
a contradiction. Hence, AN B = (). O

Proposition 31. If A and B are sets, then Z(A) U Z(B) C (AU B).

Proof. Let A and B be sets.
To prove Z(A)U Z(B) C Z(AUB),let X € Z(A)U &B.
To prove X € Z(AU B), we must prove X C AU B.
Thus, assume a € X.
We must prove a € AU B.
Since X € Z(A)U & B, then either X € Z(A) or X € #(B).
Hence, either X € A or X C B.
We consider these cases separately.
Case 1: Suppose X C A.
Since a € X and X C A, then a € A.
Case 2: Suppose X C B.
Since a € X and X C B, then a € B.
Hence, in all cases, either a € A or a € B, so that a € AU B.
Therefore, a € X impliesa € AU B, so X C AU B.
Hence, X € #(AU B), as desired. O

Proposition 32. If A and B are arbitrary sets such that Z(A) U P(B) =
P (AU B), then either AC B or B C A.

Proof. Let A and B be arbitrary sets such that Z(A4) U #(B) = Z(AU B).

We must prove either A C B or B C A.

Since AUB C AU B, then AUB € Z(AU B).

Since Z(AU B) = Z(A)U Z(B), then AUB € Z(A)U Z(B).

Hence, either AUB € #(A) or AUB € &(B).

Thus, either AUB C Aor AUB C B.

We consider these cases separately.

Case 1: Suppose AU B C A.

Since A C AU B, then AU B = A.

Hence, BU A = A.

Since XUY =Y iff X C Y, then in particular, if we let X = Band Y = A,
then BUA=Aiff B C A.

Since BU A = A, then we conclude B C A, as desired.

Case 2: Suppose AU B C B.

Since B C AU B, then AU B = B.

Hence, BUA = B.
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Since X UY =Y iff X C Y, then in particular, if we let X = Aand Y = B,
then AUB =B iff AC B.
Since AU B = B, then we conclude A C B, as desired. O

Exercise 33. Is #Z(AUB) = Z(A)U £(B)?

Solution. We can show that the assertion is false.

Here is a counter example.

Let A ={z,y} and B = {y, z}.

Then Z(A) = {0,{z},{y}. {z,y}} and 2(B) = {0,{y}, {2}, {y,2}} and
AUB ={z,y,z} and

P(AUB) = {0, {z},{y}. {z}, {w, 4}, {w, 2}, {y. 2}, {x, y, 2}} and

2(A) U 2(B) ={0.{} {y}, {z, y}, {z}, {y. 2} }.

Observe that {z,z} € (AU B), but {z,z} ¢ Z(A) U Z(B).

Hence, (AU B) # Z(A) U #(B). O

Proposition 34. Let A and B be sets.
Then Z(A) C Z(B) iff A C B.

Proof. We prove if #(A) C &(B), then A C B.
Suppose Z(A) C #(B).
Since A C A, then A € Z(A).
Since A € #(A) and #(A) C Z(B), then A € Z(B).
Hence, A C B.
Conversely, we prove if A C B, then #(A) C & (B).
Suppose A C B.
Let X € Z(A).
Then X C A.
Since X C A and A C B, then by transitivity of C, X C B.
Hence, X € Z(B).
Therefore, if X € Z(A) then X € Z(B), so Z(A) C Z(B). O

Proposition 35. Let A and B be sets.
If #(A) = P (B) then A = B.

Proof. Suppose Z(A) = #(B).
Since A C A, then A € Z(A).
But, Z(A) = #(B), so A € Z(B).
Therefore, A C B.
Since B C B, then B € #(B).
But, Z(B) = #(A),so B Z(A).
Therefore, B C A.
Since A C B and B C A, then A = B, as desired. O

Exercise 36. Let A, B, X be sets.
fANX=BnNnXand AUX = BUX, then A = B.
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Solution. To prove A = B, we assume ANX =BNX and AUX =BUX.
We can use set identities to prove elegantly.
Since the conclusion asserts A = B and we’re dealing with set unions and set
intersections, this suggest possible use of the set absorption law which states:
For every set S and T, SU(SNT)=S. O

Proof. Let A, B, and X be arbitrary sets such that ANX = BNX and AUX =
BUX.
Then

A = AUANX)

= AU(BNX)
(AUB)N(AUX)
(AUB)N(BUX)
(BUA)N(BUX)
= BUANX)
BU(BNX)
B

Exercise 37. Let A= {5,—7} and B={z € R: 2% + 22 — 35 = 0}.
Then A = B.

Solution. To prove A = B we may use the theorem that states A = B iff
AC Band B C A.
Thus we must prove both A C B and B C A. O

Proof. To prove A = B we prove A C B and B C A.
We prove A C B.
To prove A C B, we assume a € A.
To prove a € B we must prove a € R and satisfies a? + 2a — 35 = 0.
Since a € A, then either a =5 or a = —7.
Case 1: Suppose a = 5.
Then 5 € R and 52 + 25 — 35 = 0.
Case 2: Suppose a = —7.
Then —7 € R and (—7)2 +2(—7) — 35 = 0.
In either case, a € B, as desired.

We prove B C A.
To prove B C A, we assume x € B.
We must prove x € A.
Thus, = € R and satisfies 22 + 22 — 35 = 0.
Observe that 0 = 2% + 22 — 35 = (z + 7)(z — 5).
Hence, either t +7=0o0r z —5=0.
Thus, either x = —7 or 5, so z € {—7,5}. Hence, = € A. O
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Exercise 38. For all sets X and Y, X N (Y UX) CY.

Proof. Let X and Y be arbitrary sets.

To prove X N (Y UX) CY, we assume a € X N (Y U X).

We must prove a € Y.

By assumption, a € X and a € Y U X.

Therefore, a € X and either a € Y or a € X.

Hence, either a € Y or a € X.

Since a € X and either a € Y or a € X, then by disjunctive syllogism,
a €Y, as desired. O

Exercise 39. For all sets X, Y, and Z,if X CY,then XNZ CY NZ.

Proof. Let X,Y, and Z be arbitrary sets.

To prove the conditional X CY - XNZ CY NZ, we assume X C Y, our
hypothesis.

We must prove XNZ CY NZ.

To prove XNZ CYNZ, weassumebe X NZ.

We must prove b€ Y and b € Z.

By assumption, b € X and b € Z.

Sincebe X and X C Y, thenbeY.

Thus, we have b € Y and b € Z, as desired. O

Exercise 40. For all sets X, Y, and Z,if X CY and X C Z, then X CY NZ.

Solution. Let X,Y and Z be arbitrary sets.

To prove the conditional X CYAX CZ - X CYNZ, weassume X CY
and X C Z.

We must prove X CY NZ.

To prove X C Y NZ, we must prove the statement Va.(a € X - a €Y NZ)
is true.

Since this is universally quantified statement, we let a be an arbitrary object
in the domain of discourse.

To prove a € X — a € Y N Z, we use direct proof.

Thus, we assume a € X.

We must prove a € Y N Z.

To prove a € Y N Z, we must prove a € Y and a € Z. O

Proof. Let X,Y and Z be arbitrary sets.
Assume X CY and X C Z.
Let a be an arbitrary object in the domain of discourse.
To prove X CY NZ, we must provea e X -acY NZ.
To prove this, we assume a € X.
We must prove a € Y and a € Z.
Sincea € X and X CY,thenacY.
Sincea € X and X C Z, then a € Z.
Hence, a € Y and a € Z, as desired. O
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Exercise 41. For all sets X,Y, and Z,if X C Zand Y C Z, then X UY C Z.

Solution. Let X,Y and Z be arbitrary sets.

The hypothesis is X C Z and Y C Z.

The conclusion is X UY C Z.

To prove the conditional X C ZAY C Z — X UY C Z true, we assume the
hypothesis is true.

Thus, we assume X C Z and Y C Z.

We must prove X UY C Z.

To prove the conclusion is true, we must prove Va.(a € X UY — a € Z) is
true.

Since the conclusion is a universally quantified statement, we let a be an
arbitrary object in the domain of discourse.

To prove a € X UY — a € Z, we use direct proof.

Thus, we assume a € X UY.

‘We must prove a € Z. O

Proof. Let X,Y and Z be arbitrary sets.
We assume X C Z and Y C Z.
Let a be an arbitrary object in the domain of discourse.
To prove X UY C Z, we must provea € XUY —a€ Z.
To prove this, we assume a € X UY.
‘We must prove a € Z.
Since a € X UY, then either a € X ora € Y.
We consider these cases separately.
Case 1: Suppose a € X.
Since a € X and X C Z, by hypothesis, then a € Z.
Case 2: Suppose a € Y.
Since a € Y and Y C Z, by hypothesis, then a € Z.
Both cases exhaustively show a € Z, our desired conclusion. O

Exercise 42. For arbitrary sets A and B, if A C B, then B C A.

Solution. The hypothesis is A C B.
The conclusion is B C A.
To prove the conditional A C B — B C A, we assume A C B.
We must prove B C A.
To prove BC Z, we must prove the statement Va.(z € B—ozxe€ Z) is true.
Let x be an arbitrary object in the domain of discourse.
We must prove € B — x € A is true. O

Proof. We assume A C B.
To prove B C A, we must prove the statement Vz.(x € B — x € A) is true.
Let = be an arbitrary object in the domain of discourse.
We must prove z € B — x € A is true.
To prove = € A, we assume = € B.
We use proof by contradiction.
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Suppose z & A.

Then z € A.

Since z € A and A C B, then x € B.

By assumption, z € B, so x € B.

Hence, we have x € B and = ¢ B, a contradiction.
Therefore, z € A.

Exercise 43. For arbitrary sets A and B, if B C A, then A C B.

Proof. To prove the conditional B C A — A C B, we assume B C A.
We must prove A C B.

Since E C A, then we know that j C E, based on the previous exercise.

Since A = A and B = B, then we have A C B, as desired.

Exercise 44. For arbitrary sets A and B, if A C B, then AUB =U.

O

Solution. There are multiple approaches to this proof. One approach uses

algebraic set properties.

Proof. To prove the conditional A C B — AU B = U, we assume A C B.

We must prove AU B =U.

Since A C B, then we know A — B = ().
Since A— B=ANDB, then AN B = 0.

Taking the complement of both sets, we obtain A N B = 0.
Thus, AUuB = U, so AUB = U, as desired.

Exercise 45. For arbitrary sets A and B, if AUB = U, then A C B.

Proof. To prove A C B, let xz € A.
We must prove xz € B.
Since U is a universal set, then x € U.
Since U = AU B, then z € AU B.
Hence, either z € A or = € B.
Since x € A, then z ¢ A.
Therefore, we conclude = € B, as desired.

O

O

Exercise 46. For arbitrary sets A and B, if (AUB)N(AUB) = U, then A = B.

Proof. To prove A = B, we prove A C B and B C A.
To prove A C B, let x € A.
‘We must prove xz € B.
Since z € U, then x € (AU B)N (AU B).
Thus, z € AUB and z € AU B.
Hence, z € AU B, so either x € A or x € B.
Since = € A, then z ¢ A.
Therefore, v € B, so A C B, as desired.
To prove B C A, let y € B.
We must prove y € A.
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Since y € U, then y € (AU B)N (AU B).

Thus, y € AUB and y € AU B.

Hence, y € AU B, so either y € A or y € B.

Since y € B, then y ¢ B.

Therefore, y € A, so B C A, as desired.

Since A C B and B C A, then A = B, as desired. O

Exercise 47. Let X be a set.
A set Y is a complement of X if XUY =U and X NY = 0.
Prove every set has at most one complement.

Solution. To prove every set has at most one complement, let X be an arbitrary
set.

We must prove X has at most one complement.

Define predicates:

1. p(X,)Y): XuY =U

2. ¢(X,Y): XNY =0.

To prove there exists at most one complement, we let Y7,Y5 be arbitrary
sets such that p(X,Y7) and ¢(X,Y7) and p(X,Ys) and ¢(X,Y>) hold.

We must show Y; = Ys.

To prove this we prove Y7 C Y5 and Y, C V7.

Note, we are only proving at most one complement exists.

We aren’t proving there exists a complement. O

Proof. To prove every set has at most one complement, let X be an arbitrary
set.

To prove there exists at most one complement of X, let Y; and Y5 be arbitrary
sets such that X UY; =U and X NY; =0 and XUY; =U and X NY; = 0.

We must prove Y7 = Ys.

Since X UY; =U and X UY, =U, then XUY; = X UY5.

Since XNY; =P and XNY, =0, then XNY; = X NY5.

We prove Y7 C Ys.
Suppose a € Y.
We must prove a € Y5.
Either a € X or a ¢ X.
We consider these cases separately.
Case 1: Suppose a € X.
Sincea € X and a € Y1, thenae X NY; = X NYs.
Thus, a € X NYs, s0a€Ys.
Case 2: Suppose a € X.
Sincea €Yy and Yy C XUYj,thenae XUY; = X UY5.
Thus, a € X UY5, so either a € X or a € Ys.
Since a € X, then we conclude a € Ys.
In all cases, a € Y, so Y7 C Ys.
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We prove Ys C Y;.
Suppose b € Ys.
We must prove b € Y7.
Either be X or b ¢ X.
We consider these cases separately.
Case 1: Suppose b € X.
Sincebe X andbe Yy, thenbe XNYy, =X NY;.
Thus, be X NYy,s0b €Y.
Case 2: Suppose b ¢ X.
Sincebe Yo and Yo C X UYs, thenbe X UYs, = X UY;.
Thus, b € X UY7, so either b€ X or b € Y;.
Since b ¢ X, then we conclude b € Y7.
In all cases, b € Y1, so Y5 C Y.

Since Y7 C Y5 and Y5 C Y7, then Y] = Y5, as desired. ]

Solution. To prove there exists at most one complement of X, let Y7 and Y5
be arbitrary sets such that X UY; = U and X NY; = () and X UY> = U and
XNYy=0.

We must prove Y7 = Ys.

Observe that X UY; =X UYo, =U and XNY; =X NYs =0.

We can play around with set identities.

Observe that Y NU =Y; and YoNU = Y5.

Thus, V1 =Y1NU=Y1N(XUY:)=(Y1NX)U(Y1NY2) =0U(Y1NY2) =
Y1 NYs.

Also, Y, = YoNU = YoN(XUY7) = (YanX)U(YaNYr) = 0U(YaNYr) = YanYs.

Hence, we re-write in a proof by transitive format to derive the proof. [

Proof. To prove there exists at most one complement of X, let Y7 and Y5 be
arbitrary sets such that X UY; = U and X NY; = ) and X UY; = U and
XNYy=0.

We must prove Y7 = Ys.

Observe that XUY; =X UYs =U and XNY; =X NY, =0.

Then

Yi = YinU
= Y1N(XUYs)
= (MNX)U(YiNYa)
= (XNY)U {1 NYs)
= (XNYz)U(Y1NYa)
= (Xuy)nY,
= UNnY,

= Y5, as desired.
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Exercise 48. Let A and B sets in a universal set U.

A subset C' of U is a complement of A relative to B iff AUC = AUB
and AN C = (. Prove that given any sets A and B, A has a unique relative
complement in B.

Solution. Let A and B be arbitrary sets in universal set U.

To prove A has a unique relative complement in B, we must prove:

1. Existence: There exists a subset C' of U such that AUC = AU B and
AncC=40.

2. Uniqueness: If sets Cy and Cs of U exist such that AUC; = AU B and
AﬁC’l:(DandAUC’g:AUBandAﬂC’gz[Z),thenC'l:C’2. O

Proof. Existence:

Let C={xe€U:x€ BAx & A}

Then C' is a subset of U.

We prove AUC =AUB and ANC = 0.

We prove AUC = AU B.

We first prove AUC C AU B.

Suppose z € AUC.

To prove z € AU B, we must prove either z € A or x € B.

So, assume x ¢ A.

We must prove x € B.

Since x € AU C, then either x € Aor x € C.

But, x € A, soz € C.

Hence, x € B.

Therefore, xt € AU C implies x € AUB,so AUC C AU B.

We now prove AUB C AUC.

Suppose z € AU B.

To prove x € AU C, we must prove either x € A or x € C.

So, assume x ¢ A.

We must prove z € C.

Since x € AU B, then either z € A or x € B.

But, z & A, so x € B.

Since z € B and x € A, then x € C.

Therefore, x € AU B implies x € AUC,s0 AUB C AUC.

Since AUC C AUBand AUBC AUC, then AUC = AU B.

To prove ANC =0, suppose ANC # ().

Then there is some x € ANC.

Hence, z € Aand xz € C, so z € B and x € A.

Thus, x € A and x € A, a contradiction.

Therefore, ANC = (.

Since there exists a set C such that AUC = AU B and AN C = (), then
there is at least one set that is a relative complement of A in B.

Uniqueness: Let C; and C5 be subsets of U such that AUC; = AU B and
ANC =0 and AUCy = AU B and AN Cy = 0.

We must prove C; = Cs.
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Observe that

C, = CLuUp
= C1U(ANCY)
= (CLUA)N(CLUCy)
= (AUC)N(CLUCy)
= (AUCy)N(CLUCy)
= (ANC)UC,
= QuCy

Cs, as desired.

Therefore, there is at most one set that is a relative complement of A in B.
Since there is at least one set that is a relative complement of A in B and
there is at most one set that is a relative complement of A in B, then we conclude
there is exactly one set that is a relative complement of A in B. Hence, the
relative complement of A in B is unique. O

Cartesian Product

Exercise 49. The unit circle in R? is not a Cartesian product of two subsets
of R.

Solution. Let S be the unit circle in R2.
Then S = {(z,y) € R* : 2% + y? = 1}.
Suppose that S is a Cartesian product of two subsets of R.
Then there exist subsets A and B of R such that S = A x B.
Thus, SC Ax Band Ax BCS.
Let (z,y) € S.
Then z,y € R and 22 + 3% = 1.
Thus, -1 <z <land -1 <y<1.
Hence, z € [-1,1] and y € [-1,1].
Since (z,y) € S and S C A x B, then (z,y) € A x B.
Hence, z € A and y € B.
Thus, z € [-1,1] and = € A, so x € [—1, 1] implies z € A.
Therefore, [—1,1] C A.
Since y € [-1,1] and y € B, then y € [—1,1] implies y € B.
Therefore, [-1,1] C B.

Consider the ordered pair (0, 0).
Since 0 € [-1,1] and [—1,1] C A, then 0 € A.
Since 0 € [-1,1] and [—1,1] C B, then 0 € B.
Hence, (0,0) € A x B.
Since A x B = S, then (0,0) € S, so 02 + 0% = 1.
Thus, 0 = 1, a contradiction.
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Therefore, S cannot be a Cartesian product of two subsets of R. O
Solution. Here is an alternate solution to show that the unit circle is not a
Cartesian product.

Let S be the unit circle in R2.

Then S = {(z,y) € R? : 2% + y? = 1}.

Suppose that S is a Cartesian product of two subsets of R.

Then there exist subsets A and B of R such that S = A x B.

Since (1,0) € S and (0,1) € S and S = A x B, then (1,0) € A x B and
(0,1) €e Ax B.

Since (1,0) € A x B, then 1 € A.

Since (0,1) € A x B, then 1 € B.

Thus, (1,1) € AX B, so (1,1) € S.

Hence, 12 +12 =1, so 2 = 1, a contradiction.

Therefore, S is not a Cartesian product of two subsets of R. O

Exercise 50. The triangle {(z,y) € R? : 0 < 2 < 1,0 < y < x} is not a
Cartesian product of two subsets of R.

Solution. Let S = {(z,y) € R? : 0 < 2 < 1,0 < y < z} be the triangle and its
interior in the first quadrant of the plane.

Suppose that S is a Cartesian product of two subsets of R.

Then there exist subsets A and B of R such that S = A x B.

Since (0,0) € S and (1,1) € S and S = A x B, then (0,0) € A x B and
(1,1) € Ax B. Hence, (0,1) € Ax B and (1,0) € Ax B,so (0,1) e AxB=S5.

Thus, (0,1) € S, so 0 < 1 < 0, a contradiction. Therefore, S is not a
Cartesian product of two subsets of R. O

Exercise 51. Let A x B C R? be a Cartesian product for certain subsets A
and B of R.
Then (z,2) € Ax Band (y,y) € Ax Biff (z,y) € Ax B and (y,z) € Ax B.

Proof. We first prove if (z,z) € A x B and (y,y) € A x B then (z,y) € Ax B
and (y,z) € A x B.

Suppose (z,z) € A x B and (y,y) € A X B.

Since (z,z) € A x B, then z € A and = € B.

Since (y,y) € A x B, then y € A and y € B.

Since z € A and y € B, then (z,y) € A x B.

Since y € A and = € B, then (y,z) € A x B.

We prove if (z,y) € A x B and (y,z) € A X B, then (z,2) € A x B and
(y,y) € Ax B.

Suppose (z,y) € A x B and (y,x) € A x B.

Since (z,y) € A x B, then z € A and y € B.

Since (y,z) € A x B, then y € A and = € B.

Since z € A and x € B, then (z,z) € A x B.

Since y € A and y € B, then (y,y) € A x B. O

Exercise 52. Let A and B be subsets of R.
Then (AxR)N (R x B) = A x B.
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Proof. We first prove (A x R)N (R x B) C A x B.
Let (z,y) € (AxR)N (R x B).
Then (z,y) € A X R and (x,y) € R x B.
Since (z,y) € A X R, then x € A and y € R.
Since (z,y) € R x B, then z € R and y € B.
Since z € A and y € B, then (z,y) € A x B.
Therefore, (A x R)N (R x B) C A x B.

We next prove A x B C (AxR)N (R x B).

Let (a,b) € A x B.

Then a € Aand b € B.

Since a € A and A C R, then a € R.

Since b € B and B C R, then b € R.

Since a € A and b € R, then (a,b) € A x R.

Since @ € R and b € B, then (a,b) € R x B.

Since (a,b) € A x R and (a,b) € R x B, then (a,b) € (A xR)N (R x B).
Therefore, A x B C (A xR)N (R x B).

Since (AXR)N(Rx B) C Ax Band Ax B C (AxR)N (R x B), then
(AxR)N(R x B) = A x B, as desired. O

Exercise 53. Prove or disprove the conjecture: If A, B and C are sets and
AxC=BxCC,then A=B.

Solution. We try direct proof,but if we try this we must assume A x C is not
the empty set. However, A x C could very well be the empty set.

In fact, if AxC =0 =B xC, then A= B or A# B, we just can’t tell. So,
the possibility exists that A # B when A x C' = ().

So, let’s just come up with a counter example. This should be easy. O

Proof. The conjecture is false.
Here is a counterexample: Let A = {1,2,3}, B = {a,b}, and C = ). Then
AxC=BxC=0,but A+#B. O

Exercise 54. Show that the empty set is the only set W that has the property
that there exist distinct sets A and B such that A x W = B x W.

Solution. Hypothesis: A # Band Ax W =B x W
Conclusion: W = 0.
To prove {) is the unique set that satisfies this property, we must prove:
1. Existence: Prove W = () satisfies A x W = B x W for distinct sets A and

Thus, we must prove A x § = B x 0.

But, we know that A x ) =@ and B x ) = () for any sets A and B.
Thus, Ax () =B x 0 = 0.

2. Uniqueness: Prove () is the only such set W that satisfies this.
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To prove uniqueness, we must prove A # B and A x W = B x W imply
W =0.

We use proof by contradiction.

Thus, we assume W # () and derive a contradiction.

We use existing theorems/propositions as well. O

Proof. Existence:

Since A x ) = B x ) = () for any sets A and B, we may, for example, let
A=1{1,2,3} and B ={1,2}.

Uniqueness:

Assume A# Band Ax W =B x W.

Suppose for the sake of contradiction that W # ().

Then W #0 and A x W = B x W imply A = B by a previous theorem.

But, A # B by hypothesis.

Hence, W = 0. O

Exercise 55. Let A, B, C, D be sets such that A C B and C' C D.
Then A x C C B x D.

Solution. Our hypothesis is:
A, B,C, D are sets
ACB
C cD.
The conclusion is: A x C C B x D
To prove A x C C B x D, we let (x,y) € A x C.
We must prove (z,y) € B x D. O

Proof. To prove A x C C B x D, let (z,y) be an arbitrary element of A x C.
We must prove (z,y) € B x D.
Since (z,y) € Ax C, thenz € Aand y € C.
Since x € A and A C B, then x € B.
Since y € C and C C D, then y € D.
Since € B and y € D, then (z,y) € B x D, as desired. O

Exercise 56. Let A, B, C be sets.
(AxB)N(CxD)=(ANC)x (BND).

Proof. Let x € (A x B)N(C x D) be arbitrary.

Then z € Ax Band z € C x D.

Thus, there exist a € A and b € B such that z = (a,b) and there exist ¢ € C
and d € D such that z = (¢, d).

Hence, (a,b) = (¢,d), so a =c and b =d.

Since ¢ = a and a € A, then ¢ € A.

Thus,ce Aandce C,soce ANC.

Since d =b and b € B, then d € B.

Thus,d€ Bandde D,sode BN D.

Hence, © = (¢,d) € (ANC) x (BN D).

Therefore, (A x B)N(C x D) C (ANC) x (BN D).
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Let y € (AN C) x (BN D) be arbitrary.

Then there exist s € ANC and t € BN D such that y = (s,t).

Hence, s€e Aand s€ Candt € Bandt € D.

Thus, (s,t) € A x B and (s,t) € C x D.

Consequently, y = (s,t) € (A x B)N(C x D).

Therefore, (ANC) x (BND) C (Ax B)N(C x D).

Since (A x B)N(C' x D) C (ANC)x (BND)and (ANC)x (BND) C
(Ax B)N(C x D), then (Ax B)N(C x D)= (ANC) x (BND). O

Exercise 57. Let A, B,C, D be sets such that A x B C C x D.
Then A C C and B C D.

Solution. Define
H:AxBcCcCxD.
Cl :AcCC.
Cy:BCD.
The argument is: H — (C1 A C3).
Observe that H — (01 N 02) = (H — 01) A (H — Cg)
Therefore, we must prove both:
1.if Ax BC C x D, then AC C.
2. if Ax BCCx D, then B C D. O

Proof. We first prove A C C.
Since A is not empty, let x be an arbitrary element of A.
We must prove x € C.
Since B is not empty, then let y be an arbitrary element of B.
Since € A and y € B, then (z,y) € A x B.
Since A x B C C x D, then this implies (z,y) € C x D.
Hence, z € C, as desired.
‘We now prove B C D.
Since B is not empty, let = be an arbitrary element of B.
‘We must prove x € D.
Since A is not empty, then let y be an arbitrary element of A.
Since y € A and = € B, then (y,z) € A x B.
Since A x B C C x D, then this implies (y,x) € C x D.
Hence, z € D, as desired. O

Exercise 58. Let A, B, C be sets.
(AxB)U(CxD)cC(AUuC) x (BUD).

Proof. Let x € (A x B) U (C x D) be arbitrary.
Then either x € A x Borx € C x D.
We consider these cases separately.
Case 1: Suppose ¢ € A x B.
Then there exist a € A and b € B such that z = (a, b).
Since a € A, then eithera € Aora e C,soa€ AUC.
Since b € B, then either b€ Borbe D,sobe BUD.
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Thus, z = (a,b) € (AU C) x (BUD,).

Case 2: Suppose x € C' x D.

Then there exist ¢ € C and d € D such that z = (¢, d).
Since ¢ € C, then either c€ C or c € A, s0 c € CU A.
Hence, ce AUC.

Since d € D, then either d € Dord € B,sod € DU B.
Hence, d € BUD.

Thus, = (¢,d) € (AUC) x (BU D).

Therefore, in either case € (Ax B)U(C x D) implies z € (AUC) x (BUD).

Hence, (A x B)U(C' x D) Cc (AUC) x (BUD,).

Exercise 59. Let A, B, C be sets.
Then (A x B)U (C x D) =(AUC) x (BU D) is false.

O

Solution. We note that even though (A x B)U (C x D) C (AUC) x (BUD),

it is not the case that (AU C) x (BUD) C (A x B)U(C x D).

Therefore, it cannot be the case that (A x B)U(C' x D) = (AUC) x (BUD).

Thus, we must devise a counter example.
Let A ={1,2} and

B ={3,4} and
C’ = {5,6} and
={7.8}.

ThenAx B=1{(1,3),(1,4),(2,3),(2,4)} and
CXD_{( )(58)(7)7( )}and
AUC ={1,2,5,6} and

BUD = {3,4,7,8}.

Thus, (Ax B)U(C'x
The elements in (A

n C) x (BUD) are:
(1,3),(1,4),(1,7),(1,8),
(2,3),(2,4),(2,7),(2,8),
(5,3),(5,4),(5,7),(5,8),
(6,3),(6,4),(6,7), (6,8).

Observe that (1,7) € (AUC) x (BUD), but (1,7) € (Ax B)U(C x D).

Exercise 60. For all sets A and B, (ANB)U(ANB) C A.

Proof. Let A and B be arbitrary sets. o
To prove (ANB)U(ANB) C A, assume z € ANB)U (AN B).
We must prove x € A.

D) ={(1,3),(1,4),(2,3),(2,4),(5,7),(5,8),(6,7),(6,8)}.
U

O

By our assumption, we know that either x € AN B or € AN B, that is,

either z € Aand z € B, or else z € A and = € B.
We divide the argument into exhaustive cases:
Case 1: Suppose that x € A and © € B.

Then, in particular, z € A, so the desired conclusion is obtained in this case.

Case 2: Suppose that 2 € A and z € B.

Then, again, z € A, so the desired conclusion is obtained in this case.

Under either of the only two possible cases, we have x € A, the desired

conclusion.
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Exercise 61. For all sets A and B, A C (AN B)U (AN B).

Proof. Let A and B be arbitrary sets.

To prove A C (AN B) U (AN B), assume x € A.

We must prove z € (AN B)U (AN B).

To do this, we must prove either = € (AN B) or x € (AN B), that is, either
rc€Aandx € B,orelsex € Aand z € B.

We note that, necessarily, either x € B or « ¢ B.

Having noted this, we consider two cases.

Case 1: Suppose that = € B.

Then, since x € A, we have x € A and z € B, one of the two alternatives in
our desired conclusion.

Case 2: Suppose that x &€ B.

Equivalently, = € B.

Then, since € A, we have x € A and z € B, the other of the two alterna-
tives in our desired conclusion. O

Exercise 62. Prove: (A— B)N(B—A) =10.

Solution. Our conclusion is C': (A — B)NA=0.
To prove C, we can use algebraic properties of sets.
We know A — B = ANB. O

Proof. Observe that

(A-B)Nn(B—A) = (AnB)Nn(BNA)
= AN(BNB)NA

= AN0ONnA

= 0nA
0

Exercise 63. Prove: (AUB)—B=A—-B.

Solution. We can use algebraic properties of sets(ie, previous propositions/theorems
of set theory). O

Proof. Observe that

(AUB)-B =

I
/—\/D:/—\
)

W
C
E
D
X

|

b
D
oy
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Exercise 64. Prove: (AN B) — B =1.
Solution. We use algebraic set identities. O

Proof. Observe that

(AnNB)-B = (ANnB)NB
= ANn(BNB)
= ANnO
=0

Exercise 65. Prove: AUB=(ANB)U(A—-B)U(B—-A).

Solution. We can use algebraic properties of set to prove this. Just play around
with set identities until we devise a way to prove this. O

Proof. Let U be the universal set and A C U and B C U.
Observe that

(ANB)U(A-B)U(B—-A4) = (ANB)U(ANB)U(BNA)
= AN(BUB)U(BNA)
= ANnU)uU(BNA)

= AU(BNA)
= (AuB)N(AuUA)
= (AUB)N(U)
AUB
O
Exercise 66. B C A if and only if AN B = (.
Solution. Let A, B be any sets.
How are A, B related?
A, B can be in only one of 5 possible relationships:
1. A and B are disjoint
2. A and B intersect but are not subsets of each other.
3. A is a proper subset of B.
4. B is a proper subset of A.
5. A=B -
The hypothesis B C A corresponds to scenario 1.
This is consistent with a Venn diagram of A and B as disjoint sets.
We prove this biconditional using two proofs. O
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Proof. We prove AN B = () implies B C A.
Suppose AN B = 0.
Let z € B.
Since AN B is empty then z ¢ AN B.
Hence ¢ A or x ¢ B.
Since z ¢ Aor x € B and x € B then x € A.
Thus z € A by defn of A.
Therefore z € B — x € Aso B C A.

Conversely, we prove B C A implies AN B = ().
Suppose B C A.
For the sake of contradiction suppose A N B # (.
Then there exists an element in AN B.
Let z € AN B.
Then x € A and x € B.
Since z € B and B C A then x € A.
Thus z ¢ A by defn of A.
Thus we have z € A and z ¢ A, a contradiction.
Hence AN B = 0.

Exercise 67. For all sets A, B,C' if A C B then (ANC) C (BNC).

Proof. Let A, B, C be sets.
Suppose A C B.
Let x € ANC.
Then x € Aand z € C so xz € A.
Since x € A and A C B then z € B.
Since x € B and x € C then z € BNC.
Hence z € ANC impliesx € BNC so ANC C BNC.

Exercise 68. For all sets A, B,C if A C B then (AUC) C (BUC).

Proof. Let A, B, C be sets.
Suppose A C B.
Let x € AUC.
Then z € Aor x € C.
Case 1: Suppose z € A.
Since x € A and A C B then x € B.
Thusz € Borze Csoxz e BUC.
Case 2: Suppose = € C.
Then x € Bor x € C.
Thus z € BUC.
Therefore x € B U C' in general.
Hence z € AUC impliesx € BUC so AUC C BUC.

Exercise 69. For all sets A, B,C if A C B then B C A.
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Proof. Let A, B be sets.
Suppose A C B.
Let « € B.
Then x € B.
Since AC Bthenxz € A — x € B.
Sincex € A=z € Band x & B then « € A.
Thus = € A.
Hence x € B -z € Aso B C A. O

Exercise 70. ANB=0iff AUB = AAB.

Proof. We prove ANB=0= AUB=AAB.

Observe that AAB = (AUB)—(ANB) = (AUB)—0 = (AUB)NU = AUB.

Conversely, we prove AUB = AAB = ANB = 0.

Suppose AU B = AAB.

For the sake of contradiction assume A N B # ().

Let € U such that x € AN B.

Then x € A and x € B.

Since z € Athenx € Aorx € Bsox € AUB.

Hence © € AAB by hypothesis.

Since AAB = (AU B) — (AN B) then = ¢ (AN B) by definition of set
difference.

Thus we have x € AN B and x € AN B, a contradiction. Therefore ANB =
0. O

Exercise 71. Prove AN (BAC) = (AN B)A(ANC) for any sets A, B, C.

Solution. We try some examples of different sets for A,B,C to verify the claim.

When we do this, the claim checks out.

We also draw a diagram to visualize to see if the claim seems correct, using
Venn diagrams.

It appears it does.

Thus, we have more evidence that the claim seems to be true so we can
prove this.

We play around with each of the two expressions using set identities to see
if they equal some third expression.

We find that they do, so we write up a proof accordingly in a proof by
transitive format because the claim is of the form Vz.p(z). O

Proof. Let A, B, and C be arbitrary sets.
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Then

(ANB)A(ANC) = [(ANB)NANC|U[(ANC)N AN B

(ANB)N(AUC)|U[(ANC)N (AU B))

= [(ANBNAUANBNO)U(ANCNA)U(ANCNB)]
WUANBNC)U (DU (ANCNB))

= (AnBNC)U(ANCNB)

AN[(BNC)uU(CnNB)

AN (BAC)

O

Exercise 72. Prove or disprove the conjecture: There exists a set X for which
RCXand () € X.

Solution. We can construct X = RU {0}. O

Proof. The conjecture is true.
Let X =R U{0}.
If reR, thenr e RU{0} =X,s0 RC X.
Likewise, ) € RU {0} = X because () € {0}. O

Exercise 73. Prove or disprove the conjecture: For all sets A and B, if A— B =
(0, then B # (.

Solution. If we let A and B both be the empty set, then A — B = (), but B
does equal 0. O

Proof. The conjecture is false.
Suppose A = B = (). Then A — B = (), but it is not true that B # . O

Exercise 74. Prove or disprove the conjecture: If A, B, and C are sets, then
A—(BNC)=(A-B)Nn(A-0).

Solution. We can consider drawing a Venn diagram of sets A, B,C. We can
have a configuration of sets in which they intersect.

If we draw such a configuration, the Venn diagram shows that this conjecture
is false. So, we can devise a counter example to demonstrate that this conjecture
is false. O

Proof. The conjecture is false because of the following counterexample.

Let A ={a,b,c,d} , B=1{b,e,a,t} and C = {d,e,a, f}.

Then A — (BNC) = A—{a,e} = {be,d} and (A—B)N(A—-C) =
{¢,d} n{b,c} ={c}, 50 A—(BNC)# (A-B)Nn(A-0C). O

Exercise 75. Let A, B, and C be sets. If B C C, then Ax BC A x C.
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Proof. To prove Ax BC AxC,lette Ax B.
We must prove t € A x C.
Since t € A x B, then there exist x € A and y € B such that ¢t = (z,y).
Since y € B and B C C, then y € C.
Hence, x € Aand y € C, so (z,y) € Ax C.
Therefore, t € Ax C,s0 Ax BC A x C, as desired. O

Exercise 76. If (AUC) C (AUB) and (ANC) C (AN B), what can we deduce
about C?

Solution. Our hypothesis H is P, and P»
where
P :(AuC)cC (AUB)
P:(ANC)cC (AN DB).
We use logic to deduce valid conclusions given these two premises.
Let x € C.
Thenz e AorxeC,soxe AUC.
Since z € AUC and (AUC) C (AU B), then x € AUB.
Thus, x € A or z € B.
We consider these cases separately.
Case 1: Suppose x € B.

Thenz € C -z € B.
Case 2: Suppose x € A.

Thenxz e Aandz e C,sox e AnC.

Sincez € ANC and (ANC) C (AN B), then © € AN B.

Thus, by definition of N, x € B.

Hence, z € C — z € B.

Both cases show x € C' — x € B.

Since z is arbitrary, then Vx.x € C — x € B.

Therefore, C' C B. O

Exercise 77. Prove (AUB)N(BUC)N(CUA) = (ANB)U(BNC)U(CNA).

Solution. Let G=(AUB)N(BUC)N(CUA).
Let H=(ANB)U(BNC)U(CNA).
To prove G = H, we prove G C H and H C G.

Let z € H.
Thenx e ANBorxze BNCoraxeCnNA.
We consider these cases separately.
Case 1: Suppose z € AN B.

Then x € A and z € B.

Since z € A and x € B then x € AU B.
Since x € Bthen x € Bor x € C. Thus, z € BUC.
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Since x € A then x € C' or x € A. Thus, z € CU A.
Hence,r€e AUBandz € BUC andx € CUA, sox € G.
Therefore, r € ANB =z € G.

Case 2: Suppose z € BNC.

Then z € B and z € C.

Since x € B then x € Aor x € B. Thus, z € AU B.

Since z € B and x € C then x € BUC.

Since z € C then z € C or z € A. Thus, x € C U A.
Hence,re AUBandx e BUC andz € CUA, sozx € G.
Therefore, x € BNC — z € G.

Case 3: Suppose xz € C N A.

Then z € C and = € A.

Since x € A then x € A or x € B. Thus, x € AU B.
Since x € C then x € Bor z € C. Thus, z € BUC.
Since z € C' and « € A then z € C U A.
Hence,r€e AUBandz € BUC andx € CUA, sox € G.
Therefore, t e CNA — x € G.

Each case implies x € H — x € G.

Since x is arbitrary, then Vz.x € H — z € G.
Therefore, H C G.

Let y € G.

Thenye ANBorye BNCoryeCnA.

We consider these cases separately.

Case 1: Suppose y € AN B.

Then y € Aand y € B.

Since y € A and y € B theny € AU B.

Since y € B then y € Bory € C. Thus, y € BUC.

Since y € A theny € C ory € A. Thus, y € CU A.
Hence, ye AUBandye BUC andy e CUA, soy € G.
Therefore, y€¢ ANB -y €G.

Case 2: Suppose y € BN C.

Then y € B and y € C.

Since y € B then y € Aor y € B. Thus, y € AU B.

Since y € B and y € C then y € BUC.

Since y € C then y € C or y € A. Thus, y € C'U A.
Hence, ye AUBandye BUC andye CUA,soy € G.
Therefore, y € BNC — y € G.

Case 3: Suppose y € C'N A.

Then y € C and y € A.

Since y € A theny € Aory € B. Thus, y € AU B.
Since y € C then y € Bor y € C. Thus,y€ BUC.
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Since y € C and y € A then y € C U A.

Hence, ye AUBandye BUC andye CUA, soy € G.

Therefore, y € BNC — y € G.

Each case impliesy € H - y € G.

Since y is arbitrary, then Vy.y € H — y € G.

Therefore, H C G. O

Indexed Sets

Exercise 78. If {A; : k = 1,2,3,...} is a decreasing collection of sets, then
U, A C Ag.

Proof. To prove this conditional, we assume {Ay : k = 1,2,3,...} is a decreasing
collection of sets.

To prove U2 ; A C Ay, we assume x € U2 | Ay.

We must prove x € A;.

Let A={Ax:k=1,2,3,...}.

Since x € UZ2 ; Ay, then there exists a natural number k such that z € A.

Let k be a natural number such that x € Ay.

Then either £ > 1 or k = 1.

We consider these cases separately.

Case 1: Suppose k = 1.

Then x € A;.

Case 2: Suppose k > 1.

Then 1 < k.

Since A is a decreasing family of sets and 1 < k, then A; D Aj.

Hence, A, C Aj.

Since x € Ay, and A C Ay, then z € A;.

Each of the cases exhaustively show = € A;, as desired. O

Proof. To prove this conditional, we assume {Ay : k = 1,2,3,...} is a decreasing
collection of sets.

To prove U2 ; A, € Aq, we assume x € U2 | Ay

We must prove x € A;.

Let A={A;:k=1,2,3,...}.

We use proof by contradiction.

Suppose = & Aj.

Since x € U2 ; A; and = € Ay, then there exists a k € N that is greater than
1 such that x € Ag.

Let k be a natural number that is greater than 1 such that = € Ay.

Since A is a decreasing family of sets and 1 < k, then A; O Aj.

Hence, A, C A;.

Since x € A and Ar C Ay, then z € A;.

Thus, we have x € A; and x € Ay, a contradiction.

Therefore, x € Ay, as desired. O
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Exercise 79. For all sets A, if {B; : i € N} is an infinite collection of sets
indexed by N, then A — N2 B; = U, (A — B;).

Solution. This statement is of the form Va.p(z).

Hence, we assume A is an arbitrary set.

To prove A — N2, B; = U2, (A — B;), we assume {B; : i € N} is an infinite
collection of sets indexed by N.

To prove A — N2, B; = U2 (A — B;), we could use the definition of set
equality, but that approach doesn’t seem to go anywhere. We could try proving
each set is a subset of the other, but that doesn’t seem fruitful either. Instead,
we’ll use algebraic set identities and properties to prove this. O

Proof. Let A be an arbitrary set.
Let B ={B; : i € N} be an infinite collection of sets indexed by N.
Then

A-nZB;, = An(N,B;)
AN (U, By)
(U2 Bi)NA
= UX(BinA)
21 (ANB;)
- ?il(A - Bz‘)

Exercise 80. Let A = {4 : k € N}.
Let Ay, = {1,2,3,....k}.
Discuss A and compute U, Ay and N2, Ay.

Solution. Observe that Ay = {n € N:n < k}.

Hence, A C N.

We compute A = {A;, As, As, ...} = {{1},{1,2},{1,2,3},{1,2,3,4}, ...}.

We observe that as k increases, each succeeding Aj contains the previous
set.

More precisely, if k,m are arbitrary natural numbers and k& < m, then
A C A,

Hence, A is an increasing collection of sets.

We compute N7, Ag.

Observe that NP2 Ay = AiNAsN...={z: (VkEeN)(z € Ap)} = {1} = A;.
We could also graph each A on a number line and easily see this result.

Conjecture: If A is an increasing collection of sets, is it always true that
N A =417

We could try to prove this conjecture.

We now compute UZ2 ; Ay.

‘We know UzozlAk =AUAU..= {LL‘ : (Hk S N)($ S Ak)}

Intuitively, we see that as k gets larger, no matter how large, Ay seems to
get larger approaching N.
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So, we conjecture that the union of all the Ay is N itself.
Let’s try to prove U2 A = N.

We must prove both U2 ; A € N and N C U2 Ay.

We prove Ug2 ;A C N.

Clearly, Uz ; Ay is not empty, so let x € U3, Ay.
[szeN?

Since x € U2, Ay, then = € Ay, for some k € N.

Since x € A and Ar C N, then z € N.

Thus, v € Up2 Ay = v €N, so Up2 ;A CN.

We prove N C U2, 4.

Suppose z € N. Is x € U2 Ay, ?

No matter how large x is, = is always in A,.

Thus, z € Ay, for k = x.

Hence, (3k € N)(xz € Ay), so x € U2, Ay.

Therefore, x € N = o € U2 Ay, so N C U2 Ag.

Since U2 ;A C Nand N C UZ2 | Ay, then U2 A = N. O

Exercise 81. Let A = {4y : k € N}.
Let A, ={k,k+1,k+2,...}.
Discuss A and compute Ug2 ; Ay, and N, Ag.

Solution. Observe that Ay = {n € N:n > k}.
Hence, Ay, C N and Ay, # 0.

We compute A = {Ay, As, Az, ..} = {{1,2,3,4,..},{2,3,4,5,..},{3,4,5,6,...},{4,5,6,7, ...

We observe that as k increases, each succeeding Ay, is contained in the pre-
vious set.

More precisely, if k,m are arbitrary natural numbers and & < m, then
A D Ay,

Hence, A is a decreasing collection of sets.

We compute U2 ; Ay.
Observe that U2 Ay = A1 UA UA3U ... =4 =N
We could also graph each Ay on a number line and easily see this result.
We compute N2, Ag.
Observe that N Ay = A1 NAsN...={z: (Vk e N)(z € A)}.
Hence, z is an element of N2 Ay iff t € Ay Nz € Ag A e Az A ...
Is1enpeAg?
We observe that 1 € Ay, but 1 & A,.
Hence, 1 cannot be in N7, Ay.
Is2eng2 A, ?
We observe that 2 € Ay, Ay, but 2 & As.
Hence, 2 cannot be in N$2 | Ay.
Is 3 € M2 Ak ?
We observe that 3 € Ay, As, Az, but 3 & Ay.
Hence, 3 cannot be in N7 ; Ay.
Isde Ny Ag ?
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We observe that 4 € Ay, As, Az, Ay, but 4 & As.

Hence, 4 cannot be in N7 ; Ay.

Based on this pattern, we conjecture that no natural number is in N3 ; Ay.

Since each Ay, is a subset of N and the intersection of any collection of subsets
of N is a subset of N, then N2, Ay is a subset of N. Hence, N32; A, C N.

Thus we conjecture that N2, Ay is a subset of N that contains no natural
numbers.

In other words, we conjecture that N3 ; Ay = 0.

Let’s prove N2, Ay, = 0.

We use proof by contradiction.

Suppose N2, Ay # 0.

Then there exists an = in the domain of discourse N such that x € N2, Ay.

Let = be a natural number such that z € N Ay.

Then z € Ay ANx € As Az € A3 A ...

Since x € Ay, then x > 1.

Since x € As, then x > 2.

Since x € As, then x > 3.

Since x € Ay, then x > 4, and so on.

Thus, = > n for every n € N.

Hence, (Vn € N)(z > n), so x is a greatest natural number.

Therefore, there exists a greatest natural number.

But, we know that there is no greatest natural number.

Hence, we have there is a greatest natural number and there is no greatest
natural number, a contradiction.

Therefore, N7, Ay, = 0. O

Exercise 82. Let A ={A; : k € N}.
Let Ax = (—o0, k].
Discuss A and compute U2, Ay and NZ2,; Ay.

Solution. Observe that Ay = {x € R: z < k}.

Hence, Ap C R.

Observe that A = {A1, Ay, A, ...} = {(—0, 1], (—00, 2], (—00, 3], (=00, 4], (—00, 5], ... }.

If we draw a number line representing these sets Ay , we see that A is an
increasing collection of sets.

We can also prove A is increasing.

To prove A is an increasing collection of sets, we must prove (Vi € N)(Vj €
N)(i < j— A; C Aj) is true.

Let 4 and j be arbitrary natural numbers.

To prove i < j — A; C A; is true, we assume i < j.

To prove A; C A;, we let x € A;.

We must prove x € A;.

Observe that A; = {z € R: 2 <i}and A; ={z e R:z < j}.

Since x € A;, then x € R and z < 1.

Since x < ¢ and ¢ < j, then by the transitive property of the < relation,
r<j].
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Since z € R and = < j, then x € A;, as desired.

We compute N2 ; Ag.

Observe that N Ay = A1 NAs NAsN ... = A = (—o0,1].

We compute U2 ; Ag.

As k gets sufficiently large, Ay covers more of the real number line.
So, we conjecture that U2 ; A = R.

We prove Ug? ; A, = R.

To prove this, we must prove U2 ; Ay C R and R C U2, A.

We prove U2 ;A C R,
The union of a collection of subsets of R is a subset of R.
Since Ay, is a subset of R, then U2, Ay, is a subset of R.
Hence, U2 ;A C R.
We prove R C U2 | Ay.
To prove this, we let z € R.
To prove x € U2 ; Ay, we must prove there exists a natural number k such

that © € Ay.

By the trichotomy property of R, either z <1 or z > 1.

We consider these cases separately.

Case 1: Suppose z < 1.

Then = € (—o00,1], so x € A;.

Since 1 € N and = € A, then if we let k = 1, we see that there exists a

natural number k£ such that x € Ay, as desired.

Case 2: Suppose x > 1.
To prove there exists a natural number k£ such that x € Ay, we prove there

exists k € N such that & > x.

Since x > 1, then x # 0.

Hence, x has a unique multiplicative inverse, 1/x € R.

Since x > 1 and 1 > 0, then = > 0.

Since z > 0, then 1/z > 0.

Hence, 1/x is a positive real number.

By the Archimedean property of N, we know to the positive real number
1/x, there corresponds a positive integer &k such that 1/k < 1/x.

Let k be a positive integer such that 1/k < 1/x.

Since k > 0, then 1 < k/x.

Since x > 0, then = < k.

Hence, k > x.

Since k € N | then Ay, = (—o0, k] ={zx e R: z < k}.

Since z € R and =z < k, then x € Ag. Therefore, there exists a natural

number k such that x € Ay, as desired. O

Exercise 83. Let A= {4 : k € N}.
Let Ay = (0,k —1).
Discuss A and compute U2, Ay, and N2, Ay.
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Solution. Observe that Ay ={z e R:0<x <k —1}.

Hence, A C R.

Let « be an arbitrary element of A.

Thenzx e Rand 0 <z <k —1.

Hence, 0 <z <k—1,s00 <z and x < k — 1.

Since k € N, then k£ > 1.

Since k > 1, then each = in Ay is positive.

Hence, A;, C RT.

Observe that A = {A1, Ay, As,...} = {(0,0),(0,1),(0,2), (0,3), (0,4), (0,5), ...}.

If we draw a number line representing these sets A , we see that A is an
increasing collection of sets.

We can also prove A is increasing.

To prove A is an increasing collection of sets, we must prove (Vi € N)(Vj €
N)(Z <j— A?, - A]) is true.

Let ¢ and j be arbitrary natural numbers.

To prove i < j — A; C A; is true, we assume i < j.

To prove A; C A;, we let x € A;.

We must prove x € A;.

Observethat A; ={r e R:0<z<i—1}and A;={reR:0<z < j—1}.

Hence, we must prove z € Rand 0 <z < j— 1.

Since z € A;, thenz €e Rand 0 < x < i — 1.

Thus, 0 <z <i—1,s00<xand z <7 — 1.

Hence, 0 < x.

Since x <i— 1, then x + 1 < 7.

Since ¢ + 1 < i and 7 < j, then z + 1 < j, by the transitive property of <
relation on R.

Hence, z < 57 — 1.

Since0<zxandx <j—1,then0 <z <j—1

Since z € R and 0 < z < j — 1, then z € A;, as desired.

We compute N2, Ay.

Observe that ﬁiozlAk = A1 N A2 n A3 n...= A1 = (0, 0) = @

We compute U2 ; Ag.

As k gets sufficiently large, Ay covers more of the positive real numbers.

So, we conjecture that U ; Ay = R,

We prove U2 | Ay = RT.

Note that Rt = {z € R: 2 > 0} = (0, 00).

To prove this, we prove U® ; Ay C RT and RT C U2 | Ay

We prove U2 | A, C RT.

Since the union of a collection of subsets of RT is a subset of RT and Ay is
a subset of RT, then U2 | Ay is a subset of RT.

Hence, U2 ; A C R, as desired.

We prove RT C U2 | Ay.

To prove this, we let z € RT.

45



To prove x € UZ2 ; Ay, we must prove there exists a natural number & such
that x € Ay.

Thus, we must show that there exists k € N such that z € R and 0 < <
k—1.

Hence, we must show there exists £ € N such that + € R and 0 < x and
x<k-—1.

Since z € RT, then £ € R and = > 0.

Hence, x € R.

Since R is closed under addition, then z + 1 € R.

Since x > 0, then 0 < z.

Since 0 < x and x < z + 1, then 0 < x + 1, by transitivity of < in R.

Hence, z + 1 # 0.

Since x + 1 is a nonzero real number, then there exists a unique real number
that is the multiplicative inverse of x + 1, namely, 1/(x 4+ 1) € R.

Since z +1 > 0, then 1/(z+ 1) > 0.

Since 1/(z +1) € R and 1/(x + 1) > 0, then 1/(z + 1) is a positive real
number.

By the Archimedean property of N, we know that to each positive u € R,
there corresponds k € Z* such that 1/k < p.

Hence, let k be a positive integer such that 1/k < 1/(z + 1).

Since k > 0, then 1 < k/(z + 1).

Since x +1 >0, then x + 1 < k.

Thus, z < k — 1.

Since x € Rand 0 < z and = < k — 1 for some k € Z*, then we conclude
x € Ay, for some k € N, as desired. O

Exercise 84. Let A = {4y : k € N} be an infinite collection of subsets of R.
Then each set 4;, € R.
Suppose N2, Ay = 0.
Does this imply (3n € N)(N?_; A =0) ?

Solution. We must decide if the statement N2 | Ay =0 — (3In € N)(N}_, Ap =
0) is true.

We devise several examples for Ay and conjecture that this statement ap-
pears true, so let’s prove this.

Since NP2 Ay =0, then A1 N AN ... =0.

We know that AN B = () iff either A or B is empty.

Hence, N7 ; A, = 0 iff at least one of the sets Ay is empty.

Therefore, NP, A, = 0 iff (3n € N)(4,, = 0).

Since N2 A = 0 and N2, A, = 0 < (3In € N)(A, = 0), then (In €
N)(A, = 0).

Thus, let n be a natural number such that A4, = .
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Observe that

0 = N4
= NP2 AR An N1 Ak
= M A NN, 1 Ak
= 0Nyl Ak

Hence, () = ﬂz;llAk neo.
Thus, 0 = ﬁZ;%Ak NA, =N_; A, as desired. O

Proposition 85. Let A, B be finite sets.
Then |[AUB| = |A|+ |B|—|AN B|

Solution. We observe that A U B is the union of 3 sets: A — B, AN B, and
B - A.
We know that |[AU B| = |A| + |B] if A and B are finite disjoint sets.
Suppose AN B = 0.
Then the collection {4, B} forms a partition of AU B. O

Proof. Observe that (A— B)U(ANB)=(ANB)U(ANB)=AN(BUB) =
ANU = A.

Observe that (A—B)N(ANB)=(ANB)N(BNA) =ANn(BNB)NA=
ANONA=0.

Thus A — B and AN B are disjoint.

Hence {A — B, AN B} form a partition of A so |A] =|A— B|+ |AN B|.

Observe that (B—A)U(ANB) = (BNA)U(BNA) = BN(AUA) = BNU = B.

Observe that (B— A)N(ANB)=(BNA)N(ANB)=BN(ANA)NB=
BndnB=40.

Thus B — A and AN B are disjoint.

Hence {B — A, AN B} form a partition of B so |B| =|B — A|+ |AN B].

Observe that (A—B)N(B—A)=(ANB)N(BNA) =AN(BNB)NA=
ANONA=0.

Thus A — B and B — A are disjoint.

Since A— B, AN B, and B — A are mutually disjoint and AUB = (A— B)U
(ANB)U (B — A) then {A— B,AN B, B — A} forms a partition of AU B.

Therefore |[AUB| =|A— B|+ |ANB|+ |B — A.

Thus [AUB| = (JA| —|ANB|)+|ANnB|+ (|B| — AN BY).

Hence |AU B| = |A| + |B| — |AN B|. O

Exercise 86. A set of 20 tools is available for two people. One person uses 15
tools and the other person uses 12 tools. What is the minimum number of tools
shared?

Solution. Let A be the set of tools used by person 1. Let B be the set of tools
used by person 2. Then |A| = 15 and |B| = 12. Since the total number of tools is
20, then |[AUB| < 20. Thus, 20 > |AUB| = |A|+|B|-|ANB| = 15+12—|ANB|,
so 20 > 27 — |[AN B|. Hence, |[AN B| > 7, so the minimum number of tools
shared is 7. O
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Exercise 87. Every multiple of 18 is a multiple of 6.

Proof. Let the set of multiples of 18 be the set A = {z € Z : 18|z}.
Let the set of multiples of 6 be the set B = {x € Z : 6|z}.

We prove A C B.
Suppose a € A.
Then a € Z and 18|a.
By definition of divisibility, there is an integer k for which a = 18k.
Thus a = 18k = 6(3k), and so 6|a.
Consequently a is one of the integers that 6 divides, so a € B. Thus a € A
implies a € B, so it follows that A C B. O

Proof. Let the set of even numbers be the set A = {x € Z : 2|x}.
Let the set of multiples of 9 be the set B = {x € Z : 9|z}.

The set of multiples of 18 is theset ANB={zx:x € ANz e€B}={z€Z:
2|z and 9|z}.

Let the set of multiples of 6 be the set C' = {x € Z : 6|z}.

We must show that AN B C C.

Suppose a € AN B.

Then a € Z and 2|a and 9la.

Thus a = 2k = 9m for some k, m € Z by definition of divisibility.

Since 9m = 2k then 9m is even.

Since 9m is even and 9 is odd, then m is even, for if m were odd, then the
product 9m would be odd.

Hence m = 2n for some n € Z, so 9m = 9(2n) = 18n = 6(3n) which implies
6|9m, and therefore 6]a.

Since a € Z and 6|a, then a € C.

Thus a € AN B implies a € C, so it follows that AN B C C. O

Exercise 88. Every multiple of 12 is a multiple of both 2 and 3.

Solution. We first translate this English sentence into formal logic symbols
in order to prove the truth of the assertion ‘every multiple of 12 is a multiple
of both 2 and 3’ (which we know is obviously true). We define the predicates
below.

M(n) : n is a multiple of 12
T(n) : n is a multiple of 2
H(n) : n is a multiple of 3
The English sentence means:
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For every n , if n is a multiple of 12, then n is a multiple of 2 and n is a
multiple of 3.

This translates into logic symbols as:
Vn, M(n) = (T'(n) A H(n)).

Now we can use set theory to translate the predicates as follows:
Let the set of multiples of 12 be A = {12n : n € Z}.
Let the set of multiples of 2 be B = {2n : n € Z}.
Let the set of multiples of 3 be C' = {3n : n € Z}.
The logic symbols now translate as:
Vn,ne A= (neBAnel).
By definition of subset and set intersection we know this means:
Vn,ne A= (ne (BNC))
so this implies
ACBNC.

Thus we must prove A C BN C. O

Proof. We use direct proof.

Suppose a € {12n : n € Z}.

Then a = 12n for some n € Z.

Since a = 12n = 2(6n), then a is a multiple of 2.

Since a = 2(6n) where 6n € Z, then a € {2n: n € Z}.

Also, since a = 12n = 3(4n) for some n € Z, then a is a multiple of 3.

Since a = 3(4n) where 4n € Z, then a € {3n : n € Z}.

We now have botha € {2n:n€Z}anda € {3n:ne€Z},soa € {2n:n €
Z}N{3n:n € Z}.

Since we now have a € {12n:n € Z} = a € {2n:n e Z}N{3n : n € Z},
then by definition of subset, it follows that {12n:n € Z} C {2n:n € Z}N{3n:
n € Z}. O

Exercise 89. Every factor of an integer is a factor of its square.

Solution. We first translate this into an equivalent English sentence:

For each integer k every factor of k is a factor of k2.

We then translate this English sentence into formal logic symbols in order to
prove the truth of the assertion ‘for each integer k every factor of k is a factor
of k%’ (which we know is obviously true). We define the predicate below.

F(a,b) : ais a factor of b

The English sentence means:
For each integer k, for every n, if n is a factor of k, then n is a factor of k2.

This translates into logic symbols as:
V(k € Z)¥n, F(n,k) = F(n,k?).
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Now we can use set theory to translate the predicate as follows:
We know that a is a factor of b means a divides b.
So we let the set of integers that are factors of k be A = {n € Z : n|k}.
We let the set of integers that are factors of k% be B = {n € Z : n|k?}.
The logic symbols now translate as:
V(k € Z)Vn,n e A=n € B.
By definition of subset we know this means:
V(keZ),ACB.
This implies:
keZ=ACB.
Thus we must prove k € Z = A C B. O

Proof. We use direct proof.
Suppose k € Z.
Let a € {n € Z : n|k}.
Then a € Z and alk.
Since alk, then k = ma for some m € Z.
Thus k? = (am)? = a(am?), so a|k? since am? € Z.
Since a € Z and a|k?, then a € {n € Z : n|k*}.
So we have a € {n € Z : n|k} = a € {n € Z : n|k*}.
It follows that {n € Z : n|k} C {n € Z : n|k?}. O

Exercise 90. There is some multiple of every pair of positive integers.

Solution. We first translate this into an equivalent English sentence:

For each pair of positive integers p, g, there is some multiple of both p and
q.

We then translate this English sentence into formal predicate logic symbols
in order to prove the truth of the assertion ‘for every pair of positive integers
D, q, there is some multiple of both p and ¢’ (which we know is obviously true;
an example is the product pg ). We define the predicate below.

M(a,b) : a is a multiple of b

The English sentence means:
For every pair of positive integers p, ¢, there is some natural number &k such
that k is a multiple of p and k is a multiple of q.

This translates into logic symbols as:
V(p € ZT)V(q € Z*),3(k € N)(M(k,p) A M(k, q)).

Now we can use set theory to translate the predicate as follows:
Let the set of positive multiples of p be A = {pn : n € N}.
Let the set of positive multiples of ¢ be B = {gn : n € N}.
The logic symbols now translate as:
Vipe ZT)W(qgeZ"),3I(k e N) (ke ANk € B).
By definition of set intersection we know this means:
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Vpe ZT)V(qgeZ"),3(k e N)(k e AN B).

This implies:

V(peZT)WV(qeZ"),(ANB) # (.

Thus we must prove p,q € ZT = (AN B) # (. O

Proof. We use direct proof.
Suppose p,q € Z™.
Then we know the product pg € Z™.
Since ¢ € N, then pq € {pn : n € N}.
Since pq = gp and p € N | then pqg € {gn : n € N}.
Both of the above together imply pg € {pn :n € N} N{¢gn : n € N}.
Therefore {pn : n € N} N {gn : n € N} # (. O

Exercise 91. The set {9" : n € Z} is a subset of {3" : n € Z}, but {9" : n €
Z} #{3" :n €L}

Proof. Suppose a € {9" : n € Z}.

Then a = 9™ for some n € Z

Thus a = 9" = (3%)" = 32" where 2n € Z, so a € {3" : n € Z}.

We have shown that a € {9" : n € Z} implies a € {3" : n € Z}, so it follows
that {9" :n € Z} C{3":n € Z}.

Observe that 3 € {3":ne€ Z} but 3¢ {9" :n € Z},s0 {9" : n € Z} # {3":
n € Z}. O

Exercise 92. Prove {12a+4b:a,b € Z} = {4c: c € Z}.

Proof. First we prove {12a +4b: a,b € Z} C {4c: c € Z}.
Suppose x € {12a 4+ 4b: a,b € Z}.
Then = = 12a + 4b for some integers a and b.
From this we get = 4(3a + b), so © = 4c where c is the integer 3a + b.
Consequently = € {4c: c € Z}.
So we have © € {12a +4b: a,b € Z} = x € {4c: ¢ € Z}, and it follows that
{12a+4b:a,b € Z} C {4c: c € Z}.

Next we show {4c:c€ Z} C {12a+4b: a,b € Z}.

Suppose x € {4c: c € Z}.

Then x = 4c for some ¢ € Z.

Thus z = 4¢c = 12¢ 4 4(—2c¢), and since ¢ and —2c¢ are integers, we have
z €{12a+4b:a,b <€ Z}.

Consequently = € {4c:c € Z} = x € {12a + 4b : a,b € Z}, and it follows
that {4dc:c€ Z} C {12a +4b: a,b e Z}.

This proves that {12a + 4b: a,b € Z} = {4c: c € Z}. O

Exercise 93. Prove {12a 4 25b: a,b € Z} = Z.
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Solution. Let A = {12a + 25b: a,b € Z}.
We must prove A = Z.
Since A and Z are sets, we must prove equality of sets.
To prove this we use the definition of set equality: A =27 iff A CZAZ C A.
So we must do the following:

1) Prove A C Z.

2) Prove Z C A.

To prove A C Z:

We know that A C Z means Vz(x € A= x € Z).

So, we let x be an arbitrary object.

Suppose = € A.

By definition of set membership, z = 12a + 25b with a,b € Z.
Since a,b € Z, then 12a 4+ 25b € Z, so x € Z.

To prove Z C A:

We know that Z C A means Vy(y € Z = y € A).

So, we let y be an arbitrary object.

Suppose y € Z.

We observe that y = 12(—2y) + 25(y), with —2y € Z, so y € A.
We now can write up a coherent proof. O

Proof. Let A ={12a + 25b: a,b € Z}.
Let x be arbitrary.
Suppose = € A.
Then x = 12a + 25b and a,b € Z.
Since a,b € Z, then 12a + 25b € Z.
Hence, z € Z.
Therefore, t € A=z € Z,s0 A CZ.

Let y be arbitrary.
Suppose y € Z.
Then y = 12(—2y) + 25(y) and —2y € Z.
Hence, y € A.
Therefore, y € Z =y € A, so Z C A.
Since AC Z and Z C A, then A =Z.
Therefore, we conclude that {12a + 25b: a,b € Z} = Z. O

Exercise 94. Suppose F,G are families of sets.
If F C G, then UF C UG.

Solution. Let F = {Fy, F5, ..., F,,} where each F; is a set.

Let G = {G1,Gsq,...,G,} where each G; is a set.

We can prove the proposition by working backwards, applying definitions
and logical inference.
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Our hypothesis is: F C G.

Our conclusion is: UF C UG.
The conclusion means(by definition of subset):

Va(a € UF = a € UG).
So, we let a be an arbitrary object.
In the implication, we consider the meaning of the consequent a € UG.

We know that UG = G1 UG U..UG, ={z:2 € GiVz € Gy...Vx €
Gn} ={z: 2z € G; for at least one G, }.

Hence, if a € UG, then a € G; for at least one G;.

This means there exists G; € G such that a € G;.

In logic symbols this is 3G; € G(a € G;).

Let b = G; to simplify, so we get 3b € G(a € b).

Now, let’s consider the meaning of the antecedent in the implication a € UF'.

We know that UF = F{UFU..UF, ={zs:c € iV € Fh..Vz € F,} =
{z : x € F; for at least one F}}.

Hence, if a € UF', then a € F; for at least one F;.

This means there exists F; € F' such that a € F;.

In logic symbols this is IF; € F(a € F;).

Let b = F; to simplify, so we get 3b € F(a € b).

Now, to prove the consequent, we must have a concrete b in the antecedent.

Thus, since 3b € F(a € b), then we apply existential instantiation to get:

We choose X such that X € FAa € X.(We're simply substituting X for b).

By hypothesis we have F' C G, so by definition of subset this means:

Vw(we F —-w e G).

We can apply universal instantiation with X = w to get:

X € F — X € G since we have chosen a concrete X.

So, now we have X € FFand X € F — X € G.

So, by modus ponens, we conclude X € G.

So, now we have the existential generalization 3X € G(a € X).

By definition of set union of G, this means a € UG.

We can now write up a coherent proof. O

Proof. Let a be arbitrary.
Suppose a € UF'.
We can choose X such that a € X and X € F.
Since FF C G, then X € F - X € G.
Since X € Fand X € F - X € G, then X € G.
Since X € G and a € X, then a € UG.
Therefore, a € UF — a € UG.
Since a was arbitrary, we conclude that UF C UG. O
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Cardinality of Sets

Exercise 95. Prove [{0,1} x N| = |NJ.

Solution. Let S ={0,1} x N.

We must prove |S| = |N|, so we need to devise a bijective function(one to
one correspondence) between S and N.

We can devise a bijection either from S onto N or from N onto S.

To make things simpler let’s try to devise a bijection from S onto N.

We can write out set S and N in a table form as shown below:

(Note that we could come up with other ways of tabulating,but this one

S

works.)

N N N S e N N N N N
E@OO\]C)C”»&OJ[\D)—“Z

A/—\AAAAAAAA
oo~ o~ o~ o~
(SIS, NS SC RN SC N NOJN NCJ g

The table suggests a function:

W—1 ifa=1
,b) =
f(a,b) {2b ifa=0

In other words, f(a,b) = 2b — a regardless if a =1 or a = 0.
Let’s see if we can prove if f(a,b) is one to one and onto. O

Proof. Let S ={0,1} x N.
Let function f : S = N be defined by f(a,b) = 2b — a where (a,b) € S.

We use proof by contrapositive to prove f is one to one.

Suppose f(a,b) = f(c,d) where (a,b) and (c¢,d) € S.

Then 2b —a=2d — ¢, so a — ¢ = 2(b — d).

Thus, a — ¢ is even.

Suppose for the sake of contradiction that a # c.

We know a, ¢ € {0,1}, so this means one of a and ¢ is 0 and the other is 1.

Hence, the difference |a — ¢| = 1, so it follows that a — ¢ must be odd.

But, this contradicts the fact that a — ¢ is even, so it cannot be true that
a #c.

Therefore, a = c.

Hence, 2b — a = 2d — a, so it follows that b = d.
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Consequently, (a,b) = (¢, d).
Since f(a,b) = f(c,d) = (a,b) = (¢,d), then f is one to one.

We prove f is onto.
Suppose c is any natural number.
Then c is either even or odd.
We consider these cases separately.
Case 1: Suppose c is even.

Then ¢ = 2k for some integer k.
Observe that f(0,k) =2k —0=2k =c.
Case 2: Suppose c¢ is odd.

Then ¢ = 2k + 1 for some integer k.

Observe that f(1,k+1)=2(k+1)—-1=2k+2-1=2k+1=c.

Both of these cases show that each natural number c is the image of at least
one element of S, so f is onto.

Since f is both one to one and onto, then f is bijective, so |S| = |N|.

Therefore, |{0,1} x N| = |N]|. O

Exercise 96. Prove {0,1} x N is countably infinite.

Solution. Let S ={0,1} x N.
We previously showed in exercise 95 that |S| = |N| = Ry, so we know S is
countably infinite. We can also write S as an infinite linear sequence. O

Proof. Let S ={0,1} x N.
We can write the elements of S as an infinite linear sequence: (0,1), (1,1),(0,2),(1,2),(0,3),(1,3,),(0,4), (1,
Hence, S is countably infinite. O

Exercise 97. Prove {In(n) : n € N} C R is countably infinite.

Solution. Let S = {In(n) : n € N}.

We know that the domain of f(x) = In(z) is dom(f) = (0,00) and the
range(f) = R.

If we restrict the domain to N, then each In(n) € R, so S C R.

We can prove S is countably infinite by writing out each element of S in an
infinite sequence.

The nt" term of the sequence is a, = In(n) where n € N. O

Proof. Let S = {In(n) : n € N}.
Then we can write the elements of S as an infinite sequence: In(1),In(2),1n(3),In(4), In(5), ....
Hence, S is countably infinite. O

Exercise 98. Prove {(5n,—3n) : n € Z} is countably infinite.
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Solution. Let S = {(5n,—3n) : n € Z}.
We note that Z is countably infinite, so Z x Z is also countably infinite.
We suspect that every subset of a countably infinite set is also countably
infinite and we know that S C Z x Z (so S is a binary relation on Z).
We need to devise a bijective function from Z onto S (or, from S onto Z).
Let’s devise a function f : Z +— S using the table below:

Z S
0] (0,0
1| (5-3)
-1 (-5,3)
2 | (10,-6)
-2 | (-10,6)
3| (15,-9)
-3 | (-15,9)
4| (20,-12)
-4 | (-20,12)
5 | (25,-15)
-5 | (-25,15)
6 | (30,-18)

The table suggests the function:
f(k) = (5k,—3k) where k € Z.
We need to prove f is truly bijective. O

Proof. Let S = {(5n,—3n) :n € Z}.
Let function f : Z — S be defined by f(k) = (5k, —3k) where k € Z.
We prove f is bijective.

We use proof by contrapositive to prove f is one to one.
Suppose a,b € Z such that f(a) = f(b).
Then (5a, —3a) = (5b, —3b).
Hence, 5a = 5b and —3a = —3b, so a = b.
Therefore, f(a) = f(b) implies a = b, so f is one to one.

We prove f is onto S.

Let c€ S.

Let k € Z.

Observe that f(k) = (5k, —3k) = c.

Hence, each element of S is an image of at least one element of Z, so f is
onto.

Since f is one to one and onto, then f is bijective, so |Z| = |S].

Since |Z| = |N| = Ny, then |S| = Ny, so S is countably infinite. O

Exercise 99. Suppose B is an uncountable set and A is a set.
Let f: A+ B be a surjection. What can we deduce about the cardinality
of A?
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Solution. Since f is a function onto B, then each b € B is the image of at least
one a € A.

Let ap be an element of A for which f(ap) = b.

Let C' = {ap : b € B} where C C A.

We use proof by contrapositive to prove f : C' — B is one to one.
Suppose by, by € B such that f(ap,) = f(ap,)-
Then by = be, by definition of f, so ap, = ap,.
Hence, f(ap,) = f(ap,) implies ap, = ap,, so f : C' — B is one to one.
Since f is onto and one to one, then f is bijective.
Therefore, |C| = |B].
Since B is uncountable, then this means C' is uncountable.
Since C' C A, then A is a superset of C.
We know that any superset of an uncountable set is uncountable.
Hence, A is uncountable. O

Exercise 100. Prove or disprove: If A is uncountable, then |A| = |R].

Solution. We can let A be the powerset of R because we know that |R| <

|2 (R)]- O
Proof. This is false. We produce the counterexample below.

Let A = Z(R).

Then |4| = |Z(R)| and |R| < |Z(R)|.

Thus, |R| < |4], so |R| # |A|. O
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